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Deuteron Stripping Reaction 
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Yukawa Ffall, Kyoto University 
(Received May 3, 1953) 


On the same assumption as Butler, deuteron stripping cross sections are obtained in terms of the 


nuclear widths in the singl level formula. By using this expression the reduced widths are computed 
from the experimental data. 


§ 1. Introduction 


Studies of the angular distribution of the deuteron stripping reaction became an 
effective method to investigate the properties of nuclear levels by the recent theoretical 


1)-— ° 3 
9 But the absolute cross section was not yet estimated except Butler’s 


progresses 
calculation” which is obtained on the assumption that the captured nucleon moves in a 
square well potential. Is there any method to express the absolute cross section by the 
well-known parameters without any assumption for the nuclear potential? The purpose 
of this paper is to show that the absolute cross section can be expressed only by a level 
width for one channel which is familiar in nuclear reactions. If we use the formula 
which is expressed by reduced widths, we can inversely estimate reduced widths from the 
experimental cross sections. Then this reduced width will be useful in studying the pro- 
perties of low energy levels which can not be measured by the low energy neutron reaction 
and in examining the validity of our assumption for the calculation if we apply the formula 
for the nuclear levels which is measured by the low energy neutron reaction and compare 
the widths which are estimated from two different experiments. 

Previous works have generally been based on the following assumptions for (d, p) 
reaction ; (1) the interaction between the proton and the target nucleus can be neglected, 
(2) the interaction between the neutron and the proton is taken into account only in 
the initial state---the adiabatic approximation, (3) Coulomb interaction can be neglected, 


(4) D-state in the deuteron wave function can be neglected and (5) the radiative width 


can also be neglected. The effect of Coulomb interaction was estimated by Yoccoz® and 
the effect of D-state was shown to be small by Dalitz”. We also assume as above, although 
it may not be so accurate to calculate the absolute cross section upon these assumptions. 
We first remark about the general relations between the reduced width and the logarithmic 
derivatfve of the wave function at the nuclear surface in the single level formalism in S25 


In § 3, we describe the total wave function in such a way that its logarithmic derivative 


for a fixed proton momentum is equal to the one which is given by the reduced width 


) S. Yoshida 


in §2, and calculate the differential cross sections. The computations of the reduced 


widths from the experimental cross section are given in the last section. 


§2. One level formula in nuclear reaction 


In carrying out our calculation we must calculate the logarithmic derivative and the 
wave function value at the nuclear surface, which are replaced by the usual ones of 
nuclear reaction. For this purpose we use Thomas’s one level formalism” and its extension 
to the closed channel. We now briefly write the formula by the same notations as his ones. 

The configuration space of nuclear system is divided into the internal region and the 
external region by the surface S which is defined through the relative distance of the pair 
of particles of each channel 7,=a, and the external region is further sub-divided into the 
channels c, which are defined by the pair of particles v, channel spin s, relative angular 
momentum /, For the entrance channel we use the notation ¢, and for the open channel 
c* and for the closed channel c-. The wave function of the channel ¢ is expressed by 
the product of the radial wave function of the relative motion and the other part ¢,. ¢, 


satisfies following orthonormal condition : 
| Pott = Bex (2-1) 
The radial wave function of the relative motion are 
E+ (4) = (M./hk,)'? (GC +1F )exp[z(/2/2—0) | (2-2a) 
E,+* (4) =comp. conj. of F,+ (+), (2+2b) 


they represent the outgoing and incoming wave of unit flux respectively in open channel, 
and satisfy the following condition 


(4/2¢.M,) (B.+* (x) E+ (4) — E+ (4) E'%, (x) ]=1, (2-3) 
whete the prime shows the derivative with respect to 7... For closed channel we put 
£=(4) = (M,/ Tike)” We y.141)2(24); (2-4) 


where M -y,1s1 (2x) is Whittaker function and for neutral particle 


Z 
Wyasye(2x) =e Capel ore 
pees = ri(@—r)\(2x)" io 


We now write the wave function and its normal derivative at S as 


Pe Pal (2-6a) 
grad Y= > $.(D.—ac'V ), (2-6b) 


and the logarithmic derivative as 


Sc=D.f Vo. : 3 (2-7) 


wars ‘+. ees 
aa : 
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Hereafter the wave function should take the value at surface es 


a2, when its argument 
is not written, and we put 


Go= Ei, /E,. (2-8) 


For the external region of the open channel we consider the particular solution which has 
only one incoming wave in the channel é, 


P= $+ (Ee*—U + + E+) — 3) $U.+,E, (2-9) 
cet 
and we get 
Set fe Fifer = (Bis*—U 2a Els) (£s* — 04,482). (2-10) 


Next we define the reduced width in the following expression. 


r= (5) ve || Vitae, (2-11) 


where |.dt is the integral over the internal region. For two solutions ¥\(£,), ¥,(E,) 
of the equation HY=EY, we apply Green’s theorem and using the following definition 


rhe (Fp) haved [| Bieta, (2-12) 
we get 

Ee £,= >} Vie% (FS 0) (1 : 13) 
and from this equation 


Jet —f.+™=T/27,+°, (2-14) 
where 


Pa Sotlt, [+= 2y_+°G.+™. (2-15) 
If we define the resonance energy by 
TAZ) =9-(4,); (2506) 
we get the following relation from the real part of (2-13) 
Teg mp (Ed 2), (2-17) 
where 
A= S)td,+ = — Dot Fo* [Yer (Z) — Ge" (E,) ] - (2-18) 
Putting the equations (2-14) and (2-17) into (2-10), we get 
Moa Vision (2-19) 
(E, + 4—E) + oP |: 


U7+,4 =e] 1—7 
ee 


where 
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eB ¥/ H+, (2-20) 
From the equations (2-10), (2-11) and (2-19), we get 
| Vor P= 2M [Bro Tes (Ep +4—E )’+ 1°/4\". CAsAly 


So far we are concerned with the open channel, but from now on we treat the closed 
channel neglecting the radiative width. In equation (2-13) we put #,=#, and E> £,, 
and we get 


[9--—f.-Jenn, =7e- [1 +>) ce Ge-]z=z, > {2 a 22) 
where the dot shows the derivative with respect /7. If we normalize the wave function as 
| |\PiPadr=1, (2-23) 


whete the integration is performed over the initial and all external regions, we get from 
(2-11) . 
re = /2M-)|Ve- PIS | Y- PF -J: (2-24) 


In this equation /,- is given as 
Jo=|Bel |" |Fio=( More) "ar,. (2-25) 


Applying Green’s theorem to £,- in the external region, we have 


> 


a1 {" | A,- (2c) Pay, = = he : ea wiles fos 
= 2M. Ee 


from which we get easily 


5 ie Ie Je . (2-26) : 


Putting (2-26) into (2-24) and solving it with respect to |I7.~|°, we get 


| 


*= 2M,-/8-72-[1 4+ 3 73- g.-y | (2-27) 


Cc 


§3. The derivation of the cross section 


We begin with the decomposition of the deuteron plane wave into partial waves 
which haye s-components of proton and neutron spin 7. and ,, neutron angular 
momentum and its g-component /, and 77, respectively. In the following expression we 
define the spin-angle function of our system except proton 


Yios= YY CUsmm,\ls/M) Vin, (99) Yom 5 (3-1) 


m 
Z 


where, / and JV are total angular momentum and its 2-component, s and 7, are channel 
spin and its z-component, Asm, , 38 the channel spin wave function, which is given by 
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— Ss ae fs * bs 
Asm 4 ae ge ae | (PsnIeqms | 7 Sp SIs) Lim jXs,.m, (3 Z 2) 
my mes n* 

n 


In this equation Lim , and As,m_, ate spin wave function of the target nucleus and the 


n 


neutron respectively. If we use Hulthén type as the deuteron wave function 
ge (r) =N4(e-* —e-) /r (3-3) 


and let #, be the relative coordinate between the proton and the final nucleus, 2, the 
one between the neutron and the initial nucleus, 7, the one between the emitted or 


bound particle and the residual nucleus, 7‘, the one between proton and initial nucleus, so 


M,, 


that 7,=7,——_—"_ ¥,, and let » be #,—2,, kK, the wave number of incident deuteron 


in c.m. system, then 


1 ry! + a . re) 7 

(4 Re SUN aa oat Tat fs 

e-a 2 yp (rv) Xs .m Lin ba Ki m, sas,m_~ Ls.m Ain sa 
a sq ms pent nit By ghee GP. Sp ee Sp # 


e 


xX | hgh p> D, LM (k,, rn) dk, é G3 : 4) 


- 
In 


In the above equation ee sa8m is the geometrical factor 
m% 7 Sp 


"Mo — < 
kK Ji m-set mm -._ sh (Sy SpMs Ms |SnSpSaMs ) 
mn nm BR Sp n P ad 


KA TsnIjMs, | JSnSMs) (Lys1,1s|l,57 I ) (3-5) 

~ and =D. m (Ky Pn) is given by 
1 a ie iri Wie bev Z'r)| Aisle Soe |: Fa 
as Da (ke, BS) egy 7 Lm, (7 ) Zip Jos 7 ) 4K" 4K? ( ) 


n 


where 


Jik#) Sf Fesve (x), (exya 


MM, 
! =I, —_—*_k,, (3-8a) 
eee M+, ° 

K!=1/2-k,—Ky. (3+ 8b) 


By using these notations the wave function which represents the deuteron stripping 
-teaction and has only an entrance channel /. Mung tytn ate written as: 
for internal region 


(Ky) or, (K,,, tn» Pn) cp ndK,, (3 ; 9a) 


nm 


| Bynms glym 


at surface 


aa: ve M 2 1 OM. Ustar Vou wergtat 
Vou (k,, Uns Qn) ae YN os Us Vaai. 5 + > IRE lO “Abe 


Usl flat 


(3-9b) 


6 S. Yoshida 


and for external region 


Figs wf? 1, | etre o 1m, (Kiyy Pn) lke, 


n 


+ Ysym, YR a3 us| Ayu, sje (ke, ) of Ant 1n) CK vr rdh, (3 : 9c) 
p 


Asym Y Strsr grat grat \ Coan beahs - Ey (Lata) Our rdky, « 

Ust qa! 5p n My 

In the equation (3-9c) the first term represents incident deuteron wave, the second term 

elastically scattered or captured neutron and the third term represents other channel particles. 

For closed channel it includes also the neutron channel in which the initial nucleus is in 

an excited state, and for open channel it represents inelastically scattered neutron and 
jo 


other emitted particle. 7,,. is the spacial wave function of the target nucleus, A py7 «j05 
Zz) 


B Titeat fm and Cyy) sja:zs1jrar Must be determined by the logarithmic derivative and wave 
9% «92 VE) 


function value at the surface. For convenience, index ¢ is used for entrance channel 


Mil,s 7 and c for /M/,,s'7’a' briefly. From (3-9c) we obtain the logarithmic derivative 
vy, J, y: g 


=[%i mp) + Ae Kp) Ei) 1%, m,, My) + Ae Bp) Es (3-10) 
from which we get the expression for A,(K‘,,) 
A, (Ky) = cal if miKy) —feP rm, Kp) LEE (3-11) 
By comparing the left side and the right side of the equation (3-9) we obtain 
Be (By) Vi Kp) =% rm, (Ip) + Ac(Ky) Ea. (3-12) 
B,(I,) Velke,) = Coo(Biy) Er, (3-13) 


and from these equations we can determine 4,(K,) and C.,(&,), and we calculate them 
separately for two cases. 


We consider first the case in which the neutron is captured in negative energy state. 
When the proton energy , is near the resonance energy which corresponds to the neutron 
energy level, we calculate the denominator of (3-11) using the following relations 


FAL) = 9.(E,) +(£—4,f(&), 
GAL) = 9.(Z,) + (E,—£,) 9(E,). 


Here we neglected the imaginary part of the logarithmic derivative, which is supposed to 
be small for negative energy level. Putting the relation (3-14) into (3-11), (3-12) 
and (3-13) we get the following expressions ; 


(3-14) 


” 9% 


A,(k,) = (2.0; — Hi; @ lm LE, (GS) ann AEE.) lees 


BA) = — VE Pim, — Ei Or m, [Ex GF ) naz (E,—B,) 1, G15) 
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Coc(Kp) = —V, Ve CE Oi n= Ei Dy Es Gf nce (Ey EI EP. 


By taking this into the equation (3-9) and summing over all entrance channels with 
the weight A, we get the general wave function, which we integrate over ie, so that the 
Proton wave may be outgoing wave only for the large value of 7,, square the coéfficient 
of the outgoing proton wave, integrate over all Space except proton, take average over 
initial states, and sum over final states, we obtain the cross section. Since these procedures 


are written in detail in other authors’ papers, we write only the results here : 


do ° e 9 . 
ag 18, 2 1 + S729.) 
oe tl gag te Mt Bred) G9 
where 
1 1 Bate 
Ges { ———— — +) 7! ag 7 . 
Ge ft ot kK? alee I1,, Jt,» G 17a) 
2 i M, Ve : 
G ee hte) #y M pe: MM, —TTLVG , (3 ‘ 17b) - 
27+1 ky M,4+M, M+ My 
yz ° M, = ° y Zz MV, 
Bahe+(— 2B) ONE 2 aa seu 3-18 
ES Bad DO (a Cue) 
Kea hie hy — Raley cos Op. (3-18b) 


For the second case in which the neutron is captured in virtual state we can calculate 
the cross section in the analogous way as for the first case. Thus we write here briefly 
the procedure and the results. If we define U in the following equation 


f= (Git! — UE} ) (BS —UB,)*, (3-19) 


this U is considered to be same as U,, in (2-19) by comparing the equation (2-9) 
with (3-19), because we assumed that the logarithmic derivative is same as for deuteron 


and neutron reaction. Putting (3-19) into (3-11) we get 
h - ro o- “1 ' ty: ; 
A(Kk,) 75 | ( Pi om Fa aN P, im, Ly) <6 Y ( Pym, a Pr, om, i’) |. 3 20) 
From (3-6) and the following definition 
ae ju <i, & jE, | a Jil, jt Fis (3 , 21) 
(3-20) becomes 


: AAs (K,) es a” we ins A CAS 0, B, e(1—eO7,). (3-22) 


If we take (2-19) into (3-22), 


Cs 
(Z,+4—£,) + (17/2) 
(3-23) 


: Sh eae Q TF ,-3i9-24 / 
«As (0e) = 2M). Nas, y, DOE] Bat 
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whete 


p= eer sin (O-+ () 5 (3 - 24) 


This term corresponds to the potential scattering in neutron elastic scattering, and was 
neglected by Huby” as spurious. The reason was that when the neutron attached to the 
surface the deuteron disintegrated as the consequence of vanishing of the interaction between 
the neutron and the proton within the surface. But we are now calculating the (d, p) 
reaction, so we consider the state that the proton is far from the nucleus. Then the neutron 
will undergo the potential scattering as the usual neutron, by which the neutron is 
scattered not through the compound nucleus. Considering that the bond of the neutron 
and proton is cut as the consequence of this, we had better not to neglect it. In fact, 
the reason that Huby neglected is also ture in certain amount, the term must be correctly 
treated by taking into account the w-f interaction and the formation of deuteron after 
stripping process. As we believe that it is more correct for us not to neglect it, we here 


include it in our formula. Putting (3-20) into (3-12) we obtain 


B (Kt, ) Veep icaal ear: Rie) (ZF ee Ly DACs Sm, Lh Ga, a eg ) 


and noting l’,(%,)=E£ i. —U. oki » we have 


_ (M+ My) 


(@; oy sttte OQ, ty )- (3-25) 


Putting this equation into (3-13) we get 


, V, &(M;,+™,) 3 5 
Coo Kin) = D; me fy — @ ” d a =e 
: Sper 2i:M,M, i? nn in ‘nn tn ay 
and we replace 7, in above equation for (2-23), and putting (3-23) and (3-26) into 
(3-9c) we get particular solution of our problem. If we sum this solution over all 
entrance channels with the weight A’, we obtain the general solution, and further obtain 
differential cross section, which are given 


doa _ ; (Por \72 ‘ 
+. Z 3 3. 
dk, (E+ 4=B,) +1172 | Ce 
AO inet _ 2M Mare 17 
9 Ord deepal: oe g 
dk, z8 ‘ k(M,+ M,) |Ew|? (2+ 4—E,)? + £°/4 ele: 
where 
_2/+1 M,M, i(M,+M,)? 
= yi @ (M+ M,) (3-28) 


27+1 kM +M) (2M)? " 


§ 4.. Discussions 


The results of our calculation are given by (3-16), (3-17), (3-18), (3: -27), and 
(3-28). In these equations |9, |° gives angular dependence of the emitted proton, and 
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is identical with Butler’s result.: Through this term the orbital angular momentum of 
the captured neutron can be obtained from the experimental angular distribution of the 
proton, from which we can infer the spin of the final nucleus. As such an analysis has 
been made by many authors, we do not repeat it here. Next, the term which determines 
the absolute cross section in the case of capture in negative energy state is #°/2M 


Xre(it » Ye Yc), and it is approximately proportional to the reduced width of the 
entrance onal: and the term pm Ye Je in the denominator is the correction term, which 


is generally small compared to 1. The reduced width of the entrance channel is obtained 
from experiment. We here give the formulae for gy, and gy, which are necessary Ps these 
calculations. They are all for neutral particles and r=zxa=zha, 


ago (x) ase ety 


1+44% 
eg, (0) = — ee 
g1(*) ey 
. 6+644324°4% 
a 9 x = > 
ga ) 3434427 
Pearce IS (4-1) 
ak, ax 
eae 
ax 
aq, 24440 
dx (1+7) 
lhe — 6x+ Ed ceases (4-2) 
ax (34+344+42°)° 


Table 1. Reduced width calculated from the experimental data of (d, f) reaction 


ee So, ru sea |S Reduced 4 
Final state | Captured neutron} Channel Final Sidee Reduced we 
Reaction excitation angular radius state (10"em— in aos e 
energy(MeV)| momentum ips a(10-}3cm) spin MeV) | unit (% 
e: erin BaG, 0.16 24 
Be? (d, #) Belo *” oO 1 4.5 0 i 
7. 1 4.5 2 0.21 
5 a 
= 12 
0% (d, s)O7 0 2 5 = 0,073 
x 71 
0.875 0 6 a | 0.43 
: 1 0.0009 0.16 
FO (d, 2)? 0 5.32 ” 
0 2 preys 1 0.024 : 
0.65 2 D2 1 0.26 46 
2 0.14 26 
3 0.10 18 
35 10) 5.35 10) 0.33 59 
i 0.074 13 
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Although the angular distribution of stripping reacion have been measured for many 
nuclei and at various energy levels, the absolute value is done for fewer nuclei. We 
try here to calculate the reduced widths from experimental cross sections. Angular _dis- 
tribution of the proton does not agree perfectly with the theoretical one, particularly at 
the minimum of distribution curve, so we used the experimental data at the first maximum 
or near forward direction, because our assumptions of calculation will be more correct at 
forward direction. The results are shown in Table 1. The channel radius @ in 4th 
column is chosen so that the angular distribution may agree better with the experiment. 
Of course the reduced width varies with the choice of the value a. According to 
Teichmann and Wigner”, the sum rule limit of the reduced width is given by 


Dieta eee (4-3) 


The reduced widths in the unit of this sum rule limit are given in 7th column. In 
carrying these computations the correction from the other channels than the entrance one 
is neglected. We see from Table 1 that the reduced width in sum rule unit is considerably 
large, showing that the single particle model of nucleus is a good approximation. When 
the target nucleus is excited by the neutron absorption, the entrance channel differs from 
the channels which are important in final nucleus. Then the reduced width of the 
entrance channel is considerably small". F(a, #) F” g.s. reaction will be an example of this. 

It is interesting to calculate the level width in the case of the capture into the 
virtual state, because the results can be compared with the one which is obtained from 
neutron scattering, but we do not discuss it here, for there is no appropriate experimental 
datum. It is noted that we are based on the assumption in §1. The error which comes 
from our assumption may not be too small, particularly for the absolute value, and 
the estimate of the error is important. Therefore we might not be able to trust our 
reduced width and the sum rule limit as well as the neutron scattering. 


The author would like to express his gratitude to Drs. Y. Fujimoto and Y. Yamaguchi 
and Messrs. H. Horie, T. Tamura and M. Koshiba for their stimulating and helpful 


discussions. 
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A statistical mechanical theory of general Brownian motions hidden at the bottom of irreversible 


processes, especially of “linear dissipative processes ” 


is outlined. Postulating that macroscopic observa- 
tions are gross, i.e., that the macroscopic behavior of a large system is specified with a very small number 
of macro-observables and that’ their observed values are given by suitable time averages, it is concluded 
that macro-observables are approximately one-valued integrals of motion in M.S. Green’s sense (Sec. 2) 
and that they have finite mutual correlations (Sec. 4). On the basis of these results we attempt to 
reformulate the equation of motion in classical mechanics (Liouville’s equation) in terms of the observed 
values of macro-observables. In order to do this, a macroscopic counterpart of the phase space and that 
of a distribution function in it are introduced (Sec. 3). Next the secular motion of the macroscopic 
distribution function is calculated. In this way the general Brownian motions underlying irreversible 
processes are disclosed and their equation of motion is obtained: a Fokker-Planck equation (Sec. 4, 5) 

This equation is seen to agree exactly with that recently given by M. S. Green, who studied the present 
problem from the microscopic point of view as well, but in his case, because of some serious assump- 
tions employed, it was no longer necessary to refer to the equation of motion in mechanics. Finally 
some discussions are given on the origin of the ‘‘ Markoffian character” of the macroscopic motion and 


on the relation of the present theory to Hashitsume’s semi-phenomenological one (Sec. 6). 


§ 1. Introduction 


Recent developments accomplished in the field of “thermodynamics of irreversible 
processes”’” mow suggest us to investigate this phenomenological formalism from the 
molecular theoretical point of view, that is, to build up general statistical mechanics of 
irreversible processes. As is well known, this new thermodynamics cannot include the 
whole variety of non-equilibrium states, but can only describe the so-called ‘linear dissipa- 


tive processes” which usually make fairly slow temporal progresses. This fact tells us that 


it is only an apparent mode of motions, i.e., its secular motion, that can be observed 


macroscopically ; the rest, troublesome and rapidly changing mode being practically smoothed 


out by insensitive measuring apparatus. As a result in spite of a great number of degrees 


of freedom the motion of a large system is usually described by various empirical equations 


essentially simpler than those of mechanics. That is, various types of densities such as 


mass density, internal energy density or momentum density, or thermodynamic variables 


* The main part of the present paper was already published in Japanese (Busseiron Kenkyu No. 57, 


66 (1952)). 
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such as local pressure ot local temperature take here the place of variables used in mechanics 
that are proper to the individual degree of freedom, in terms of such variables a special 
empirical law having been found each in every case. The above thermodynamics put in 


order these empirical laws in a unified theory on the basis of both thermostatics and 


Onsaget’s reciprocal theorem.” 


Lately N. Hashitsume” has made a step forward along a way from thermodynamics 
to statistical mechanics. Starting from ‘‘ thermodynamics of irreversible processes” and 
making use of the fluctuation theory given by Einstein, Smoluchowski and others, he 
developed a semi-phenomenological theory in the form of the theory of general Brownian 


motions.’ Especially he derived the following generalized Fokker-Planck equation : 


aW(a,t) sv 3 [p flse: ea SOS ee }] ? 
Ot pa Oa, S Oa, k ON ( } ( ) 


where W(a,7) and S(@) stand for the probability distribution function and the entropy 
of a macroscopic state, a= {a,}, at time ¢ respectively, and D,, denotes the generalized diffusion 
constant. With the intention of finding a mark of forthcoming general statistical-mechanical 
attacks, he avoided there to fall back on any special mechanical model. Hence (1) can 
be considered as giving rather fundamental features of dissipative mechanisms in irreversible 
processes. In other words, it seems now obvious that the true character of any dissipative 
process could be ascertained by disclosing the general Brownian motions hidden at its 
bottom. 

Having no relation to Hashitsume, but almost at the same time, M. S. Green” has 
done his useful work on time-dependent phenomena from the statistical mechanical side. 
He has surely succeeded in determining the explicit form of a Fokker-Planck equation in 
terms of microscopic variables, which is supposed to reproduce various irreversible processes 
and which is directly compared with Hashitsume’s. Hence it can be said that thermo- 
dynamics of irreversible processes has been interrelated practically to the molecular structure 
of matters. Now Green’s theory starts from the following two assumptions: First the 
macroscopic behavior of a large system is described by his so-called ‘ gross variables” that 
are approximately one-valued integrals of motion. Secondly its equation of motion is ex- 
pressed in the form of the Markoffian stochastic prccesses in respect of those gross-variables, 
‘As to the first assumption, it can be supposed to be natural, especially when one examines 
each special example (see examples cited by Green”). From the theoretical point of view, 
however, it would be necessary to find the reason why gross variables can be considered 
as approximate one-valued integrals of motion, or why one looks only at such variables and 
not at the others. Moreover, one cannot be satisfied also with the second assumption 
because its position seems inconsistent with the deterministic nature of mechanics. Namely 
there still remains an important problem in statistical mechanics unsolved: one has to 
answer the question how and when the deterministic law turns stochastic. One sees there- 
fore a setious gap existing between Green’s theory and the molecular mechanics, or one 


may say that Green’s theory cannot be regarded, in the true sense of the word, as 
statistical-mechanical but rather statistical. 
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In order to fill up the above gap we shall develop a formalism in the present article. 
It will start from the first principle of classical mechanics and lead to the same results as 
wy ‘ 9 . . . 
Greén’s without his assumptions, thus the general Brownian motions that underlie the 


irreversible processes being seen through from the molecular theoretical point of view. The 
quantum mechanical treatment will be discussed separately in a subsequent article. 


For the sake of convenience the notations used in this paper are much the same as 
Green’s. 


§ 2. Macro-observables 


As ‘stated in the preceding section, there exist apparently distinct two types of equa: 
tion of motion in the case of systems with great many degrees of freedom. One of them 
is mechanical, therefore is fundamental. In this case some means should be necessary to 
be found in measuring coordinates and momenta of all the particles composing the system 
in question. Practically, however, one has never had any such experimental means. We 
have, thus, been forced to appeal to more or less gross observations, which have led to 
the other type of motion, as is easily imagined. Here the adjective “ gross * should be 
interpreted in /7vo ways: First, the number of physical quantities measured phenomeno- 
logically is far smaller than that of the degrees of freedom of the system, so that its 
microscopic state can be only incompletely specified in this case. Next, any macroscopic 
observation can be performed in no case as accurately as in mechanics, i.e., it is gtoss in 
its usual sense. In any case without any such observational method, we would lose sight 
of the whole picture of the matter. From these considerations we can naturally conclude 
that the essential difference between these two types of equation of motion is due solely 
to a choice that is made from different observational styles on both sides. Henceforth we 
may name the observables in mechanics and in the phenomenological theories as 72/¢/'0- 
and macro-obscrvables respectively. 

Macro-observables are in general classified into two classes. One of them is defined 
mechanically, so is considered as a sort of phase function, and the other can be defined 
only thermodynamically. In order to give a statistical mechanical foundation to the 
phenomenological theories, first one should be exclusively concerned with the observables of 
mechanical nature, then those of thermodynamic nature could be introduced through ergodic- 
theoretical considerations. In the present paper we are mainly interested in the description 
of motion of a large system in terms of the macro-observables of mechanical nature which 
will from now on be called briefly macro-obsetvables. “The introduction of thermodynamics 
will be postponed to a future occasion. 

The instantaneous macroscopic state of any dynamical system can precisely be specified 
by the position N=(X, 0, Xx) of its representative point in a suitable phase space. 
On the other hand the macroscopic state is, as stated above, only grossly specified by a 


far smaller number of macro-observables than /V, which can be expressed as functions of 


the phase XY, say A(X), (Cras h). Now it has to be emphasized that any instan- 


taneous macro-obsetvation must be regarded as extending over some time interval t which 


is supposed to be proper to the measuring apparatus employed and to be long from the 
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microscopic point of view."” Hence we may naturally consider that the complete operation 
of measurement of a macro-observable 4,(X) yields its time average over T, i.e., that the 


observed value corresponds to 


. 
A(X) =—| ds A(%,), (2) 
r 
0 
where X, denotes the image point of the phase X after the lapse of s. 

After all, collecting the above ideas, ze fostulate that the objects of macroscopic 
observations-are solely confined to the phase functions A(X), As(X), +++; An(X), 
(h<N), the observed values of which are given by (2), and that.in terms of these 
time averages the macroscopic behavior of a large system can be specificd. In the 
author’s opinion this postulate is the most fundamental one among those which support 
the present theory, while the others, being more or less of secondary importance, will be 
introduced occasionally in later stages. 

In spite of the simple and primitive form of the postulate it is possible to draw 
from it immediately a number of important consequences. 

The first of them is concerned with existence of ¢zvo time scales. One is most exact 
and is always employed in the micro-mechanics. The other is more gross, on which one 
can safely neglect time intervals of the order of magnitude rt. It is the latter scale by 
which one follows the secular motions of a large system. We shall again return to this 


point in the next section. 


Secondly, the nature of the macro-observables reveals itself. In order that A, (XY) 


may be qualified for giving an instantaneous and definite value on the macroscopic time 
scale, 4;(X) cannot be an arbitrary phase function but must satisfy the following two 
conditions. In the first place, ALY ) has to be almost independent of tz, or to be 
dependent only on the order of magnitude of rt. Indeed the duration zt of a macto- 


observation may not be precisely fixed on the microscopic time scale, but its order of 
magnitude can at most be 


adjusted at our will. Con- 
sequently, although 4;(Y) 
would generally fluctuate very 
quickly with frequencies 7, < 


1 A(X,) 


t, the time-smoothed function 
Ail X,) must be almost linear 
to an extent of t on the 
microscopic time scale (Fig. 1). 
In the second place, the dif- 
ference between A,(Y ) and 
AX, +) must be at most of 


3 s/t 
the same order of magnitude : 


as that of errors in macto- 


wa Wr 


Statistical Mechanics of General Brownian Motions 15 


observations. Otherwise, since ¢ should be neglected on the macroscopic time scale, A, (X’) 
could not be supposed to have a unique instantaneous value on that time scale. In Shee 
words, it is because the time average from 0 to 7 as well as that from —r/2 to +7/2 must 
be assigned to one and the same instant on the macroscopic time scale. After all, the graph 
of A;(X,) must be. not only linear but nearly horizontal as well, or, in short, almost 
constant to an extent of + on the microscopic time scale (Fig. 1). 


Finally one can infer another nature of 4,(X). In order that A;(X) could play 
a role as the macroscopic counterpart of A;(X) to describe the macroscopic behavior of 
our system, the deviation of 4;(X) from A,(Y) at almost all the instants must be 
considerably small compared with A;(X’) itself, otherwise the essential part of the motion 
of our system would go far out of our observation. 

The above statements concerning the behavior of macto-observables correspond to, and 
allow one to gain an insight into, Green’s another assumption that macro-observables are 
approximately one-valued integrals of motion.* 

Having obtained these important consequences from our postulate, in the following 
considerations we need no more special property of macro-observables except one which will 
appear in Sec. 4 as a conclusion from our postulate as well. Adding a few words by the 
way, it will be one of the fundamental problems in statistical mechanics to prove the 
existence of phase functions with the aforesaid nature. For example, Khinchin® has proved 
that in the case of ideal gases “ sum-functions” have very small fluctuations on an energy- 
surface. If one could generalize this theorem to take account of interactions between 
component particles and further to replace “ sum of one-body functions” by “sum of two- 
body functions”’, the present theory would then stand on its more solid foundation.** 


§3. The macroscopic counterpart of a distribution function 
in the phase space 


The value of A, (X), that is the observed value of A;(X), is denoted by 4;, (ves 
Uist, 2). Lhe set a=({a;} specifies the macroscopic state of our system, so that one 
can construct a /i-dimensional Euclidean space as the macroscopic transcription of the original 
N-dimensional phase space. For the sake of brevity, we shall call the former macrophase 
space, or simply, a-space. 

Now divide the macrophase space into an infinite number of small cubic cells, the side 


length 4; of each of which is of the same order of magnitude as that of errors in macto- 


h 
observation. Since the volume 4=// 4; of each cell is very small, summation over all 


ca . . . 
the cells whenever it occurs can be quite naturally replaced by a suitable integration. By 


the following inequalities : 
a,—% A, A(X) <at+b4i> (@=1, -+, 2) (3) 


where a is the central point of a given cell, we define a point set, the characteristic func- 


7) to whom the term “ macro-observable” is due. 


*; is i isinally proposed by J. v. Neumann, °” is 
RU sac aceceanen form of “sum of one-body function” and 


** Mass density and momentum density are written in the 
. % . 9 
energy density has the form “ sum of two-body function, 
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tion and the volume of which are denoted by Z,[A(X)] and zuv(a)4 respectively. There 
A(X) stands for the set of the functions {A,(X)}. Just in the same way one can 
introduce another characteristic function /,{ ACY) ]. 

The following relation will be frequently used in the subsequent calculations : 

fax = 3 [dv BylA(X) = 30 (a) (+) | dal eoCa!)(-~)ars (4) 


where 


Peer eas \axz,[AX)]}~. (5) 


Now consider a statistical ensemble specified by a distribution function / CX, A) in 
the phase space. As the transcription of it into a-space the following distribution function 


might be proposed : 
fla, )=+\ aX F(X, DE [A(X] (6) 
Due to our postulate, however, it is more reasonable to prefer the next one to (6) : 
fra == [ax rx, /) E,[A(X)]- (7) 


For, the procedure transcribing a distribution function cannot be considered as a mathe- 
matical one but a purely physical one associated with observational operations. Indeed, 
whilst /‘(X, 2) is determined when one examines microscopically each member composing 
a cettain ensemble, its macroscopic counterpart is obtained when one has another look at 
every member of the ensemble by means of macroscopic observations. Therefore it is not 
the value of A(X’) itself but its observed value A(X) that comes into question. 

Here it is worth-while to note that /*(a, ¢) is already a smooth function of time, 
so that one can infer the macroscopic motion of a given ensemble directly from that of 
fare) eo -The proof is: According to the discussions given in the preceding section, 
A(X) is nearly constant in an interval of length zc, so that for t= s 


ioe ae =| dX F(X, t+s)B,[A(X)] = [ax P(X. /) E,LA(X)] 


=-_|ax F(X, DELAY) ~ {ax MX, )E[A(X) =f" (a 2), 
(8) 


where use has been made of the well-known theorems of mechanics that /*(X, ¢-+s) =F(X_,,¢) 
and ¢\=aNX_,. Because of the discontinuous character of the characteristic functions, 
the fourth equality sign is not strictly correct, and it is the calculation of this small 
discrepancy that will become problem in the following sections. 
Next we introduce another distribution function / (a, ?) : 
+ 
F(a, j= las fla, (4s). (9) 


9 


Statistical Mechanics of General Brownian Motions 17 


Substituting (6) into (9), one obtains 


= 7 3 s ————————— 
£i{a;t) =|. AX; 2) Lal ACY), (10) 
where 
EL A(Z))=— |a E[A(X%)]. (11) 


0 
Because of small fluctuation in A(X), as was already discussed in the last section, one 
easily has 
} (a, )=f* (a, t). (12) 
For, neglecting infinitesimal quantities of the second order in respect of the above fluctua- 
tion the following relations can be readily verified : 


T $ 


B[A(X)I= 2 [A(X }4 1 [sds 33 14%) el I ELAR] 
(13) 
where 
V(X) =dA,(X)/dt. (14) 


§ 4. The equation of motion of /*(a, t) : Green’s equation 
From (12) and (9) one obtains 
af* (a, £) /at=/ (a, t) /At= { f(a, t+) f(a, 4) }/t. (15) 
Before proceeding further on, a special mention must be made here of an important 
consequence that can be easily derived from (15). Since A(X) is almost independent 
of zt, f*(a, ¢), and therefore 7 (a, 0), are hardly dependent on +. Accordingly, so are also 
the first and second expressions in (15). On the other hand, as f(a, 2) has no bearing 
on t, it will be natural to expect that the third expression in (15) would depend on 7, 
unless any particular condition concerning macto-observables happens to be satisfied. Indeed, 
(15) which leads us to the equation of motion of f*(a, 2), as will be soon shown, 


reveals at the same time another fundamental feature of macro-observables. At any rate 
{ f(a, t+t) —f(a, d }/t==0f(a, ¢)/t is only a difference quotient on the microscopic time 


scale, its differential quotient on that time scale being given by Of(a, ¢)/d/. But if 


"eyed ee Ld 


Of(a, t)/zt would have a plateau value independent of rt, it may be considered as a 
differential quotient on the macroscopic time scale and as giving the secular variation of 
f(a, #), and therefore may be called macroscopic time derivative of f(a, t). Thus one 
can say that the time appearing in / *(a, 7) or in f(a, ¢) is substantially macroscopic in 
contrast with that appearing in Jia, t) which still retains its original microscopic character, 


Substituting (6) into (15), one has 
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r F(X, t - 
Yea) AT ag ax PE BAO: oe 
ca 4 Os 
0 
On the other hand the equation of motion of classical mechanics can be written in 
the form :” 
cee N 
OFX, ¢) as gs {U,(X) FX} See 
at r= OA, 
where 
U(X) =dX,/dt. (18) 


On the basis of (16) and with the use of (17), one has, after carrying out partial 


integration once, come to 


OE) 1 f N eee r 9E,[A(X)] 3A,(X) 
=e 1 aAX SVU,CX ) F(X, t+ Sa Ey AL EERE Oe 

r cA 1@ AX BLAKE GET 5) SSX) ax, 
(19) 

From (14) and (18) one obtains 
fe 7 0A A(X) aX, 0A (X) be 

O,(X x = mr =V,(X). 20 
30x) 24095 he. 94) _ yxy (20) 


Making use of (20), (19) may be rewritten in the form: 


Tt 


jaslax FX, t+s) x V(X) 


0 


3E.[A(X)] 
BA,(X) 


Ofa,.2) 4 
= (21) 


cd 


Through the procedure similar to those employed in (8) one can bring (21) into 


ACAD apr . aZ,[A(X,)] 
oleae awa XP) eee 
Z cA | 3 AD) Ve) aA, (X,) ee 
As was fully discussed in Sec. 2, for s<c, 
AAX,) — A(X) = | Vi(Xy) ds! <A,(X). (23) 


0 
Because of this relation one can expand the derivatives of the characteristic function occur- 
ring in the integrand of (23) in respect of 4,(1,)—A,(Y), and neglect quantities of 
the second order with respect to them. Using (4) furthermore, the result is : 


df(a, r yy eae 
Ae t) et : {as | aa! w(a!) 3) (F(X, VAX, oa Gis 


da,’ 
hepeen: ; ‘ 5°8(a— 0") 
+——| ds| ds’ | dal wo AS SEFCDV.ODV LY ee 
ja (0) BPC 9 P(X) (a) Ps 


(24) 
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where o(a— aD) il 0(a,—4a,’) and 6(a,—a;') is Dirac’s 8-function. 


After carrying out 
partial ications “(24) can be brought into 


Of(a, 
¥Od 5 2 [we Ef aocrex t) V(X.) Ja 


- 


c 


a) a 
#35, hh O- Al isla P(X, OPK 2) Fin) oh. (25) 
Here we introduce the following assumptions : 


(PCY, 1) V(X.) a= (F(X, D) a Vil XD) as (26) 
CLEC SAS O UAC. CH) tO LOC a CAC OAC SE 
Although these assumptions might seem too drastic and to need cautious analyses, we will 
not discuss here further on, but a brief comment will be given later (Sec. 6). 
By straightforward calculations it can easily be shown that 


(V(X) a= aX V(X) E,[A(X)] 


ee 4 an 
dE [A(X )] 


oe e eer ead V(X) m [a BN) ere 


1 fe) 
w(a) ~ On 


=(Vi(X) at {{.5 V(X) V(X) a20(a)} 


(27) 
Furthermore, to the approximation hitherto made 
faecner TACO =| GACOUAC CANE =| as (VAX) VX) Ya 
0 
(28) 


Making use of relations (26), (27) and (28) one obtains for (25) 


Oa). Ze tS? [Fala #)o(a)]} Ma 9 


{% k Oa, w (a) 


+2 tala dao}, (29) 


where 


8 


Ena, t)=—— | ds | AC OAC an Te (30) 


0 


As was already discussed at the beginning of this section, because of our postulate we 
must require that the right-hand side of (29) is independent of c. This requirement now 


or Wok. Fas ec 


L ei 


3 el Ay 
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reveals us another, previously announced, feature of macto- -observables : €,,(a, 7) must have 
a plateau value, say Fy(a), which és independent of t. Under this condition the left- 
hand side of (29) gives the secular variation of f(a, ‘), Aeckae equals to Of*(a, ¢) /de. 
That is, 


Of* (a, 2) Orbs. + tres SEN Oe bey Pie 
ae a Aa, | {Vidar bn a ae [Fx(@) (a) It (a, 2) 


+>) 2 {€,,(a) f(a, 2) 7: (31) 


Now we take the time average of the both sides of (31) from 0 to r, Then, while the 
left-hand side remains unchanged, on the right-hand side f(a, 7) is replaced by / (a, ¢), 
therefore by f*(a,¢). The final result is :* 


Ol gt) a ae ee yas Rae : 
O93) 2 [ {rat 2B 2 fala) (ap Had 


Op = 
+21. r@9}], (32) 
Z Oa, 
where 
En (a) ={Fa(@) + SC @) }/2. (33) 
It is seen that the motion of /*(a, ¢) is described by the Fokker-Planck equation already 
obtained by M. S. Green.” If one compares (32) with Hashitsume’s equation (1), one 


can say that the general Brownian motions underlying irreversible processes have now been 


disclosed from the classical mechanical point of view (see Sec. 6). 


§5. The phenomenological equation of motion 


As is well known, one can easily derive from (32) the average motion, that is, the 
phenomenological equation of motion. Here, however, another more direct method will 
be given. 

Consider an taceable nhifortaly distrituted in a point set, say H,[A(X)], in the 
phase space at time ¢. The part of the ensemble that will be found in a point set 
Lu[A(X)] at a later time ¢+7 will be given 


(1/w (a) 4) -A,[A(X) 4a [A(X)] (34) 


Therefore the ensemble average of a macro-observable A,,(X) at tez equals to 


XC | aa’ al | dX Ey [A(X)] 2, [ACY jee (35) 


oie 


Using the expansion technique frequently used hitherto, (35) can be transformed into 


* Jt can be directly verified that the difference between both the right-hand sides of (31) and (32) is 


negligible to the approximation hitherto made, 


i ae eed 
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(are) =a, + fas(Va(X))a- (36) 


Here one can put a,=a,(¢)). Then, with the help of (27) one obtains 


d(a,(t)) [ ; LOS. ay is 
eee iG a+—— a - ww | ; 
at «) zw (cz) 7 (Oy Pe) (2) a=@ On 
where ¢/dt means the macroscopic time derivative introduced in the preceding section. 


These are Green’s phenomenological equations of motion.” 


§ 6. Discussions 


Throughout the above calculations we have neglected quantities of the second order 
in respect of fluctuation in A(Y). This approximation just corresponds to neglecting the 
third order moments with respect to (XN )’s, as easily understood. Due to the discussion 
given in Sec. 2 we are assuted of the validity of these approximate calculations. 

Next a few words must be said about our postulate. We have inserted in it a 
condition: the number of macro-observables is far smaller than that of degrees of freedom. 
This condition however has never been used in the present calculations. Moreover one 
of the conclusions that €,,(a, 7) has a plateau value €,,(@) would presumably involve the 
above condition. Therefore one can still more take off it from our postulate. 

As to the assumption (26) we will give here only the following note. Consider 
an ensemble average (/*'(X,¢)G(X))., where G(X) is an arbitrary phase function, In 
order that it equals to (F(X, 2))4(G(X) )a, it is necessary and sufficient that CY, 2) 
has the form : 

FUN, 0) =| aa’ at, ) Sul AGole, (38) 
zw (a’) 4 
This new distribution function is seen wniform within each point set E,[ A(X) ] in the 
phase space and seems to express an equilibrium state in an extended sense: local equi- 
librium. Of course ‘the replacement of /(X, 7) by F(X, ¢) in (25) is by no means 
self-evident. Since, however, it would be very difficult to justify it, we will only give an 


outline of the trouble into which we have now got. Take the time average of both sides 


of (25) from 0 to tr. Then, since the left-hand side is to give the secular variation of 
L(G #), it should remain unchanged, whereas on the right-hand side CX, ¢) is replaced 
by its time average. Thus the problem to be solved can be formulated in the following 


way: For an arbitrary distribution function FX L) 
eae F(X, t+5) RCX, MG (39) 
a 
0 


This relation resembles to, but is more specialized than, the well-known ergodic theorem 


in the equilibrium theory.” 
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According to the above theorem, if A,(X’)’s were exact and controlable one-valued 
integrals of motion, then 
ip 
HS = jas F(X, tes) =F(YX, 2). (40) 


To 
0 


Furthermore, suppose the left-hand side of (40) converges so rapidly that 


Tt 


#3 
1 , 
lim — = jas LK LASS = ja F(X, f+s). (41) 
To df , Ge 7 


Then, at least in order to prove (39), all the 4;(Y)’s would not be necessarily exact 
integrals of motion but need to be only approximate omes in the sense that they are 
constant within a time interval of the length c. This condition is practically satisfied 
in the case of our real A,;(.V)’s. Hence (39) substantially reduces to (41). In the 
meantime another feature of macro-obsetvables can be inferred from various examples 
of irreversible processes: If the whole system is imagined to be suitably divided into a 
large number of small sub-systems, the one-valued integrals of motion of every sub-system 
which is now considered as independent of the others arte just given by our macro- 
observables.” After all it is now to be desired to prove (41) in the case of such a 
sub-system, 1.€., of a macroscopically small but microscopically still large system. 
When one compares the present theory with Hashitsume’s, the above-mentioned problem 
is seen to take its another appearance. As was already pointed out by Hashitsume,” in 


a special case when (7) =0 and €,,=constant, (32) reduces to (1), if one puts 
S(a) = logw(a), (42) 


and Dyj= Fy. Here one sees that Boltzmann's principle again appears to play the 
same role as it once did in relating thermostatics to mechanics. This fact suggests 
that the states considered in the present theory are not so far from the true equilibrium 
but those in local equilibrium, and that (42) will naturally result from (39). Thus 
concluding the discussion of. this section, 7¢ is the very relation (39) that gives our 
system its Markoffian character and that at the same time connects the present theory 
directly with thermodynamics of irreversible processes. On these circumstances we shall 
discuss separately on a future occasion. 


§7. Summary and acknowledgments 


We postulated that the macro-observations should be markedly distinguished from the 
micro-observations in respect of their observational styles, the observed values of the former 
being given by the time average (2), and that in terms of these time averages the macto- 
scopic behavior of a large system can be described. 

The results obtained were: First there exist two time scales, one is macroscopic 
and the other is microscopic. Secondly the macto-observables are approximately one-valued 


a a 
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integrals of motion in Green’s sense. Next the correlations of macto-observables must have 
plateau values independent of <. Finally under the assumption (26) the macroscopic 
motion of the system is described by the Fokker-Planck equation that was already found 
by M. S. Green. 

Finally some discussions were given referring to the justification of the assumption 
(26) and the possibility of introducing thermodynamics into the present theory. In 
particular either of these problems was reduced to the generalized ergodic theorem (39), 
its proof however having been untouched. 

The author wishes to express his sincere gratitude to Professor M. Kobayasi for his 
encouragement in the course of the work. The author is also greatly indebted to As- 
sistant Professor S. Ono and Mr. H. Mori of the Kyushu University and Mr. N. 
Hashitsume of the Ochanomizu University for their very many stimulating and informative 
discussions as well as advices. This work is in part supported by the Science Research Fund 
of the Ministry of Education. 
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A statistical analysis is made for the number of ions produced by an electron when it is absorbed 
in a hydrogen gas. The average number and the mean square fluctuation of the ion pairs as functions 
of the incident energy of electron satisfy inhomogeneous linear integral equations which yield Fano’s 
results in the first approximation. 


§ 1. Tatroduction 


A charged particle in its passage through a gas produces a number of ion pairs 
along its path. The fact that the number is proportional to the energy lost in the gas 
by the incident particle is well known and is often used for the measurement of the 
energy of charged particles. Theoretical considerations on this subject have been tried by 


1) 52) 58) ,4) ,8) 
> 


several authors but the linearity mentioned above has not been deduced very 


6),7 


clearly. Recently a few experiments”’” have been carried out which seem to indicate a 


slight deviation of the number of ion pairs from the linear relation to the energy lost 
by the incident particle producing these ions. 

In the present paper the authors try to analyse the above problem by a statistical 
method. For the sake of simplicity we consider the case in which an electron is absorbed 
in a gas of atomic hydrogen. Our formalism, however, can be easily generalized for the 
case of more complex nature without much. modification. 

The probability distribution function for an electron with a given energy to produce 
a given number of ion pairs in the gas is defined which satisfies a set of nonlinear integral 
equations. Instead of solving these equations the linear integral equations for the average 


number of ion pairs and their mean square fluctuation are obtained, whose approximate 
solutions are estimated for high values of the incident energy. 


§2. Fundamental equations 


* When an electron collides with a gas atom it will either ionize or excite the atom. 


The elastic collision can be ruled out in this case because it changes neither the energy 


A iis hea 
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of the electron nor the number of ions. We neglect the electron exchange effect and 
the recoil of the gas atom hit by the electron as well as the higher order processes such 
as radiative collision and recombination of ion pairs etc. Thus we can define the following 
collision probabilities: g,(/) is the probability per collision that an electron with an 
incident energy / excites a gas atom to its w-th level with the excitation energy €,, and 
de g(£, €) is the probability per collision that the same electron ionizes the atom losing 
its energy by an amount between € and €+de. In the latter case the secondary electron 
has a kinetic energy €—€,, where €, is the ionization potential of the gas atom. 
The above defined g,(/ ) and g(4, €) are normalized in the sense that 


fo] : E 
SS an(Z) + | de g(B, €)=1. Qa) 
n=2 €; 
The actual forms for the g’s are obtained with the corresponding cross sections by 


; Gn x 
CEs Ee Asece 
Sati) +| de o(B; ©) 
n=2 ‘i €; 


} 


(2) 
g(Z, <)= oF, >) Mio, 
. Y! on(L) +| deolE, é) 


n=2 


In the following we assume that these o’s and consequently g’s have been given by 
quantum-mechanical calculations. 

Let P(/’, /) be the probability that an electron with an incident energy / produces 
exactly J pairs of ions in the gas in which it is entirely absorbed. P(Z, 7) is normalized 


with respect to 7: 
3! P(E, [)=1. (3) 
I=0 


Considering the change of P(E, I) on one collision between the electron and a gas atom 


we obtain the following set of non-linear integral equations fot CE, Taye 


P(E, N= on(E)P(E—én T) - 


i=0 


as [a ME PAE Deen ti), 
°F 
for> [=1, 2, 3--: (4) 
with 
PUB, 0) = Si qn(E)P(E—én 0), for. E> er, 


and 


PE fey yg fer 0 BX &, 
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Note that the above equations take into account all contributions from the secondary, 
tertiary etc., electrons as well as that of the primary. 


We apply a Laplace transformation to P(Z, /) by 


O(E, 2) eae e-™ P(E, L), (5) 


and obtain the Laplace transform of eqs. (4) as 
ve, : 
+| de g(F, €)Q(E—€, 4)O(e—€;, 4), (6) 
€> . 
which should be solved with the initial condition 
OCR Ae for 0 <= Lat 
The P(E, /) is given in terms of Q(4, 4) by 


PE, 1) ce ees Ayer" dh. 


us 


§3. Average number and mean square fluctuation 


Instead of solving eq. (6) or (4) directly we obtain the equations for the moments 
of the number of ion pairs by expanding eq. (6) into the power series of 4 and regarding 


the equation as an identity with respect to 4. Thus the first and second moments 
Mé)=S P(E, 1)1, and. P(E)=S PUG, LL? 
1=0 I=0 
satisfy the following equations, 


I(B)=q(E) +31 9,(E ME) 


n=2 


+ ("de (8, )B-0) + 1e4)}, (7) 


and 


P(E) =9(B) +2 de g(B, 6) (E-6) + 16-6) +(e €)} 


+3} gn (LE) I? (E— €n) + {ae g(&, €) {7?(#=€) +7 *(e—€))}. (8) 
where 


o(E)=\ ae Heese 


From eqs. (7) and (8) the equation for the mean square fluctuation 
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DE) =SU-ME)YPE =P (E)—[e)} (9) 


is obtained as 


D(E)=r(£) +3) on E) D(E— x) 


E 
+ de g(B, €) (D(E-6) + D(e-4)}, (10) 
of 
where 
r(B )= 3 on (EZ) UE) LE en) }? 
x . 
+e 9B, €) ME 6) +(e 4) 41 -T(E)}* (11) 
« €&7 < 
Both eqs. (7) and (10) are inhomogeneous linear integral equations of similar type 
which should be solved with the initial conditions 
LT BY<0, and ~D(£)=0 for) O<- Pe ae; (12) 
We can easily prove from eq. (7) that 
o</(4) < £/é, 


which has an obvious physical interpretation. 


§ 4. Formal and approximate solutions 


Because of the initial condition (12) eqs. (7) and (10) can be expressed as sums 
| of finite series. Let K,(E, €) be defined by 


g(Z, E—«)+q(Z, €+&1), &&<€< eS 
KE é)= 
g( LE, E—«), E—é,< << E—€, 
with 
g(&, €) =d\on(Z )8(€— En) for Es. Gin ey, 
n=2 


~ and 


K(E, ey=| de’ KiB KA, 6), 12) By or 


j €+(n—le2 


Then /(Z) and D(£) are given by 

WE )=VE) +3 [de KE 99(6) (13) 

and ; , 

D(B)=r(£) +E [te KE, é)r(e), (14) 
; n=1 €r 
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where JV is an integer which satisfies 
é;+Nen< E< €;+ (WH+1)€.. 
The above solutions are exact, but the complex nature of the X,,(Z, €) makes it hard to 
estimate J(£) or D() for high values of / by the above formulas. 
We know experimentally that the average number of the ion pairs /(Z) is roughly 
proportional to the energy i 
f (fe) = 25, x, & const. fees 
In order to determine the value of %, we insert (15) into eq. (7) and obtain 
eee. (16) 
Xt n(EZ) ent €79(Z) 


which varies very slowly with E and becomes constant as £ increases, thus confirming the 
assumption (15). The energy loss per ion pair is given by 1/x, with (16), which is 
essentially the same expression as the one obtained by Fano” by means of the consideration 
that the energy loss greater than €, contributes to x, only by an amount €, because the 
secondary electrons can also produce ion pairs along their paths. In our formalism eq. 
(16) is only the first approximation and the better result would be- obtained by solving 
eq. (8) starting with the first approximation. 
Likewise if we assume that 


Dr \= ei +o 22 const, (17) 
we obtain from eqs. (10), (11) and (15), 
To= (%' Ba Qn(E) en + (1—%€7)*9(E)}/(Z), (18) 


which is again essentially the Fano’s expression” obtained by his ingenuous consideration. 


§5. Numerical evaluation and comparison with experiment 
Our g’s are evaluated using Bethe’s” formulas for o’s in (2). They are approximately, 


1 ae 7 (gp 7 \ 20-5 
RAYS 2 n(n 1) = 
— (€,/£) 3 (z+1)"*> 


Qe, e)=9(Z, €) se ee 


CAGES eta See oe! | Ane Jee 


0 ese, 


1 (ye 
ei Pe 
Oj: (Ei 


In the above expressions g,(Z, €) and g,(Z, €) refer respectively to the soft and violent 


qh Z, €) S 


PRR ARE Leas vi 


Ionization of Gas by Electrons . 29 


collisions of the electron with an atomic electron ; M, comes from the normalization (1) 
wad: Oo== 1.2. 

- Using these expressions the values of x, and 7, ate obtained by eqs. (16) and (18), 
which are shown in Fig. 1. For high values of F, x, and 7, are constants and 


My 0.487 67, > = 7, = 0.47: 
The corresponding value of the average energy loss per ion pair is 28 eV. The discrepancy. 


of our numerical value of x, from that of Fano’s is probably due to the fact that he 


has neglected the effect of the violent collision, which contributes more to the numerator 
than to the denominator of eq. (16). 


Instead of assuming (15) we can put 


[(£)=x(£—£,), (15) 
with x, and £, constants, then 
x4, = = g(E) (16’) 
d InlE ) ent (€r+ 4) 9(4) 


and assuming (17) again (and writing 7, in the place of 7) 


n=l4 p2 GE )ea+ {1—x,(€,+ £,)}°¢(Z)]/q(4), (18’) 


0.2 


10 102 10" 10* 


EL jez 


Fig. 1. The results of numerical evaluation of eqs. (16), (16’), (18) and (18/) are shown. 
One will see that they are practically constant for EL >10€;=136 eV. 
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It would be a tedious calculation to find the value of 4, from eq. (7) but we can 
estimate it by comparing (16’) with the experimental value* 1/x,~39 eV” and get 
E,~11eV. Using these values of x, and Z,, 7, becomes 0.25. That the value of 7; 
is smaller than unity indicates that the distribution P(/2, 7) is narrower than the Poisson 
distribution. £, introduced above is analogous to the ionization defect defined by Knipp 
and Ling” in their calculation on the ionization yields of heavy charged particles. x, and 
7, are also shown in Fig. 1. e 

The estimations made above are only very crude and the better approximations are 
now under consideration. 

This work was initiated and partly completed while one of the authors (T.E.) was 
staying at the Department of Physics, Iowa State College, U.S.A. and it is his great honour 
to thank for the kindness and hospitality with which he was received there. 
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Extending Yang-Feldman’s method to the system with the interaction Lagrangian with higher 
_derivatives, we obtain the Hamiltonian in the interaction representation. Secondly, we clarify that the 
Hamiltonian thus obtained is nothing else than one given by usual Heisenberg-Pauli’s method using 
the canonical conjugates differed from the independent variables of the variation, that is, if we take 
such canonical variables, the system is reduced to the familiar case without higher time derivatives. We 
can apply this theory to the non-local interaction straightfowardly and then explain the differences between 
the non-local interaction and the non-localized action. Also we discuss the possibilities of the removals 
of the divergences by introducing the non-localities. 


$1. Introduction 


The formulations of the present quantum field theory have been pursued from the 
points of view of the Hamilton formalism or of the Lagrange formalism, and have become 
very excellent and beautiful. However, in the practical views, this theory has many 
difficulties as is well known. One of these difficulties is the well-known divergence problem. 
Although we could avoid it tentatively by the renormalization techniques, the problem has 
not yet been solved satisfactorily, and moreover we have arrived at the limitations of the 
renormalization techniques at present. The second is the discrepancies between the theoreti- 
cal results and the experimental data and this tendency is becoming gradually more serious 
along with the development of the experimental techniques. OF course, this may be partly 
due to the incorrect treatments of the problems, that is, the incompleteness of the 
n method-employed and then new approximation methods have been analysed 
But it will be true that there yet remain in their analysis 
hat the nature favours the renormalizable 


approximatio 
exhaustively by many authors. 


the convictions, whether it is consciously or not, t 
Does there exist any philosophy indicated that the present renormalizability 


theories. 
descriptions of the nature? This is a mythology 


would become good foundation in our 


in the present situations. 
In order to get rid of such mythology and to advance further, it is yet necessary to 


construct the divergence-free field theory. Such attempts have appeared with the title 
“NON”, i.e., the non-linear theory”, the non-local field theory”, the non-localized action 
theory”, the non-local interaction theory”, etc. Of course, the aims of these theories are 
but also the other interesting problems, such as the unified 


to solve not only this problem, 
the explanation of the mass spectrum in the non-local 


description in the non-linear theory, 
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field theory and the removals of the mathematical ambiguities in the non-localized action, 
etc. However, for the present it seems hopeless to expect the further developments of 
the non-linear theory because of the difficulties of quantization and also the development 
of the non-localized action because of the existence of the negative energies. As far as we 
ate concerned with the removal of the divergences, the non-local field theory and the non-local 
interaction theory do not differ from each other essentially. Although the non-local field 
theory will become the background of the latter in the further developments, we do not 
find any reason why we are obliged to prefer the non-local field up to now. 

In these circumstances, we interest in the non-local interaction theory. The most 
important question in this theory is how it can remove the divergences by using the concept 
of the non-locality without introducing the negative energies. 

In order to answer this question, it is necessary to restrict to the method how to treat 
the non-local interaction. Unfortunately, we have not yet the satisfactory method treating 
this theory but it seems to be accepted by many authors that even in this case Yang- 
Feldman’s method” can be applied logically. 

Many authors have believed that in the non-locally interacting system, there does not 
exist the Hamilton formalism. This is only reason why many authors have employed 
Yang-Feldman’s method, because in this theory we could obtain S-matrix even if the 
Hamilton formalism would not exist. It may be true that in the non-locally interacting 
system we can not describe the system step by step following the time variations and therefore 
we can not define the Hamiltonian as the time-displacement operator. But as it will be 
clear later, the circumstances are not so pessimistic if we distinguish the essential differ- 
ences between the interaction representation and the Heisenbeg’s one and those between 
the canonical variables and the independent variables of the variation. In the interaction 
representation, we can define the canonical variables step by step and in this way can construct 
the Hamilton formalism. In fact, the essential point of Yang-Feldman’s method is to define 
the interaction Hamiltonian firstly and then construct the S-matrix from it. If we do not 
pass through this procedure and construct the S-matrix by connecting the incoming waves with 
the outgoing waves, it will be very difficult to confirm the unitary character of the S-matrix. 

The purpose of this paper is to construct the theory of the interaction Lagrangian 
with higher derivatives and then applied it to the non-local interaction as the infinite sum 


of such interactions. It seems to us an “allowable way to approach to the non-local 
interaction. 


S 2. Extension of Yang-Feldman’s method and Hamiltonian 


When the interaction Lagrangian with higher derivatives has been given, we can 
construct the Hamiltonian in the interaction representation following the method which is 
the extension of Yang-Feldman’s method. This procedure has been discussed generally by 
Takahashi and Umezawa". In this chapter, we will try to take a little detailed discussions 
_ practically. 


We start with the Lagrangian which describes the system of the fermion field interacting 
with the neutral boson field, 
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Lei 1 hie 


Z,=— \dv G(x) MOO(®) +2 fargo) AAG), (2-1) 


Ly=g\dx0(2) 9 (2)-0(3) $(2)- PO)$(2), 


where (1), (4) and ¢(x) are field quantities of fermion and boson in the Heisenberg 
representation respectively and J/(0), A(9), O(A), O(0) and P(9) are the differential 
operators of which suffices are constructed suitably to bring the whole Lagrangian to be 
world scalar. 

Using the variation method, we gain the field equations in the Heisenberg represen- 
tation 


M(A)9 (x) =O(—a)— 241, 
s0@)9(x) 


A(A)$(2) =—P(~8)- es eeae 


When we want to solve these equations, we are obliged to give the some initial con- 


(2-2) 


ditions, and there we take the quantities satisfying the free equations 

Ma)" (#)=0 and A(0)d"(x) =0 (2-3) 
as these initial conditions. In the case of the interaction with higher derivatives, there 
does not generally exist the unitary transformation which connects them with the Heisenberg 


operators. Consequently, we have to define the quantities (1,0), ¢(a,0) and ¢(x,¢) 
which are connected with. the above quantities by the unitary transformation and then te- 


- place these quantities with the MHeisenberg operators. And with the suitable boundary 


conditions, the relations between them are given as follows : 


pa OL o 
x) =$(4, ¢)—\de'! O(—9) M0) 4° (a— x!) ———-1__ 4+ | de' H,(4, x’), 
P(x) =92,2)—| eee a 
f CC oe! OL; BN MG aia 
$(x) =8(x, 0) + fae AB) RO)D (x 2") +fa Hix, x!) 


_ The last terms in the right-hand sides of the above equations have values only above the 


~ where 


surface @, and satisfy the equations 


fax’ M0) H,(4,2')=0 ‘and jae! A(0)H,(x, x") =0, 


“M@)N(@Q)=(Q—#) and AQ@)RO)=(-F) 


hold. x and / are masses of fermion and boson respectively. 
According to Yang and Feldman, the transformation function which transforms the 


field quantities such as 
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f(x, 0) =U (a, 0!) h(x, 0’) U (a, 0) (3-5) 
=U (a, —c)$"(x)U (a, — 2) 
can be written by using the hermitian operator I ,(z/0) 
U(a, 0!) =1—i|"ae'I,(21/0) +>, (2-5) 
which satisfies 


Ee a); (d'36(0'/0) | 
=il"ds'| O(a) N@) 4 z') 


é OL, ™ 
00(0') P(x’) 


These equations give the definition of Hamiltonian in the interaction representation 


=f7 (at; r')|, etc. 


and these: definitions can be modified to 


aL 


~£16(4 0), H(«"/0) = O(—2) N@)A@— 2") Hi (a5 2", 
0 ane, (2-7) 
i (d(x, 0), 26,(x'/c) |=P(—9)R(d) D(a—x' Ate Claas, He ¢,2! 
[G(x ¢), 40,(x'/o) |=P(—9) RO) D( SPA ba * (4, x") 


as the relations between the integrands of the above equations. 


If we define the new quantities such as 
O(-9)0(@)N(0)=F(@), — P(—3) P(A) R(8) = E() , 
O)$=4, PO)G=B, 
O9) $4, 0) =A(a, 9), P(0)0(4, 4) =B(a, 2), 
OO) M4, eV =Gi, 2"), PO) A(%, *") =G,(4, x’), 


the above equations (2-4) and (2-7) can be rewritten 


(2-8) 


AW =AG® —{aex' F(3) (r= 2!) 214 ae’ Giz, x), 
Come 
(2-9) 


BO =se 0) + |de! E@)D°(2— spt) ed aS + | ae’ Clea 4 


THe 2) 
and , 
~i[ A(x, 0), 6,(2'/ay|=F(@) d(2— 2) 91 G(x, 2"), 
a 
(2-10) 
i[B(4, 6), #(4'/)|=E(0) D(e—x!) St ae oi eee 
respectively. 


The operator J6,(2 é a) obtained in this way can be called Hamiltonian, if the facts — 
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that it is the time-displacement operator and it satisfies the integrability condition are con- 
firmed. These proofs have been accomplished by Takahashi and Umezawa.”) 

In order to get this Hamiltonian practically, the first thing we must do is to express 
the Heisenberg operators in the right-hand sides of (2-9) by the quantities of 4/o in 
virtue of (2-9), and the next is to determine the suitable four-dimensional divergence 
terms G,’s so as to be able to have the answer. Such quantities G,’s do always exist and 
become the essential reasons why we can have the interaction Hamiltonian in this theory. 
We will try to get it practically. 

From (2-9), we have 


An) = AZo) 5g |ae' FQ) ee 2) 44-4 AG)B() + [ar'ex, ys 


and then they are also rewritten as ne 
"6 (x) 
A=A—g{F(8)},(AB) + ar! Gila, e'); ete. 
or 
A=A—g[F(9)},(AB) + O(8"), (2-11) 
B=B+g (E(0)),(44) + O(e") 
by using the definition of the operator (see Appendix) 
(F(0)),.=- 1 | F@) Teese {X} F(0—n Xz) + Xq F(O4+NXG) | 
Ae ae Xfj+2 =, : 
ie (2) £2) 


X* = (4—#)*+4 (nd), m= (0, 0, 0,7). 
Hereafter, we mean that 
f(o) A=f(o) (2/2) (=lim f(0) A(#, 8) 


unless otherwise stated. 
Using these equations of (2-11), (2:10) become 


—1[Alz, co), 96,(x’/s) |=F (8) 4 (4-2) 
x [A Bl? B (F(0') (AB) +9° A TEC’) ), (44) + 0(8°)] 
. SCAG TE Ore 
i[B(a, 0), %,(2'/e)|=E(0A)D@—#') 
x [ed A? A FO) BY) — 2 L(—8/) 1. (4' 2) 4+ O(8")] 
? + G(x, x"), 


where operator F in the last equation means the operator in which the spinor sufhices 


are transposed from /. In order to derive the Hamiltonian from them, we may choose | 


the additional terms G,’s as follows : 
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Ga, 2") =£ FO) da 2/) A) [E@)1,(4'4) 
—(E(—3')),(F(0)4(4—2') 4’) (4 A)] 
~£R@) Ae 4B) LOLA) 
—(F(—8') }. (F (0) 4(e—2')B) - (A'B’)] 4+ 0(87), 


(2-14) 
Gale 2") =£ [EOD e—#') A) FOL SY 


—[F(—3')}, (E00) D(z —2') A’) (A'B)] 
+ [F314 Bl) -(E(8)D(z—x') A) 


—(A'B’) -(F(8’) }, (E(0) D(#—2«"')A’) + O( 8"). 


After all we may have the interaction Hamiltonian 


2 


X= —gAA-B-£ (AA) {H@)}(44) + © (AB)-L@)1, (AB) 


+£CA(—a)},(AB) - (AB) + O(e"), (2-15) 


but this is not the correct answer. The correct one is given from (2-15) by a slight 
technique by which the ranks of the time derivatives of the field quantities in (2-15) are 
reduced to zero for spinor’s and one for boson’s in virtue of the equations of motion 


M(0)¢=0 and A(d)d=0. 
If we designate ones after these procedures by the rambling underlines, we have the last 
answer 


y= -g AAB—-© (AA) (EQ) (4A) 


+ £ ABR @) (AB) + £2) (AB) (AB) +(e). (2-16) 
The Hamiltonian thus obtained is generally expressed by the infinite series of the 
coupling constant, that is, in the case of the interaction with higher derivatives, the 
Hamiltonian does not close with the finite terms concerning with the coupling constant. 
The conditions whether the Hamiltonian closes or not, depend on the values 


-<[F@); e(x—x') | 4(x—2'), 


s (2-17) 
Bnew reat 2 aa: pets 
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From (2-8), the differential operators are constructed of 
(0) =O0(—d) O(0)N(d), E(0) =P(—9) P(d) R(A) 


and therefore if the highest derivatives entering into the interaction Lagrangian are assumed 


to be O(0) ~ 9%, O(0) ~0* and P(d) ~9d", and the spins of the spinor and boson fields 


are s, and s, respectively, we have 
N(d)~d"« and = R(@) ~~ for #0, ps0, 


N(0) ~9, and R(d)~o° for <x=0). == 0 
and then 
F(A) oe Qratare Or gttatt 
F (0) ~ at” Ag Ae. 

Then the sufficient conditions by which the Hamiltonian closes are 25,+26 < 2 
and 2s,+a@+a< 2 

On the contrary, in the case of 25, +@+a=2, it is usual that the Hamiltonian does 
not close irrespective of the ranks of 25,+26. For the other cases, the Hamiltonian be- 
comes generally the infinite series of the coupling constants, but there are some exceptions 
in which the highest derivatives drop automatically in virtue of the other formal require- 
ments, such as the antisymmetry of the interaction and then their effective ranks become 
so low that the Hamiltonians do close. 

The more concrete conclusions drawn from the above conditions are as follows : 

A) In order to get the Hamiltonian with finite terms of the coupling constant, one 
must control the ranks of derivatives in the interaction Lagrangian at most to be 
i) one for spin 0 field (s(v) and ps(pv)) and zero for spin 1 field (but there is 
one exception stated above, i.e., v(¢)) with the linearly coupled fields, and ii) one for 
spin 0 field (meson current) and zero for spin 1/2 field with the bilinearly coupled fields, 
and iii) when the mass of the field is zero, the case becomes to be similar for spin 0 
and spin 1/2 for boson and spinor fields respectively. 

B) The Hamiltonians of the interaction of spin 3/2 (and more) lie and of 
the Konopinski-Uhlenbeck’ 's interaction do not close. 

As the examples, we indicate some results in which the Hamiltonians do not close 
for the sake of the later discussions : 

Example 1. The case of l4=—& on Eg, where ~* and P are the quanti- 


ve D 
ties of the charged scalar field and $ is one of the neutral scalar field 


* ag oe : ay* og: are 
Mie yee vs Ny, Ny 7, (2-18) 
T° Or, On, : 1+g$ "dx, Oxy 


Example 2. The case of Lj=se¢¢ fi), where pp and ~ are 1/2 spinor, @ zs 


scalar 


= —efbsf(eyo-+ Ae 2 DF + O(g'). (2-19) 
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Rsinie 3. The case of Lr=e f(T) ¢f(L)¢-9, where ¢ and ~ are 1/2 spinor, 


¢ is scalar 


Hash WS Eft) Gp) F£DLE) (pay 8) 


O 


4&2) LDS) _ (5 4.2) (Gd) « ($6) + OC 8). (2-20) 
z —# 


EEE 


Example 4. The case of Konopinski-Uhlenbeck’s interaction L,= s (Bd OP 
—B,*d,.9 ‘~), where B, and B,* have the bilinear forms of the heavy particle field 


H = —g$ [1—g (ny) (nB)\[B, + (nz) (nBYr,) 8 +c. 
+9 (B,Ad| (ur) (AB) Ph + (7) (0B) Bs BH} + (nb r.3s {BY gh 
— (ny) (nB) (88 BY) $— (nB) 7, (nB*) 9s P\—ce. (2-21) 
— gad [ (nz) (2B) + (uy) (nB*) | [1—g { r) (WB) + (ur) (uB*)} 164+ OC eg"), 


where 0,°=0,+7,(70): space derivative. 


§ 3. S-matrix 


It is easily to construct the S-mattrix from the interaction Hamiltonian thus obtained. 
As already stated, the Hamiltonian obtained in the previous section only involves at most 
one rank of the time derivatives and therefore we can define the Dyson’s chronological 
operator uniquely. From (2-6), we have 


S= Uo) es) =U eee Uo. VOU aL bas 
=Pexp[—i\dr ,(2)]. (3-1) 


But the interaction Hamiltonian is generally expressed as the infinite series of the coupling 
constant 


(4) = s I (a, n) = —L() +3 IE (x, 2), (3-2) 
in which the field quantities satisfy the free equations 
M(a)¢=0, M(—d)~=0 and  A(d)d=0. 


The first term in (3-2) is constructed by the operation by which the ranks of the time- 
derivatives in the given interaction Lagrangian are reduced to be at most one in virtue of 
the free equations, and the following terms are the additional terms which appear through 
the change of the representation from Heisenberg’s to the interaction. In these terms, 
there are the normal-independent terms in addition to the ones depending on the surface 
normals. The latters only play a tole by which the S-matrix does not depend the paths 
of integration and they can be also obtained from the integrability condition. While, the 


formers play the essential roles and can not uniquely obtained only from the integrability 
condition aside from this theory. 
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In order to investigate the detailed characters of the interaction Hamiltonian, we take 


L=s¢¢f(O)¢ 


as the prototype example. In this case, there does not exist any normal independent term 
and the Hamiltonian is given from (2-19) 


= —ghpf(yeyd+ <p DF Gp 4 064). 
Zi ree Ml ede eae 
Then we have S-matrix 


S=Pexp i{de| gdypes—" pF aad sch a + Oe |. (3-3) 


Here we decompose this into the normal constituents of the scalar field (g)’s. This 


is easily done by using the operation 
$ (6) +2 de! Dea—2') 
o} 
and by Feynman’s ordered operator calculus”, and we get 


S=P" exp ilde| eh f(e8) (6) + UDG da! Dale VOY 


fH (LJ) eee a )|. (3-4) 


If we use the definition 
D(e—x') =D” (x—x')—2iD(e—-1') 


Lehsety ; 
LOC!) 
Ned gi 


=D (x—4') +22 
in yee second terms in (3-4), we have 


iC Laat Gop) D8 28 LWT 


2 


and after the cancellation of this last term with a part of the hid term in S-matrix, 


we have 


S=P' ox de] eBaret (8) +4 “By fate! 172(¢2) D? e—2') 


= 2if (DD e—2')} FH + (8). (3-5) 


In this expression, we can understand the Green function Dy in the second term is 


s 


replaced by 
PUA) Dla— 2!) f? (we) D? @—#') 2st EDO .-#) 359) 
| due to the existence of 36,2 in the Hamiltonian. Similar to this circumstance, we can 
E 


ie 
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understand that the existence of J¢,” take the operation by which some parts of the 7-th 
order terms constructed from the super-positions of the lower-order terms are cancelled out 
to become the new th order terms and therefore we can also understand why the inter- 
action Hamiltonian is generally expressed as the infinite series. 


If we consider only such operational aspect and the equalities 
PUDDr=f"(A)D°-2ifyr(DD, A Dd=/)¢9; (3-7) 
and define the symbol P* such as 


P* exp [ig\arodf(L)) 4] = St as) arr [ar, PU PPO), + $$) 


n=0 =! 
<f(Ch) = Fe) POO), ++ 8@)), G-8) 
we can express S-matrix formally for practical use 
S=P* exp [ig de dof ()8l- (3-9) 


The circumstances in the general case are similar to the above. That is, if we also 
understand 


E(0)D, = EID” ~UuE)D, P(d)$ = P(A)¢ , 
F(0) 4, = F(0) 4 —2i1F a) 4, O(0)$ =0(0)¢, 
and define the symbol P* such as 
P* exp [ig \dxv O(0)¢ O10) d P(A) 4] 


(3-10) 


n=0 


eet si va) Mey {tr 0 @,) O(;):--O(,) Chek POP), --- hgh (m)) 


x P(O;)-+-P(On) PBA), «6 (2) ), (3-11) 
we can express S-matrix formally 
S=P* exp [ig\dx O10) O(0) ¢ P(9) 4]. (3-12) 


This is nothing else the S-matrix obtained usually by many authors according ta Yang- 
Feldman’s method by connecting the incoming waves with the outgoing waves. 

From these results, we can see that so far as we ate concerned with the problem 
how to obtain S-matrix, there may exist any direct way to find .S-matrix without the 
knowledge of the interaction Hamiltonian, but it may be purely conventional method and 
it does not throw light into the essential characters of Yang-Feldman’s method. 


§4. The conneciions with the method of quantization 


As indicated before, we can obtain the interaction Hamiltonian from the given inter- 
action Lagrangian with higher derivatives by extending Yang-Feldman’s method. In. this 


theory, it will be the most essential point that we assume the free equations with the 
definite spins and masses as the initial conditions. 


ee ip Ph er Brag 


no further exist more such unitary transformation genet 


kinds of quantization does break down. 
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According to the current method of quantization, we take any set of the canonical 


conjugates (Q,, P.) when the Lagrangian is given, and then construct the total Hamiltonian 
as follows : 


i= oS Ol oe 
And if we want to go through the quantum theory, we take the procedures: of quantization 


[P,,O..|¢=const : 


for every sets. As there are many sets of the canonical conjugates in the Lagrangian with 
higher time derivatives, many elementary quanta appear and some of them have the negative 
energies so as to make the total energy to be indefinite (Pais-Uhlenbeck). The circum- 
stances may be similar to the case of the interaction Lagrangian with higher derivatives and 
even if we assume the definite positive energy particles as the initial conditions, there 
will appear the other kinds of negative energy particles in the intermediate states. However, 
this consideration does not generally hold in our theory. The differences are due to the 
different stand points on the quantization method. We want to clarify these circumstances 
in this chapter. . 

Let us recall the procedure in the well-known Heisenberg-Pauli’s method of quantization. 
In this theory, one starts with the free Lagrangian and define the canonical conjugates 


ON), P(x) = 2 

0Q"(x) 

and then Hamiltonian is deduced from the usual definition 
oe BaD, 


This is the first stage in this procedure. 

The problem in the next stage is how to treat the system of two or more fields 
interacting each other. In the usual case, the answer is very easily given. The method 
is that we also define the canonical conjugates in this system (i.e., in the Heisenberg re- 


presentation) 
DLs 
Q(x), P(e) = Shee. 
0Q(x) 


and then obtain the Hamiltonian analogously 
H yp =P QL + 
The quantization is adopted for the one of both sets 
(Pox), Oe en =—10(r—1") oF [P@), 2) Lena —8 1) 
t with each other, because we can connect both sets by the 


and both results are consisten 


unitary transformation. 
However, when higher derivatives enter into the interaction Lagrangian, there does 
ally and the consistency of the two 
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There are two ways to avoid this difficulty. One is the method by which we take 
many sets of the canonical conjugates (O,°, P.") in the free system so as to connect auto- 
matically with ones (Q,,P,) in the interacting system by the unitary transformation. 
According to the consideration in § 6, this method becomes to be equivalent to Pais- 
Uhlenbeck’s method of quantization. Second one which we adopt is the method by which 
we reserve the original canonical conjugates (Q", P’) and then take the quantities connecting 


‘with them by the unitary transformation 
Oe O(4/a)) S726; oe co ) P(x) U(o, = i ray BI > 


(4-1) 
P= P(«/c)) =U Saree Weekes, (a, =k © )aie 


as the set of the canonical conjugates in the interacting system. This is the stand point 
of the interaction representation. 

In the first method, we are obliged to change the initial conditions because of the 
existence of the interaction with higher derivatives and can not avoid the difficulty of negative 
energy particles. On the contrary, in the second method, although we have the interaction 
with higher derivatives, we reserve the numbers of the canonical conjugates throughout and 
so there does not exist such difficulty. This is generally possible when we can define the 
quantities Q(1/o) and P(x/o) in the interaction representation. 

Therefore, if we take 


0,=F(Q, O, O, as) Q(x/a) <—— Q"(%) (numerically equal), (4-2) 


P= GQ, OQ, Q, ---)= P(4/c) ——> P'(4) (numerically equal) 


as the canonical conjugates in the interacting system and 
- L 5 . os . ae 
Q.= FQ, 9, Oo OC) (4-3) 


we have 
OL OL 
Pi Chor donee 
Le re Fj > 5 9) (r) phen 
02, z 


) CESRy (4-3’) 


Then the system is reduced to the familiar one and we can obtain the interaction Hamiltonian 
very easily as follows : 


=i Q,, Q.) —36,(O', ia) 
Gea (P,Q—P' O\ —Lin(Q:, Q,) +L,(Q? O'). 


wa ? 


(4-4) 


As the matter of course, the Hamiltonian thus obtained satisfies the usual tequire- 
ments; i) There should exist no time-differentials for the spinor field, ii) for the boson 
field, at most one rank of time-differentials and iii) one of the canonical conjugates of 
the charged field must be the complex conjugate of the other. 

In order to see. the consistency of the theory, we indicate that the temporal changes 
of the canonical variables are induced by the Hamiltonian obtained. From (3-4), we have 
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$(4) =$(@,¢) + far'| 2 [O(—a) M(@), e(e— 2’) | A(z eg Sr 


tS lee—2')—e(@, ee) | O(-8)N@) d(2—21) 4 _| 
B08) g 


1+e(4—2’ 
+ fax'| 248@—2) F(a 2!) = [e(x—x') —e(o, x’) | Hi (4, *') | 
and combining the definitions of the interaction Hamiltonian (2-9) it becomes 


P(x) — 1 fae! [O(—a)N), e(x+—x') | d(@—2x')— nl lay Fy (pute) 
s0@G2" Nes 


=$(4,0)— ifdx’ 2 [e(v—x') —e(a, x’) |[¢(4, 4),  Sheawole 


Then if we bring to x on the surface ¢, the left-hand side of the above equation becomes 


to be equal to the canonical coordinate here adopted* 
DE; 


Q.=$(2) = fae! [O(—a) (8), «(x+—-2’)] NO ree 
rs) / Vf 


a(x) 
-{ dx' H,(«, 4'!)=$(4/e) 
and if we differentiate (4-5) with time and then bring to ¥ on the surface o, we have 


O,=$(«/0) —i[p (4/0), Ja? x! 6, (2'/2) haw » o8) 


which is the well-known equation. 


§5. Examples and discussions of the method of quantization 


The general procedure of the method of quantization stated above and the concrete 
contents of the equations (4-2), (4-3) and especially the essential foundation of this 
method (4-3’) can be. confirmed by the several examples. 

We begin with the ordinary examples such as /s( pv) and v(v) for indicating the 
consistency of this theory with usual one and then take more general cases by which we 
are interested. 

Example 1. The case of the neutral pseudoscalar theory with pseudovector 

coupling 
If we take 
ee aed A= PTT ud (5:1) 
OL 


* The last term in the left side of (4-5) has value only on the surface, then if we bring « on the 


a(x) 
surface a, it becomes —| dx! Hy (x, x’). 
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as the eee Lagrangian, we have from (2-4) and (2-9) 
Ie=jes G=% =D, 
d=4, (70) b= (79) 9+ (x). 
Here we take as the sets of the canonical conjugates 
g=$=$, p=(09)9, 
Q=$=$, P=d¢(7) 


and 
aL, 
g= (nd)$, j= Ss, 
09 
O=(n9)¢ {Pa tot 
ae 


and then obtain the interaction Hamiltonian from (4-4) 


; . 09 1 Be 
Kise re 2 [4eFul = 


OF 
This is the same which reduced by the ordinary method. 


Example 2. The case of the neutral vector field with vector coupling 
If we take 


Li=J Ue ? Ti=iz Prd 
as the interaction Lagrangian, we have from (2-4) and (2-9) 
oP =Ju > (g=¢, g= ?) ? 


U,= Be, Ny (27). 


(70) U, = (0) 0, + is 0,3 (27). 
EE 
We take as the sets of the canonical conjugates 


1 
a= eer HAAG es Ce, Du = (20) U,—3, (nV), 


Q=$=¢, P=$ (ny) 
and 
ju (18) (O,+4,m,(09)), py = Chee, 
L Os 
O= (nae: Pa Sout 
00 


and then obtain from (4-4) the well-known interaction Hamiltonian 


(5-2). 


(5-3) 


(5-4) 


(5-5) 


(5-6) 


(5-7) 


(5-8) 


(5-9) 


Aantal tae a 
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; 1 Rou 
2=— pout 2p intul (5:10) 


Example 3. The case of Lr=—gd, $*9,9¢ where $*, $, ¢ are boson’s 
We have from (2-4) and (2-9) 


$=6,  (70)d=(nd)4, 


g=$,  (nd)g= — : 


* — y* eae. 
=O 20) 0 (x0) 
Seer )4 


(x0) ¢, (5-11) 


and taking as the sets of the canonical conjugates 
g=$=6, p=(79)9, 
O=¢=/¢, P=(n0)¢*, (5-12) 
Qr=P*= 9", P*==(nd)¢ 


and their relations 


: OL, 
q= (19)¢, p= aD 
07” 
FS ewe 
Q=(nd)¢, Saar. (5-13) 
Or= (ayy, pra hue, 
60% 
we obtain the interaction Hamiltonian from (4-4) 
=, p* OuP db fn vee Ny Ny, Op * AW > (5 ; 14) 
+89 


which is the infinite series of the coupling constant and does agree with the previous 
result (2-18). 
In the above three examples, 


with the canonical conjugates in the 


there also exist the unitary transformations connected 


free field with ones in the interacting system and 


“therefore it is natural to agree with ones deduced by the usual method. 


Next we take the examples in which such unitary transformations do not exist any- 


As the Hamiltonians and also the sets of the canonical conjugates are generally 


how. 
we approximate them upto the second 


expressed by infinite series of the coupling constants, 
order’ throughout. 
Example 4. The case of Konopinski-U hlenbeck's inter action* 


* This case is also treated by Umezawa and Takahashi (Prog. Theor. Phys. 9 (1953), 501), but the 


_ procedure is a slight different from ours and therefore we also treat it in this paper. 
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We take 
L,=¢(B, $9, ¢—B,* .g “P) ee 15) 


as the interaction Lagrangian. Upto the second order approximation, the quantities 
of the heavy particles do not play the essential roles and then we consider only the 
quantities of the light particles. 

As the Lagrangian has generally ambiguities of four divergent quantities, we can 


modify it by taking them suitably so as to become as follows : 


Lit —GGO+OG4e (B, G3, ¢—B,*3, 99) + oe + Laws 


ie 


=—[$+¢¢(ny) (nB)— (nz) (nB) (ny) (nB*) + O(g") 


NYS 
J 


x (+4) [P+ er) (2B*)P— £ (ny) (2B) (x7) (2B) $+ O82) 


+59 (B,+ (7) (WB)7,) 95 $— 295 $ (BY +7, (07) (uB*))p (5-16) 
+5 x9 [ (a7) (1B) + (nz) (rB*) 1 ¢ 
— © $ (7) (nB)[ (7) (x B*) (78) $— (78) (7) (XB) GF] 


2. 
+ © a, 87, (7) (WB) —8, PO) (wB)} 7] 077) (XB) $+ O(g*) + Leary « 


is) 


while we have the canonical conjuges 


O= $+ (07) (1B) $—< (7) 2B) n) WB G+ Og) =H, 
rae — 597) 
— Play) =$ +8 $07) (WB) — © $ (7) (XB) (00) (2B) + Og =F 


from (2-4) and (2-14). Then we can indicate 


Pes OLigt OL tot Sng 
FY@) Oe 


if we have 
O= (0d) [$+¢(u7) (nB*) ¢— & (ny) (xB) (ny) (nB*) $+ O(g*)|  (5+18) 


and consequently the interaction Hamiltonian becomes to one given in (2°21) (he 


Hamiltonian obtained here has not the time derivatives of ¢ and ¢ from the beginning 


without the techniques used in § 2. This fact justifies the previous techniques dropping 


the cos time derivatives by using the free equations of motion. 


Example 5. The case of the unified interaction of spinor field Li=gf(QQ) of(Th¢ 


We take this interaction Lagrangian as the most simply one which does not 
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introduce any normal dependent terms in the interaction Hamiltonian. 


By using the above stated modifications, we can rewrite it as follows : 


dw pe 


Vy 


= [tose ee | 


Liv=—P7a+9$ +e H(O) ates 
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x Ga+1| d— 1 DLO Gap acs?) |, (5-19) 


where y# is the real root of the equation 
gfe) +x—#=0 


and #2 becomes x if the coupling constant g tends to zero. 


While we have from (2-4) 
pager ADAM ad) $ +08" 


or 


fo) oL Ge —x)¢ 


g=p+- 58 


o ee hy2 ADS)? Sy oN 
oe | ]Ga-9 $+ O(4 


but we can modify it without changing the result as follows : 


g= b+ EO Snel aaa 


Then if we take as the canonical conjugates 


OA g= pg Oe @) Gant O(gD=d, 


= Pons $+— 
and as its time derivative 


O= (79) | ¥- 


we have 


=i OLed OLigt = (r > 1) ‘ 
‘YO. 36? 


and the interaction Hamiltonian becomes 


= (u— 2) =[—8°%) + 1 


gO EE) (agy + x9) + Og a= oh, 


Lest) ae oO") 
t DPE Ga) 9+0(e7| 


(5-20) 


(5-21) 


(5-23) 


(5:23) 


(5-24). 
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in which there does not exist any time derivative of the field quantities. 


Example 6. The case of L=se¢o/(O)¢ 
We modify the Lagrangian as before 


Ln =—GGO+D)9—— [BGI9+ EO +89 
=—[9—¢? T+ 0(g)94+- Olde 14 0(e7)] 
— 4 [a,§ +e yy roe | 
oe ean ($f) +(e") | (5-25) 
+e99/(8)|$ See Ppt ots) | 
— 4 ggg ODE) Gy £9 8+2) T+ s%aTr—41) $+ (8°). 


Que LJ-v 
While we obtain from (2-4) and (2-9) 


g=d— See Oe 3), 


(5-26) 
g=pt gel+O(s"), 
where 
3 greene! 1 ie (0 eo =F) py 
_— 2 las { SC go -2 YH) 
—(d'd' FRO HED S(a—2x') p’ 5°27 
Ca rheerearpmtr var AOE) eb 


from (2-14). It is more convenient to represent this by the quantities of the inter- 
acting system. Then we can employ the following form : 


eee ee aor LOL Ceyot } r\ fy 
T= —\er'| S20 LEO LG DN} 


= G9) ALAA 2 (Sea) +9) |, 5-27") 


where the. meanings of the rambling underlines are same as § 2, that is, we must 


replace the time derivatives operating on A with the combinations of the special 
derivatives as if it satisfies the free equations of motion (for example, (nd) $ is read 


as — (uy) (70° +x) P. This procedure does not destroy the equivalence to (5-27) 
in the result. Further if we consider the last three terms in (5:25), they become 
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5) GH) 


ee Ce) SE) fa cere eR PGS 
ee O- oO) "0 

1 ose (LDP) 5 dae ey O80 pP\ ae 
+2899) aoe (99) — 8° (99) : Se ) (op) 


oS SEER E Ag) fa ESN 0 orn igh a8 Wor | 
‘anaemia eS 


in which any time derivative of ¢~ and r) does not more appear. 


Consequently, if we take as the sets of the canonical conjugates 
C= 2 I+ Oe) = ¢, 
— Py) =$-S I+ Og =o, - (5-29) 


26 pp FI) 50) 4 Ole) = 
Ate ON TOG =, 


p=(n9)¢ 
and their time derivatives 


O= (nd) ($—g? T+ O(g*)], 


: (5-30) 
g= (w0)| b+.¢ MDM G9) +0(8°) |, 
LI-# 
we have 
pa SLs > pe iit ; P Lint 9. O Lot = 0 (rv > 1) 
60 09 dQ” dg” 


and the interaction Hamiltonian becomes from (4-4) 


= eb 2 gp VL Gp) +(e). 6-13) 


is Neda os 


This is the same result as obtained in § 2. 

From the above six examples, we can confirm that our procedures are equivalent with 
usual Heisenberg-Pauli’s method of quantization using only one set of the canonical con- 
jugates of each field. 

There would arise some questions of course. The first will be whether we can describe 


the dynamical system correctly or not. And the second will be by what procedure we can 


give the differences from usual Ostrogradsky-like quantization. 

From the stand point of the classical mechanics, the laws of the motion employed by 
us may not describe all of the given dynamical problems. It is usual to give the initial 
conditions as much as the numbers of time-derivatives involved in Lagrangian. On the 
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contrary, we give not such initial conditions, but the different ones. These conditions may 
involve the family of above stated initial conditions by whlch only one particular solution 
is given. With these intial conditions, we can only answer the way how this coe 
is obtained approximately in the course of the infinite past to the infinite future, that is, 
we can describe the time-variations of the canonical variables along the particular path in 
the sence of the canonical mechanics. 

This description seems to be very peculiar at first sight, but may be natural from 
the stand point of the present field theory in which we can define the elementary particles 
independently from their interactions. In order to clarify this point more concretely, it is 
necessary to consider at the relations of the second problem, i.e., the differences from usual 
Ostrogradsky-like quantization. 

We take the simplest case given in Example 5 of § 4. The given Lagrangian can 
be written as follows : 


Lit=—PGO+DP FEAL OSL) 9 +90, /3%, 
Nee SU melee ae. iy 
= p(a+ | Se (7a— =) |p 28, 


where / is the real root of the equation 


(5-32) 


“a 


LF Ae eae Oe 


and #2 becomes x if ¢—>0. This equation has other many roots /4,, --* Mp—1, if f° (4°) 


is assumed to be -th-order polynomial, and therefore using this fact the equation (5-32) 
becomes 


Lit=S (9+ 1) (FOF $y) (TOF Un 1)P + B04! 84, (5-33) 


where lim #=x-and lim gf,---,-1= —1. 
g->0 o> 


If we follow with Ostrogradsky and Pais-Uhlenbeck’s methods, we define the new 


variables 


4 F(78) aoe (pt £9) 
=(—F' (=p) | Rhad ats ¢:=|—Ff ea rn! (6-34) 


F(ya) =e (78+ 2) GO) (78+ n-1) (¢=1,---,z—1), 


and the oe becomes 


“t= ITI +P) St oe EPID + HD. (5-35) 


In this treatment, we are obliged to have 2 initial conditions in order to describe the 
system and then take quantization for these 7 sets of the canonical variables. 


While, in our theory, we start with (5:32) not with (5-33) and modify it such as 
Lot = ae teh) mean rae) | g(a -0[ 1-2 D=F i n) | ¢ 


=-[P+4¢ ven ets 


(apy 4 
Bee (Apr +29) + O(¢ »| 7 


Then we take 
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x Ga+1)| 9 : cE (73 


9+ 0(8")]. 


ee ee FO G92) 940), 
jg ee ge EDF) (5-36) 
2 2 


(A9r +19) + 0(¢°) 


as the independent canonical variables and go to the interaction representation. 


Comparing both methods, we can understand the following remarkable differences : 


i) 


iii) 


The field quantities which describe the elementary particle with mass 2 are defined 
by different definitions (5-34) and (5-36). ‘Therefore, our description is not 
equivalent with one taking only one set of the independent variables and dropping 
the other as in Ostrogradsky’s method. 

From the standpoint of quantization, we describe only the quantum effects of 
this set of the canonical variables which involve the classical effects of all variables 
as the particular solution, whereas Ostrogradsky’s method describes quantum effects 
of all variables together with their classical effects. We consider only one set 
describes the elementary particle, whereas the other treats as if all variables 
correspond to different elementary particles. 

However, Ostrogradsky’s method can not have the picture of free field and its 
variations by the interaction, i.e., the iateraction in this case, while it is possible 
to have such picture in our theory and if the interaction representation does 
exist, our treatment is unique answer. 

Ostrogradsky’s method can not avoid the so-called negative energy difficulty 
contrary to our’s. 


§ 6. The non-local interaction and the non-localized aciion 


We have treated the cases of the interaction Lagrangian with higher derivatives, but 


~ the’ theory developed thus far does not limit the ranks and forms of derivatives in it. While 


the: nos-local interactions are considered formally as the infinite sum of such interactions 


and then can be also treated by this theory. However, as such ‘infinite series are formal 


and are expressed essentially by the integral form, there are some questions concerning with 


this point, but if we can obtain the results not to be such infinite series, our treatment 


may be satisfactory. * : 
. . - . . 4 
The Lagrangian of the non-local interaction is given generally as” 


L,=8} \\ dry dr dx, F(a, Xx Xs) ob 45) G( 4. PY (4s) 


(6-1) 
=g\\idedrdreP yr) O( x4” ria L(x 2 VP b(e+ fs), 


* The similar treatment not using such infinite sum can be given. C. Hayashi, prepared paper, 
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here ye Ee +X | : 7 py sate a and 7,=4,—4y. The function F is the 
“2 2 fn wv. 


so-called form factor and depends only on the relative coordinates 7, and 7, from the 
requirement of the displacement invariance. 


In order to bring the desired form, we use the Fourier transformation 
Fry") = anil” dIG (L, Leiner 
27)’ 


and have 


Ly 8: \dx\ dk, \dh,\ dh, Passes ac a4, +, (A= dn) )( rh) I¢ (ka) P (23) . 
(6-2) 


We understand that this form is generally equivalent with 
L,=g0(8) $l 0) 9 PC). (6-3) 


As the special case, we take 


- 5) =0(%.) 2 (7 an (pa Nd fe 
Po yr=Iede(s) and gr) =a dae 9) 


and then (6-2) becomes (/’=1) 
L,=s 99s (C$, (6-4) 
which is the familiar form treated before, whereas if we take 
Fry 12) =§ (%2)9 (7), 
we have 
L,=g 0(3)9 OA) 9-4. (6-5) 


We can discuss about the problem of the divergence difficulties from .S-matrix. _ Ac- 
cording to § 3, the Green functions of each field are modified such as 


O(—9) 00) N(@) 4p = O(—8) 0) N\A) 4” —210(—9) 0) N(@) 4, 
P(—8)P(0) RO) Dy = P(—9) P(9) R(0) D —2iP(—9) P(A) R(A)D, 


(6-6) 


where the rambling underlines mean the procedure by which parts of the differential operators 
are reduced to constants in virtue of 0({_]—z°) and 0({]—y*). 4 and D-functions are 
all modified in the non-local interaction, whereas 4” and D"-functions are only partly 


modified and especially in the case of P(A) =/([_]), we have 
P(DRO) Dr =f? (RA) D” —2if (REO), 


where /)")-function is not entirely modified. Consequently, if we want to discuss the 
divergence problem, it is sufficient to consider how D” and 4-functions are modified in 
this theory. From this consideration, we can conclude i) any non-local interactions with 
the form factors depending only on one relative coordinate, i.e., two “points of the 
coordinates, can not eliminate the divergence at all. For instance, the interaction (6-4) 
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does not modify D-function and also (6-4) does not all boson kernels, ii) while, the 
suitable non-local interactions depending on three points have some possibilities for this 
aim, but the concrete analytic form has not been given upto now.* 

Secondly we want to clarify the question why we can construct the Hamilton-formalism 
even if the non-local interaction exists. According to usual understanding, one can not 
describe step by step the non-locally interacting system and cannot construct such formalism. 
This understanding may be correct as far as we are concerned with Heisenberg representation, 
But if there does exist the interaction representation, the circumstances are not same in it 
as Heisenberg’s. The canonical conjugates O(x/o) and P(x/a) defined in this represent- 
ation have not such non-localities, that is, though the quantities in Heisenberg representation 
would have such non-localities, the canonical variables Q(x/o) and P(x/ a) are constructed 
by combing them so as to cancel out such non-localities. This is the reason why we can 
construct the Hamilton formalism in the non-locally interacting system. If it may be true, 
there appears new question whether the non-localities involving the system reflect themselves 


‘ correctly into our description or not. It is very difficult to answer it, because we do not 


know what the theory reflecting correctly such non-localities. Of course, it is true that in 
our theory parts of non-localities (which are called uaually ‘“ non-localities,’ because they 
associate higher time derivatives in Lagrangian) are thrown away. This fact appears in 
the modifications of Green functions in which parts of higher time derivatives are replaced 
by the constant or spacial derivatives using the properties of Green functions. But the 
other parts of non-localities which due to higher spacial derivatives do not affect the 
Hamilton formalism and are retained also in this theory. 

One of the important conclusions from this Hamilton formalism is the establishment 
of differences between the non-lcc:l interaction and the non-localized action. Let us con- 


sider familiar simple example and take as Lagrangian 
Ln) I= beef, (6-7) 


where 2” is the source. Following to our theory, we take 


g=$tg LCD) eo) w+ O(g"), 
Benes. 
oe 4 POD) o? pis ee 
p= (nape (10) Fw O(8") ( 5 
as the set of the canonical conjugates and then construct the Hamiltonian in usual method. 


The Hamiltonian thus obtained does not more involve any time derivative, @, --- and 


(6-8) 


quantization is accomplished with this one set 


[2,9]=—2. 


Kristensen and Mller give only the cut.o character of the form-factor, but not its 


* In their paper, 
From usual deductions, the form factor obtained reduces divergence on one 


analytic form and Bloch does too. 
hand, while induces it on other hand, such as eT U?, 
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While in the theory of the non-localized action, we replace the field quantity such as 


B=f(C)¢ (6-9) 


and then start with 


Lua BE) (O- 2) B+ ge. (6-10) 


te pel! (_]J—yp,), we can define the new quantities 
Re ree Fo » f(D) p(— =F pare 
nett 2 RB a J ) ‘ — anf Fe 28 E> rear, Mee fil > 
srOREerOM, s<O-H OC n(=- B= pos) 
(@=1,~-,2) (6:11) 


and Lagrangian becomes 


Ln = 7), a (LIJ—, [e- ‘+o Dar) nOi(LI—ee )9; +gWw (obo + 23 79:9:)- (6-12) 


t=! 


If we take 
Go= 9s» Po= Ny (HO) By 5 R=ae; Pi=7 (ud) 9; , (<=1, s+, 2) (6-13) 


as the sets of the canonical conjugates, we can construct the Hamiltonian. The Hamiltonian 
thus obtained does also no more involve any time derivative of the canonical variables and 


quantization is accomplished with these many sets 


L Ppp ql=—i > LPs gJ=—i (@=1,---,7). 

Although both theories are similar at the point which we can define the interaction 
representations, there does exist the essential differences. In the former, we take only one 
set of the canonical variables, whereas the latter has many sets and if we want to bring 
into the quantum theory, the well-known negative energy difficulty appears in the latter 
contrary to the former, 

In the former, we restrict ourselves Wit che SAME salinbers sor the sets involving in 
the free Lagrangian, whereas the latter take the possible numbers of the sets so as to con- 
nect the free field quantities with Heisenberg quantities by the unitary transformation and 
generally the numbers of the sets increase more than the former. Of course, as 
there does not exist any principles which determine the free parts uniquely, if we start 
with (6-12) at the beginning, we also arrive at the same results as the latter. But as 
far as the free Lagrangian being given, we can take uniquely the numbers of sets. In 
order to avoid the negative energy, we are obliged to take the free Lagrangian as (6-7) 
and have one set of the canonical conjugates. 

The non-localized action without .the negative energy does not increase the numbers 
of the canonical conjugates and therefore becomes to be equivalent to the non-local inter- 
action, that is, in this case the separation between free parts and interaction parts is not’ 
accomplished uniquely and the definition of the free Lagrangian is ambiguous unless we 


introduce any other principles, such as the picture of harmonic ascillator pepeces By Taka- 
hashi and Umezawa. 


ah 
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At the end of this chapter, we can conclude that we can treat the non-local inter- 
actions in this theory without fear for the negative energy. 


§ 7. Conclusions 


By using the extensions of Yang-Feldman’s method to the system with the interaction 
Lagrangian with higher derivatives, we can obtain the Hamiltonian in the interaction re- 
presentation. The Hamiltonian thus obtained is generally expressed. by the infinite series 
of the coupling constant. 

Next we can clarify that such Hamiltonian is nothing else than the one obtained by 


: = : : : ; 
usual Heisenberg-Pauli’s method using the canonical conjugates connected with the free 
ones by 


0 = O(4/c)) =U" (6, — 0) O(4) (6, —©) jo, 
P= P(a/e)) =U (6, — 20) P(x) U(a, — ©), 14. 


That is, though the interaction Lagrangian involves higher time-derivatives, we can describe 
the motions of system with sets of the canonical variables involved in the free Lagrangian. 
This description is the unique conclusion, if the interaction representation does exist. 

We can also extend this theory to the case of the non-local interaction straight- 
forwardly, and understand why the Hamilton formalism does exist in the interaction 
representation. The Hamiltonian in this case is obtained by throwing away parts of the 
non-localities in the system, but their other parts are retained. If we construct .S- 
matrix, we obtain the same results in the usual S-matrix descriptions of the non-local 
interaction. 


We can compare the non-local interaction with the non-localized action in this theory 


and clarify why the non-local interaction can avoid the negative energy difficulty. 


From the results of this theory, we can discuss the possibilities of the removals of 
the divergences in the field theory by introducing the non-local interaction and conclude 
that we can expect any form factors depending on three points have such possibilities. 

In conclusion, we wish to express our cordial thanks to Prof. M. Kobayasi for his 
kind guidances and encouragements and also to Dr. H. Umezawa and Mr. Y. Takahashi | 


for their valuable discussions. 


Appendix 
The proof of — 5 FO), ex) 4s) =F (0) 07) 


We begin to consider certain product of the differential operators 9,,,---, and using 
the definitions 
0, =O i—2, (79), 7,=3(0, 0,0; )> 


we can expand it as follows : 


Duo Oe = DICH 1) gy Oe sly I OnNie? 


ya 
k= Roe 


cyclic 
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While we have the relations 


oe eee d(x—2') for & even, 
1 Biss 
—— [(wd)*, e(4—2') | 4 (e—-2')= 
: “a: J (oay*— me ld— 2% Bea" 
oS ye 
for & odd. 


in virtue of the characters of Green function. 
Then we have 


4, Pap eene)]4@—2)=— 1) tage Oey OE, 
ae 
‘gear eeee 1) ‘ai 
rout 1 ; % 
Sere [Pn Oe Pe {X7 (O~a Xe yp CHU Xe) a 


+X (04UXZ) yo (G+2X2),,} [Q@—2’). 
where Y¥$=(4—2#)"?+ (nd). 


Consequently, we get 


— 1 [@),e(@—2")] dea" 


sist Se: (a) = ne Spe FO mNg) AGE (0 +X } fo eee 


for general differential operator /°(9), and the proof is verified. 


As the important results from this equation, we indicate some examples as follows : 
LO a On Oy ss est OgiOy Fetal oi 
(9) =0,9,0, : (0,0, 0,J=2,7, 9,477, 0,9, +4,2),0, +20, 1, 1,(Nd), 


Fa@y=f(Q) Cf =-LD=fO | 


2 
, (L]) — fC 
Fa) =f(Dg@): LAQ)s(@)I=— Ova ale 
[]J-—# 
roe Sa Oe ae = \7- 7 L 
fl) pey=| 8) — say ys te Oda) + Xz 60 +0X2)) | 
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§ 5. Discussions on the first method 


(1) Relations to Kubo's method 

As has been stated in the preceding section, the method which has been obtained 
there on the assumption of applicability of adiabatic approximation to the additive and 
crystal electrons is equivalent to that which Kubo” has derived intuitively on the basis of 
classical electrostatics, but this holds only when we concern energy. While Kubo described 
polarizations with two constants x and z,, we characterized dielectric properties with three 
constants x, x, and e*. Nevertheless we came to the result that the minimized energy 
depends on z, x, only and not on e* (see e.g. (4-36) and (4-40)). That is a rather 
natural result, because * and x, are intimately connected with energy while e* is of a . 
mechanical nature. Consequently we expect c* to play a role in mechanical processes such 
as displacements of ions, lattice vibrations and half-breadths of absorption spectra. 

In fact, e* appears in (4-35’), the equation which determines displacement polariza- 
tion Y. On the other hand Kubo resolves two sorts of polarizations according to the 


ratio 
YW, > M=h i X-h> 


but this is justified only in the special case when c=O as is seen from (3-2), (3-3) 


and (3-4), that is, when 


(%)+2/3)e*¥=1 ; 
In that case (4-21) takes the form 
{K+ 1/%4- Vr) —1/%- al) Wr, Ge) =e (0 2), 
and (4+35’) becomes 
Qo=1/42-(1—%/%) (B+ E), 


which are quite in agreement with Kubo’s procedure. 


Thus our first method leads to different results from those derived on Kubo’s method, 


so far as the quantity other than energy is concerned. 
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(2) Some remarks on the equivalence of the methods by Kubo and by Mott- 
Gurney-Simpson iy 

Although we have already proved this equivalence in the preceding section, we now 

consider it again from the stand-point of Kubo’s method. In his paper (1)” Kubo uses 

the conditions (//a@) and (//4), after showing them to be equivalent to (/a@) and 


(10). We see, however, that these are also equivalent to solving simultaneously the 


equations 
(OU /0P;) ,=0 (eq. (7) in Kubo’s paper (I) ), 
(OH/dh) r,=0 (eq. (5) ; )s 
which are nothing but the starting point of Mott, Gurney and Simpson.” The dif- 


ference lies in that the former method reduces the problem to a single variational equation 
while in the latter one has a set of two equations to solve simultaneously. 

(3) Difficulty of infinite self-energy 

The third integral in (4-17) : 


Pp 


— 1/2a'| Efdv=—1/8%(1—1/%) | Bede 


diverges owing to the point source of H,. We have excluded this term on the ground 
that it depends neither on #* nor on q. 

As. far as the additive electron is inside the crystal, this term remains the same and 
cancels with itself when we compare the energies of any two different states. On the 
other hand, if we try to relate a state inside of the crystal with that out of the crystal, 
there appears an infinite discrepancy between their energies. 

This difficulty, of course, is due to the circumstances that we are treating the crystal . 
as a dielectric continuum, and must be avoided by cuting off the integral at an effective 
radius Lt,;, (of the order of the lattice constant), taking into account the atomic structure 
of the crystal. But this procedure brings with itself inevitable arbitrariness, and thus 
indefiniteness remains as yet between the states inside and outside the crystal. This dif- 
ficulty or indefiniteness does not appear in the new method which we shall present in the 
next section. 

(4) On the applicability of extended adiabatic approximation 

Here we shall again point out the most fundamental question whether one is permitted 
to use adiabatic approximation to the system composed of an additive electron and crystal 
cleclrons despite of their equal masses. We have proceeded on the assumption that it is 
applicable as far as the former moves much more slowly than the latter. In connection 
with this one would bring to mind the “ method of perturbed stationary state wave func- 
tions” which is nothing but the adiabatic approximation applied to slow-collision problems. 
It is, however, only used to the case of heavy particles 


protons for example——collid- 
ing with atomic electrons. The procedure in such cases is justified by the proof of Born’ 
and Oppenheimer, but not in our case of additive and crystal electrons. Here we will 


leave this question unsolved, expecting another opportunity to investigate the related problems. 
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§6. The second method for treating the motion of 
an additive electron 


While we have selected, in § 4, the form (4-6) for the wave function O(7, Leer G: |) 
assuming the applicability of adiabatic approximation between ” and Y;, we now take the 


Hartree’s form in which @ separates into two wave functions, of ” and ,, respectively : 
P(r, v; 5 X,) =0(9; 5 X,,)o(r 5 BT oak: (6: 1) 


The extremum condition of the expression 


B(9, $s Xu)=[[ ope oparar , (6-2) 


which is equivalent to the eigen-equation (4-3), is then reduced to a set of two equa- 


tions : 


r 


0E(¢, $; X,,) /dg=0, \Parj=1 (6-3) 


IEG, 9s Xu)/A=0, \ydr=1, (6-4) 
Using thus determined ¢ and ¢', (6:2) can be calculated as a function of X,,: 
E(o 5 x.) f( > A) : XO LAS) 


The variation process (4-5) with the above obtained /(X’,,) will give the equilibrium 
positions of the ions. aa 

The set of processes (6-3), (6-4) and (4-5) is nothing but the variational proce- 
dure of L(¢,%; X,,) as to all of ¢; ob and X,,, the order of the procedure being 
immaterial. In the following we shall minimize H as regards to ¢ and X,,, and then 
solve the variational problem in ¢. 

Inserting (4-1) into (6-2) we obtain 


BG, 6s Xu=(SO) 05s Xv YP OIE 


+) 9) (K4V pyar, (6-5) 
where 


F(t; Hy $)=H4AVi4 Vat Wt Wa, (6-6) 
Pres D=(POVVry NYO)Ar 


Fl Kus H=[PO)P Xm IOAN (6-7) 


- Carrying out variational process (6-3), we are led to 


B55 Xu (HO) =L, 90) 
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with Z, as a parameter. This is the wave equation for the crystal electrons when there © 


are fged charge distribution Q and the electronic charge distribution Pe=—y (¢ and 
X,, being frozen). Further, by minimizing thus obtained expression 

EGW; ; X ms ?), Y; X,)=E(¢; Ane) 
with respect to X,,, we obtain the equilibrium positions of the nuclei, # being again 


frozen. 
Consequently, if we can describe the essential aspect of this situation by polarization 


alone, in other words, if we can select the trial function @ and the ion displacements X;,, 
such that they correspond to the macroscopic state q, arid q,, the first integral of (6-5) 


can be replaced as 
(9) ACs Xu DOOD A =U Ay In By), (6-8) 


by considering .the meanings of A in (6-6), (6-7) and of U in §2. Of course the 
zero point of /Y7, is suitably chosen so that the constant- which should appear on the 


right hand side of (6-8) vanishes. E, in U of (6-8) means 
E,=E,+E), (6-9) 


where E, the electrostatic field due to the charge distribution —¢", is given in the same 
form ‘as in (4- 27). The difference between (4-10) and (6-8) consists in the electric 
fields HW, and #, corresponding to 7, and H, ; this takes away, in the latter case, the 
difficulty of the divergent integral which appeared in the former. 

By (6:5) and (6-8) we have 


E(9, d ; X,,) =E(¢, i Q>) 
=| Hr) (K+ PO) d+ ay a3 Bp). (6-10) 
If we solve | | 


OE (¢, $, Xm\/0G=0, that is, JE($, M1, A) /0G,=0U (Gy, Ao» E,) /6q,=0, 
dE(d, , X,,)/8X,=0, that is, EY Ys» U) (0G2=9U (A, Us, E,) /8Q,=0, 


(6-11) 
with / given by (6-10), we obtain 
Pe lost yt ae 
‘ a—e Lp cae ata -x A), (6-12) 
q=—2—*_ (fp ars 
: Re ern 5 (E, eae (6-13) 


by (2-9) and (2. 9). Operating Fx. on the first equation of (6. 12) and (6-13), 
and considering V7 x B, =0, we are led to 


Pxq=Vxq,=0, Vx P=0, (6-14) 
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or by (2-6) to 


| Vx A=0. (6-15) 
Inserting (6-15) into (6-12) and (6-13), we have 
JO-c x 
Secunia (6-12) 
a.= | 3 + 3 
eg Bh age (%)+2)e* ee (i 2 es (oa 


Comparing (6-13’) with (4-35) and (4-35’), we see that the relation between the 
displacement polarization and the wave function of the additive electron takes: the same, 
form whether one may take the approximation of § 4 or that of this section. y 

Substituting (6-12’), (6-13’) and (6-15) into (2-3’) and using (3-8), we have 


Vat), a), EX) =U) 
Fs ~~ 
1 até ee | Be pe rae oat (= )| ira. (6-16) 


2 Mi 87 x 


By (6-10), (6-16) and (6-9), the energy £& is expressed as follows : 
EY, UY), MW(Y).) =A) 
ve (K+ V)g(r)dn——2 (1-2) | Cie 2, 1) do 
Se x : 


A 1 (1-1) faedv 


When the additive electron is outside of the crystal and has energy zero, the first and 
the second integrals vanish, there remaining only the third integral which is the polariza- 
tion energy due to the fixed charge distribution Q. Choosing this state as energy zero 


a 


we have, instead of the above, the following expression : 
B)=(9O) K+) P@)dr— 2 (1) ) | Be + 2B, Ba) 
- gS (6-17) 
or by the same transformation as in § 4, the alternative form : 
BW) =\$o(a+ * V) (ryan (1— a 1 )| #. Bide. (6-47) 
Finally we have to solve 

dE(p) /db=0 , |var=1 (6-18) 

which leads to the simultaneous equations 
(te 2 vay +(1 —+)5.r) YO) =4O), (6-19) 


40, (n) = +471 P(1) |, (6-20) 
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with a parameter /. Optical 
transition 


Let us now turn to a non-equilibrium state 4’ to a ae ee 
which the system has come immediately after an optical q 3 
transition from the state 4. We use the notations shown Veet Re 
in Fig. 3. By Franck-Condon principle and eq. (6-13’), Eo, Le, Ge Ee’, Ee’, Gel 


we have 


nN qi’ 
CLG a ¥ 
Oat) fa ED RE (6-21) 7B Q! =a 
nr ag ho Af 12 
ab’ —¢ 
Saye Sy Te Fig. 3. Notations of the various 
We have to replace the quantities M,, Qj, Qo and in quantities in the states 4 and A’. 


(6:10) by the corresponding primed Spenco and then 
to minimize the expression with respect to q,/ and 4’, keeping the value | to that give 
by (6-21). 

Solving the variational equation 


OL", gy ae) [87 =0U' (al, Ae, E/) /oq,{=0 ; (6-22) 
we have, with the help of (2-9) and (2-9), 


— Hy! +aq/+ceq/ +0 ¢,'=0, (6-23) 
— Bi +a'g/+cq/—P x Al=0. (6-23’) 


Operating 7 x on the both sides of (6-23) and taking into account that 7 x B=P x 
Hi) =0 identically, we see that 7 xq,’ vanish, which, in turn, assures vanishings of 
VxV x A’ and V x A’, as one can easily verify by operating 7 x on (6-23’). Thus 


we have 
y 


Gy =1/a' (By) —24.($)): (6-24) 
With q,' and q,’ given by (6-24) and (6-21), respectively, and taking into ac- 


count vanishing of 7 x A’, the energy U’ can be expressed in an integral quadratic form 
in E, and Ey, if one uses (2-2’) in which all the quantities should be attached primes 
corresponding to the state 4”. Next we insert thus obtained (/’ into (6-10), then 
decompose LE, and By in the manner shown in (6-9), finally choose the same zero point 
of energy as we have done in the state 4. The coefficients can be written in terms of 


x and %, by using (3-8). Thus we get to the following expressions for the energy L’ 
of (6-10) : 


EVs $) ee (K+ Ve (r)dr 
nies se = ves 1-1) )| BY Bada 


Liab Beng ee Ti. Fr hs 1 1 1 ~, 
At 1 Me gd oe )f ie E,do+ pp ( oe ee, )) Beate (6-25) 


a Xe x 
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o> fh’ Y (x we ae 4 ANS or 1 f 1 \ (~~ 
Oe See 


f 87 x 
1 ( ye tat ) ~~ erik 
ge SS hcl (eb ceo UA DTS ped \ ie : 16 .os! 
4m % hin ey 87 ( Ay EL ae aut Ore 
ue b! (9°) K a V\ ib (r) dr if aKa ~ 
¢ K+ —V) i (vydr———_(1- ) | Bede 
x 87 \ Loe ; 
1 1 Fr 1 ) Ce mw ~ \ 
SETS ee Par pe eee Tt le Bie Oe / 
Bee) ei ee (6-25") 


We have only to solve 
, OE" (f", gh) /dy' =0 S626) 
with 4’ of (6-25) or (6-25’). Using the latter expression we obtain, after appropriate 
transformations of the integrals, the simultaneous equations 
Pres : 

(os Vo +(4-2 e401 xo] o=rwo, 627 

‘G2 (7) = + ani pl (r) }P (6-28) 
with 4’ as a parameter. 

We can state the methods obtained in this section as follows: In order to know 
the energy E and the wave function ob of the equilibrium state A, we insert trial 
functions into (6-17) or (6-17!) and then carry out (6-18) with thus calculated 
E(¢) » or alternatively, one may solve the equations (6-19) and (6-20) simultaneously. 
In order to know E! and $f of the nonequilibrium state B' immediately after the 
optical transition from the state A, one has to calculate (6+25) or (6-25') with the 
known 9 of the state A and the trial function of! of the state B', and then to carry 
out (6-26). One may choose an allernaiive method, namely to solve (6-27) and 
(6-28) selfconsisteitly. | 

Comparing (6-17) and (6-17') with (4-36) and (4:36’), (6-19) with (4:38), 
(6:25) and (6-25’) with (4-40) and (4-40’), and finally (6-27) with (4-42), we 
see at once that some. of the factors 1/z, in § 4 is replaced by unity in this section. All 
the terms which appear only in § 6 contain the factor (1—1/%), and therefore dissapear 
in § 4, owing ta the replacement (1—1/%)—> (1 /%—1/%)- In the case %,=1, both 


- methods agree exactly ; this is a natural result because the difference between the two 


methods consists in the treatments of the electronic polarization. 
It is worth while to note that in the state B’ too, we have two simultaneous equa- 


tions (6-27) and (6-28) to solve, while in the method of § 4 we have only to solve 
though in actual applications we shall choose 
the mote convenient variation method (6-26). In other words, the characteristics of 
many-body problems (in our case the additive and the crystal electrons) manifest themselves 
even in the final equations (6-27) and (6-28) ; this is the most essential difference 
between the method of this section and that of § 4; and is closely related to the problem 


which we shall discuss in § 8. 


the ordinary Schrédinger equation (4-42), 
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It is also worth mentioning that the effective charge e* appears together with x and 
x, in the course of deductions, but that it is not contained in the final energy expressions. 
This is to be attributed to the same reason as has been stated in wo -01),. 

As for the last integral of positive definite form in (6: 25’’), one can interpret it 
in exactly the same manner as in (4- 40’). 

The generalization of the above formulation to the case of 2 additive electrons is 


obvious : in (6-17) for example, one has only to replace K3IKy V(r) Vr) 


as) 1/7; and take E, as the electric field due to these electoht. 
a<k 


§7. The applications of the second method to some simple centers 


The method discussed in the preceding section, as well as the usual one deduced in 
§ 4, is based on a continuum dielectric model, so that we cannot expect it to give quanti- 
tatively accurate results when applied to the problems of color-centers and impurity centers. 
Nevertheless it is very interesting and worth while to study semiquantitatively the results 
of applications to some simple centers, especially the differences between the offical and 
thermal processes, and the dependences of various quantities on the dielectric constants x 
and %,. For the most essential purpose of this paper consist in studying the effects of 
two sorts of polarizations on the motion of the additive electrons. In the following we 
shall apply the method of § 6 to conduction electrons, polarons, /~centers and /*’—centers 


with a simple model, and calculate the energies of various thermal and optical processes 
as functions of x and x). 


(i) The self-trapped electron as the first approximation to the polaron state 

Nowadays the concept of the self-trapped state of an electron in an ionic crystal, the 
existence of which was suggested by Landau,” has to be replaced by that of the polaron 
state in which the electron moves through the crystal under interaction with the phonon 
field with an effective mass not so far from that of the conduction electron.” Nevertheless 
the former is a natural starting point or the first approximation for the latter, if we apply 
the method of § 6 which does not take into account the kinetic energies of the nuclei. 
Thus it seems ae and even necessary when we deal with the thermal ionizations of 


the /— and /’’-centers, to calculate the energy of the self-trapped state with our static 
approximation. 


Taking an everywhere smooth localized function 
(= (8/567) ""(1 +ar/2) ext(—ur/2) 


as the Bal function for the self-trapped electron, and considering /7=0, we can calculate 
(6-17'), with the ‘help of (4-27), as 


E(¢) =E (4) =3/56-02 od shanty AA 
After minimization (6-18), we have 
=1791/1792(1—1/2), 
p= —0.0335(1— 1/2)”, 


coer MAG Se AQ ELy! bg ty 
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The average radius of the electron cloud is given by 
r= |rpar : 


eles The values of the energies E and the average radii ry, of this state and all the other 
states of the additive electron which we shall. describe in the following, are given in Tab. 1 
for a typical case x=5 and x,=2, the interrelations of these states being illustrated 
schematically in Fig. 4(a) and 4(b). 

(ii) The conduction electron 

According to the stand-point of our method the conduction electron should be 
considered to be accompanied, by the electronic polatization which it produces around itself, 
but wot by the displacement polarization if one wishes to distinguish this state from the 
polaron state. If we take, however, for ¢ a plane wave which extends throughout the 
ctystal, the electric field H, vanishes and no polarization is produced. On the other hand 
we can, as the first approximation to the conduction electron, take a localized with 
electronic polarization around it, and in the next approximation consider the resonance of 
all these states ¢/’s which are located on the lattice points. This localized ¢ and the 
energy E¢! of the conduction electron as the first approximation can be obtained by replacing 
x by %) in the results of (i), or more formally by using (6-25’) and (6-26') with 
V=0, E,=0 (the state now considered belongs to B’ of §6). Thus we have 


—%=E,! =—0.0535(1—1/%), 


where Z% is the work function of the conduction electron. 

The above explained picture of the polaron and the conduction electron as the first 
approximation may seem somewhat curious or artificial, and actually there is no such 
clear-cut distinction between the both states as is suggested by the work of Fréhlich,*”. 


Pelzer and Zienau. But the present treatments, especially with respect to the above stated 


distinction, will prove very important in the following discussions of the ionization processes 


of the #— and F’—centers. 

(iii) The F-center 

In ionic crystals consisting of singly valenced positive and negative ions such as 
alkali-halides and silver-halides, we can take, as simply as possible, 


V=--1/r 


for the potential due to the single negative ion vacancy. The energies of the various 
states of the /—center are calculated as follows. 
(a) ‘The ground state in equilibrium. Assuming the ground state to be of the 


hydrogen /s—type: , | 
(ar) = (08/82) "exp (—ar/2)s 
(6-17') can be calculated as: 

E(¢) =E(v) =#/8—{1/2— 11/32(1—1/x) }a. 
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Minimization as to @ gives 
a=2—11/8(1—1/2), 
E,y=—1/8-{2—11/8(1—1/2) }°. 

The thermal dissociation energy IW’, for releasing the electron from the ground state 

of the /~center to the polaron state is given by 
W,=E,—Ep=1/8{2—11/8(1—1/z) }?—0.0535 (1—1/x)’. 

(6) Trapping of the conduction electron by a negative ion vacancy with optical 
transition to the ground state. The state immediately after the transition belongs to 4’ 
of § 6, so that we must use (6-25’), where we have to take HJ,=0, because the electron 
has not beenin the neighbourhood of the vacancy before the transition. With the same 
form of the trial function «’ as in (a), we have 

El (i, 0) =E! (a!) =a!?/8 —u! /2x—5/32(1—1/%)a’, 
the minimum of which is given by 
u!=2/x+5/8(1—1/%), 
Ey (Ed) = —1/2{1/x+5/16(1—1/2%,) }?. 


Here the notation /,’ means the ground state immediately after the optical transition, 


the state before which is shown in the bracket E¢, that is, the conduction electron 


in this case. The photon energy emitted in the process is equal to the difference of Ee’ 
and.ws CE). 

(¢) The photoionization of the /~center. Immediately after the optical transition 
~ there are produced a conduction electron of energy Hy’ and a negative vacancy, not in 


~~ 


equilibrium, of energy L’(Z,). We apply (6-25’) to the latter system using H, of 
(a2), and obtain 


Fee (E,)=1/82 (1/%— 1/2) | Bedo=5/16(1/%)— 1/x){1—11/16(1—1/z) }. 
The energy of the total system is EH,’ +H'(E,), and the photoionization energy /, is 
given by Pp 
Iy=Eo + E!( Ey) —£,. 
(2) The excited state in equilibrium. Assuming the excited state to be of the 
hydrogen 2/-type : 
d(”) = (8°/327)'? ¢ exp(—Br/2) cosO , 
We cati calculate the integral of Hi” conveniently by the decomposition 
4m 0.= (1) Po(cosO) + po(x") Po(cos 8), 
Pe=$o(7) Po (cos) + o(7") P.(cos 4), 
and thus obtain for (6-17/), 
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E(¢) = E() =? /8 ae { 1/4x Table 1... The calculated energies and average radii of the 
Be SOL A201 G-ce ke ese EH oe) 
To minimize this we have to take _ oes Notation Energy (eV) r (A) 
B=1—779/1280(1—1/2), ey Pr | Se Ce) 
(ii) vi —0.36 (4.53) 
so that the energy is given by Gti) @ Le —2.76 1.76 
E,*=—1/8{1—779/1280 _ Pl epee o) he 2.23 
Sa 1/x) 12, : ee Se a +0.78 -- (ii) 
é Be —090 5.16 
The thermal dissociation ae ES’ (Ep) 0.38 4.67 
energy /V,* for releasing the fy Ee (Ee) pn? oF 
electron from this excited equi- " | es (F ) na Mage a 
librium state is given by : inl ra (47) yee: Gi) 
(iv) @ Ey —4.09 (—1.33)T 2.05 
W,*=E,— E,* b E 6+ Le p(E x) —2.29(+-0.47)T | 1.61, (ii) 
a7 t 
= —0.0535(1—1/%)? eo) £y, Let yp) — 3,35 (—0.59) 2.40 
41/8{1—779 /i2 80 1 In the two-electron system it is more convenient to refer the 


: energy to that of the state consisting of an /~center in equi- 
x (1— 1/x) A librium (iii 7) and an electron outside the crystal with kinetic 


ete e : energy zero; these values are shown in the brackets. 
which is positive or negative ac- 


cording as x is smaller or larget 


than 4.81. +1.0 
(e) The /—absorption, For 
the 2f-state immediately after eis 


the optical transition from the 

ground state (a), (6-25’) can _j 

be calculated as - 

E! (f', 6) =B?/8—1/4- —2.0 
— (1—1/x,)501/5120-f! 
— (1/%)—1//x) {8"/4 
1/4 B/ (ut BE (3H 
+ ")} +5/32 
x (1/%—-1/z)e. A 


The minimum value /,*’(Z;) 


—3.0 (iii @) i 


(a) One electron system (/-center) 


of this expression as to /’, and E10 

the corresponding value of 3’ can 

be calculated only numerically, _90 

the results being shown ie Fig) 2 (b) Two-electron system ( F/—center ) 


i topethee saith those, af) thexgtates Fig. 4. The energy 7s. configuration diagrams of /- and 
(a) and (d@). For the photon F’—centers (x=5 x=2) 


| 
| % 
2 
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eaux states in equilibrium 


=< after optical transition 


-——> optical transition ) (Bee) 
fe ang ae 


——» thermal relaxation! 


energy (eV) 


(1—1/x) ——> 


Fig. 5. The energies of the ground and excited states of the /-center 


energy /Y, of the absorption, we have 
NY p= Ly * (Ey) apt Sto 

In the same way, the energies can be calculated for the following states : 

(f) Immediately after the conduction electron has been trapped in the 2/-state of 
a negative vacancy with an emission. 

(g) Immediately after the optical transition from the’ state (d@) to the /s—state. 

(Z)  Photoionization of the state (@). 

(iv) Zhe F'—center. 

(a) The ground state in equilibrium. As the /’—center is a two electron system, 
we must add the term 1/7) to the expression (6-17’) and take E, as the electric field 


due to these two electrons. [7(7,) and /’(%,) are the same as in (iii). The trial func: 
tion is taken as 
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bry P)=P() $s) 


with ¢ of the hydrogen 1s—type. 


Applying (6-17’) and (6-18) we obtain the results 
¢=5/84+3/4-1/x, 


Ep = —1/4(5/84+3/4-1/x)?. 


For the thermal dissociation energy I/;, of the process in which an /’’—centet loses 


one electron, producing a polaron and an /~center, we have 
Wy = (Ept+ Ep) —Ep . 


(6) The photoionization and the /’’—absorption. After an /’’—center is photoionized, 
there are produced a conduction electron and an /~center which is not in equilibrium. 
For the latter system we can apply (6-25’) to calculate its energy 4’, whose minimum 
we denote by L,’(;,). Thus we obtain the threshold photon energy of the /’—absorp- 


tion : 
Ci pr) nin. = Ly (Ear) +E era 2 


(c) The optical process, in which an / center traps a conduction electron and 
produce an /’’—center, is discussed in the same manner. 

(v) Comparison with experiments. 

Of the various optical and thermal energies discussed above, those for which the 
experimental data are available are tabulated in Tab. 2, where the theoretically calculated 
values (with z=5 and x,=2) are compared with the observed values of four alkali-halides. 
Considering the roughness of the model we have used above, the agreements are quite 


satisfactory. 


Table 2. Comparison of the calculated energy values (x=5, x0=2) with the observations (in eV) 


hv Vy Wt (Avr) min. Wer x 

Calculations | 2.38-° | 1.83 —0.04 1.80 0.40 0:36 

LiCl BD) 
ee NaCl | Pa | 1.89 | 0.075 <1.0tT 0.5 
Observations 
Z KCI 2:3 1.95 1.3~1.4T <1.0TT 
-| KBr 2.0 1.78 , 
ne 


The observed values are taken from the text-book of Mott and Gurney." 

+ We estimated this by adding the breadth of the F-band to the threshold energy for the 7*/—absorption. 
+t Mott and Gurney estimated the activation energy of dissociation to be about 1.0eV from the observed 
life time of the //—-center at room temperature. Therefore the thermal dissociation energy must be: 


smaller than 1.0 eV. 
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$8. Some consideration on the number of excited states 


According to the method of § 4, the optically excited states of any center are to be 
discussed by the usual eigenvalue problem (4-42’), the operator A being determined 
beforehand by using the knowledge about the ground state. For the case of the /— 


center, we have 
V~—1/r, @~—l1fr as r>%, 
whatever form we may use for Y in the neighbourhood of the center. The potential 


part of A, therefore, is asymtotically. equal to 


—1/xr—(1/%,—1/2)1/r=—1/%r 
as r tends to infinity. Now it is a well-known theorem of eigenvalue problems that there 
are infinitely many discrete eigenstates (trapped states) for the asymptotically Coulomb- 
like potentials. The number of those states among these to which the optical transitions 
from the ground states are permitted is also infinite. On the other hand the continuous 
spectrum of the eigenvalues will, in our case, constitute a conduction band. 

The above conclusion holds for any other center whose total charge is positive or 
zero, as one ean easily verify. 

The discrepancy between this theoretical conclusion, and experimental facts that for 
most of the known centers there is only one absorption band (very few even in the other 
centers) may be explained, as is usually done, by the possible overlappings of rather broad 
bands, or by the exclusively large oscillator strength of only one transition. From the new 
stand-point of § 6, however, it is possible to give more well-founded explanation of the 
experimental facts stated above. 

According to this method, the state 4’ immediately after the optical transition from 
the state 4 should be determined by the simultaneous equations (6-27) and (6-28), 
the former of which is not a ‘usual eigenequation, because the Hamiltonian includes the 
term (1—1/z,)@,'(#), this being determined in turn by ¢’, which we ate going to solve. 
This term denotes the potential due to the electronic polarization produce by the charge 
distribution —¢", namely the reaction term from the crystal electrons. 

For the solutions of the non-linear eigenvalue problem as is met above, we can no 
more assert the various theorems we know about the eigenvalues and eigenfunctions of the 
usual linear operators. Nevertheless it seems to us to be fairly probable that the discrete 
states are signified by the numbers of nodes of their wave functions, and that the larger 


the number of the nodes the more spread will be the corresponding wave function, with 


EE! and \vv dr converging to zero. Denoting the number of the nodes by 7, we 
thus infer from (6-25’) that 


lim-£" ($4! $) =limm | $4! Pa baea ier ati {ew 


>1/87(1/x,—1/x) | Bede. (8-1) 
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On the other hand the energy of the photoionized state of the center is given by §7 
(ii) and (6-25’): 


E'(P', $) =—0.0535 (1—1/x,)? + 1/87 (1/%,—1/x) \ E2d, (8-2) 


where #’ is the wave function for a conduction electron. 

Comparing (8-1) and (8-2) we see that as the number 7 increases, the energy of 
the state ¢,’ will exceed that of ¢’, namely the bottom of the conduction band, before 7 
goes to infinity. The levels for larger 7 will be buried in the continuum of the conduc- 
tion band, being deprived of the discreteness. Thus the method of § 6 leads to the 
conclusion that there are only finite number of discrete states under the conduction band, 
whether the trapping potential may be asymptotically Coulomb-like or not. 

The above inference is, however, not logically strict; it may be, for pessimists, not 
more than a suggestion. It is a rather difficult problem to investigate the spectra of the 
non-linear operator of (6-27). It is desirable to seek mathematical means to solve the 
generalized eigenvalue problems such as this equation, or at least to obtain the knowledge 
of the qualitative features of their spectra. Such requirements seem to be common to 
all those problems in which the many-body character plays an essential role. 

The authors wish to express their thanks to Dr. R. Kubo for his detailed discussions. 
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An interpretation is given of the double peak resonance absorption observed by Bickford in 
magnetite below its transition point —160°C. An anisotropy energy of tetragonal symmetry is assumed. 
as in his case, and for weaker fields a magnetic structure of parallel flat domains is assumed. When 
the magnetization vectors on both sides of each wall oscillate in a certain manner, a surface magnetic 
charge will be produced onthe wall, and this in turn will produce an oscillating magnetic field in 
each domain. The frequency of oscillation is thus increased. 


§1. Introduction 


Magnetite (Fe.O,), cubic of the spinel type, is known, since the work of Weiss 
and Forrer’, to undergo a phase transition at —160°C. Below this transition point, it 
seems that the ferrous and ferric ions in the sublattice 16c take an ordered arrangement 
of orthorhombic symmetry”. The X-ray analysis of Tombs and Rooksby® shows that 
the lattice suffers a slight change at the transition point and becomes rhombohedral below. 
The magnetic symmetry seems, however, to be tetragonal according to Bickford“ who has 
made an extensive measurement of the resonance absorption over a wide range of tempera- 
ture with 24000 Mc and 9000 Mc waves; he has shown at the same time that this is 
roughly consistent with Domenicali’s® measurement of the magnetization. ~The tetragonal 
easy axis is one of the [100] axes of the cubic upper phase and is established 2 cooling 
the crystal with a strong magnetic field applied along that direction.‘*? 


* In a recent issue of Rev. Mod. Phys. 25 (January, 1953) p. 75 Bickford presented an evidence that 
the crystalline structure of the low temperature form is orthorhombic. Later X-ray work by Abraham and 
Calhoun in Acta Crystallographica verified this (the writer is indebted to Prof. Bickford for a personal com- 
munication about these works). It is possible that the double peak resonance is due to a twinning perpendicular 
to the c-axis (the easy axis of magnetization), as suggested by Calhoun, the magnetic symmetry being ortho- 
thombic; a theoretical treatment of the resonance position would, however, require a consideration of a surface 
magnetic charge on the twin boundary similar to that given in the present paper. It will be interesting to 
see whether the ferromagnetic domain structure or the microctystalline structure is primarily responsible for 
the observed double peaks. 

It came into notice of the writer, at the same time, that D. Polder and J. Smit in Rev. Mod. Phys. 


25 (January, 1953), p. 89 has pointed out the same effect of the surface charge on Bloch walls upon resonance 
frequency as that treated in the present paper. 


S ieee 
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Bickford used (100) and (110) discs of a diameter of 2 to 3 mm and of a thick. 
ness of 0.05 to 0.08 mm, the ratio between them averaging about 25, and measured the 
resonance absorption for various combinations of biasing and measuring field directions. 
A striking result he obtained was that for the majority of these combinations double 
resonance peaks were observed below the transition point. The peaks at higher values of 
the measuring field strength were explained by him with the assumption of a tetragonal 
anisotropy energy and a value of ¢ equal to 2.49, but the peaks at lower field strengths 
remained unexplained. Considering the values of the anisotropy constants he obtained and 
the field strengths for the latter peaks (see the table given at the end), it can be con- 
cluded, at least for the cases where the measuting magnetic field is applied perpendicular 
to the easy axis, that the magnetization of the specimen was not saturated in these cases. 
We might therefore consider that the inside of the specimen was divided into magnetic 
domains. If the magnetization vectors on both sides of a domain wall oscillate in a 
certain manner, a magnetic charge will be produced periodically on the wall, and this 
charge will produce a demagnetizing field on both sides of the wall. The frequency of 


oscillation is therefore increased by the presence of the wall, and in favorable cases one 


‘might expect a resonance to occur at a field strength insufficient for saturation. 


In the present treatment, it is assumed that the specimen is divided into parallel flat 
magnetic domains in such. cases. This point has to be verified by experiment. But this 
assumption gives a good explanation of the majority of Bickford’s results, while no other | 
hypothesis of the domain structure seems to give as good an explanation. If, for instance, 
one assumes domains of a cylindrical form, one can not only unable to explain the position 
of the lower field peak but also one must expect a peak much broader than that observed. 

In the case where the applied field has a component along the easy axis, it is difficult 
to carry out a calculation to the end, because Bickford has not given the magnitude of 
the magnetization that corresponds to the resonance field strength. One case of the field 
applied along the easy axis will be treated, however, and it will be shown that the res- 
onance will occur at the observed value of 350 Oc if the corresponding magnetization is 


assumed to be 80% of the saturation magnetization. Other cases might be treated in a 


similar way. 


§ 2. The resonance peak at a higher field strength 


We shall begin with the calculation of this, though Bickford has already done it. 
He assumed that the magnetization was saturated along the direction of the applied field 


and used Kittel’s formula to calculate the position of the resonance peak : 


v= (gB/h) [He + (My + NG—-N) MLA + Nee). 


Here (Vi and /Vf are the effective demagnetization coefhicients perpendicular and parallel 


y 
to the disc plane; they are connected in a certain way with the anisotropy energy. The 


. : a 
assumption of the saturation is not always valid, however, and moreover Kittel’s formula 
does not hold in some cases even with saturation, as shown below. Therefore, the results 
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obtained in this paper are a little different from his. 


The anisotropy energy will be assumed in the same form as Bickford’s : 
E,=—Kaf—K'ai—K" (ag +4). (1) 


The corresponding equivalent magnetic field, H,,, can be obtained in a simple way as 


follows. We take the variation of (1): 

OE, = —2Ka, 0a,—4K'a300,—4K" (a%0d,+ 44'00s) . 
This must be equal to the quantity 

—H )M= — H,,M00,—H,,Vb0,—H,,M,04. 


Therefore we have 


y= C4; +¢'a,°, Fas= ety, FT me Ges (2) 
where 
c=2K/M,,; c=4K'/M,, ARNG (3) 


More rigorously, we have to add indeterminate terms 2v,, 245, 44, to the respective right 
hand sides of (2), since u+U,+4,,=1. They have, however, no influence on the 
following calculations. 


The equation of motion can be written as 
M=;|M, 1+ 1,4 H,], r=gB6/h, (4) 
neglecting the damping term. Here HH is the applied external field and MH, the de- 
magnetizing field : 
s =(-+NiMa —N.M,, —N,M,). (5) 
Here the three axes are taken to be the principal axes of the disc. If y is taken per- 


pendicular to the plane of the disc, as we shall do in the following, then V,=J,. 
Bickford gives the following value of V,—W,: 


N,—N,=0.89xX47=11.2 (in c.g.s. Gauss system ). 


Wet chall vlaceriencedenshe independent values of MV, and iV,, for which we shall assume 


11.7 and 0.5, respectively. The value of JZ, given by Bickford for —190°C is 510 
gauss. 


The equilibrium orientation of MV is determined by 
[WV H+ H+ H,|=0. ; (6) 


For the discussion of a small oscillation in the neighborhood of the equilibrium position 
it is convenient to take the variation of eq. (4) : 


0M=/(0M, H+ H,+ H,)+7(M, 0H, +0H,). (7) 


The constancy of the magnitude of M, or MOM=0, is valid in virtue of Sonate (6). 
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The equation (7) written in components is as follows : 
by = (A,—N,Ma,4+ N.Mios 4+ c!a3— 3c! ads) OU 

— (A— Ny Mto+ NyMiy+ cl 08 — 3c! ugg) Bg, (8,) 
bys (H,—N,Ma,+ N,M,o, + ca,+c!a—3caga,) dus 

— (,— N, Mas + NV Mit + cl 04 — 60.,— 36 d4'U3) O04, (8) 
Ob (AL— NM, + Ni May + cl a3 — C0— 3c!a70y) 00, 


— (7,— NM, + NoMa, + cu, + a? — 30! 4370) Og, (85) 
where w is the circular frequency. 


We shall discuss several special cases. 


1) (100) disc, the tetragonal axis in the plane of the disc, Hf parallel to the tetragonal 
axis. 


Taking y normal to the disc and 2 along the tetragonal axis, we have 
6G=0% 

(tw/7) 04,= (H+¢+c') das, 

(tw/7) 0a,= — (H+ (No— Ny) MM, +6 + €') 0dg, 
from which follows 

(w/7)?= (H+ (N,—M)M+e+e) A+e + ro (9) 5 

2) The same as above, except that H{ is perpendicular to the tetragonal axis. In this 
case we have 

(i007) 00,= (+ (Ne) M+ 2") Be 

(Gw/7) Oa,= — (H+ c’ —c) buy, 


00,=0, 
and ‘ 

(w/7)°= (H+ (M.—N,) M+ 6") (+ 6"). (10) 
3) (110) disc, the tetragonal x-axis in the disc plane, HM is perpendicular to the tetra- 


gonal axis, ie., HZ is along the [110] axis in the disc plane. 
In this case, the y and # axes assumed for (2) make an angle of 45° with the 


plane of the disc; it is more convenient to transform the anisotropy part of (8) so that 
the new y-axis becomes normal to the disc. We shall give only the result for the 


resonance frequency : 
(w/7)?= (A+ (N,—N,) M,—c") (A +e"/2—¢). (11) 


(9), (10), (11) are special cases of the Kittel’s formula. Bickford used them to determine 
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the value of three anisotropy constants and of g(at —190°C, as we shall always assume it) 
by comparing them with his three observations with 24000 Mc and one observation for the 
case 2) with 8960 Mc. The same procedure was followed but slightly different results 


were obtained. 


The present calculation Bickford 
£=21,80 x 10° Oe K= 4.34 x 10°erg/cm’ 4.20 x 10°erg/cm® 
C= OLS ae 2 iT 02a ee P23 Puen 
Lo LO Ki" = —3,95 ” —4.04 ” 

g=2.49 2.49 


A trial was made with g=2 but it was found unsuccessful. 

4) (110) disc, the tetragonal axis makes an angle of 45° with the disc plane, and HD 

is along the [100] axis in the disc plane, i.e., ## is perpendicular to the tetragonal axis. 
We have again to transform the anisotropy part of (8). The result for the 

frequency is 


(0/7)? = (14+ (W,— NV, ) M+ ce’ —¢/2) (14+ cl! —c/2) —07/4. (12) 


This is one of the cases where the frequency formula does not reduce to that of Kittel. 
Bickford observed a resonance at 8630, while the present calculation gives 8570. 
5) (100) disc, the tetragonal axis in the disc plane, Hf along the [110] axis of the 
plane, making an angle of 45° with the tetragonal axis. 

This case is different from those above in that the magnetization vector is not 


directed along the applied field. Its direction is determined by (6), which gives 
(Lp 2) HT (dy Uy) = 0403 (C+0'4f—cld,') , (13) 
on writing ¢,=cos 7, a,=sin 0, 
FT sin (45°— 0) =sin 6 cos O(c +c'cos’ 6—c"'sin’d). (13a) 


Using this condition, the frequency formula can be written for instance as ° 


(9 Ja Gatt emnnan nee (Stade) (Soar aatin 


y 

(14) 
FT and @ are calculated to 2320 Oe and 20.8’, while the observed value of HT is 2500 
and Bickford’s calculated value was 3700. 


6) (110) disc, the tetragonal axis in the disc plane, HZ along the [111] axis of the 
disc plane. 


The direction of ene magnetization vector is determined by 


H(A EPBug=1f V3 tg) =oyuy (co etc" 2, a2), (15) 
or ‘ 


HT sin(9,—0) =cos 6 sin 0(c +c! cos’ —c!"/2 sind) 0,555 (15a) 
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The resonance formula can be written as 


be ue / 2 A Ne h/ wpe 1 Ce ©) Ue. ’ f 5 
Cy (y/$ A+ eM) Ma etat) | (Ye 9/2 Vet Cad eta | 


Cy 


The result obtained is: /J=3010, 9=30.7°, while the observed value and the one 


calculated by Bickford‘ are respectively 3500~4500 and 4340. The value of HZ obtained 


here is a little too low. 


There are two other cases in Bickford’s experiment: (110) disc with the tetragonal 


- axis making 45° to the disc plane and H being along either [110] or [111] axis in the 
plane. In these cases, we have to expect that the inside of the disc is divided into , 


microcrystalline domains with two different kinds of the crystalline orientation and, corres- 
pondingly, two different orientations of the magnetization vector. The actual situation 
might be complicated. We shall later (§3,3)) treat the first of these cases under a 
certain simplifying assumption, but the result obtained is not satisfactory. 


The results obtained are summarized in Table 1. 


§ 3. The resonance peak at a lower field strength 


As mentioned in § 1, we assume in the case of unsaturation that the disc consists of 
parallel flat magnetic domains, though this point has to be investigated by experiment. 
In the case of a (010) disc with the tetragonal axis along the [100] direction and the 
applied measuring magnetic field along the [001] direction, the values of the anisotropy 
constants give 7=5050 Oe for the saturation to occur, while Bickford observed a resonance 
at 3000 Oe. It is not clear whether the domain walls are parallel to (001) ot (011) 
or another plane which contains the direction of the easy axis, but possibly they are parallel 
to (011) since the magnetization vector can most easily be turned in this plane; the 
threshold value of the potential energy in this plane and that in the plane (001) have 
a tatio of 1:2. We shall, however, treat both cases in the following. 

1) The (010) disc mentioned above. 

Let the angle between the disc plane and the domain walls be g, the walls being 
supposed to be parallel to the easy axis 2, and j-axis being taken normal to the disc plane. 
The domain thickness will be supposed to be constant and very small compared with the 
disc thickness. In the case of equilibrium, the magnetization vector is in the plane of 


‘the disc but its a-component alternates in plus and minus, while its #-component is the 


same, as the magnetic field is applied along the <-axis. The domains with plus JZ, will 
be ‘denoted as 1, and those with minus J7, as 2. 

When the magnetization vectors IVEY. and 
directions, a surface charge of the following quantity will be produced on the walls: 


Lo= (OM, —0M,®)cos 9 + (3M, 8M.) sin @, (17) 


+o appearing on walls whose —z side’ is the domain 1 and +z side the domain 2, 


and —o on the remaining walls. These surface charges ‘produce in domains .1 a magnetic 


Mo deviate from their equilibrium 


field of the strength 
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(0, —270 cos y, —27a sin ~) 
and in domains 2 


(0, +270 cos Y, +270 sin ¢). 


These have to be added to the field appearing in the equation (7), the former for. the 
equation of AZ and the latter for that of M™., Farthermore, the demagnetizing field 


and its variation have to be replaced by their mean values : 
H,=1 (A, +H,°), 0H=— (0H,° +0H,”) (18) 
2 


in both equations. Thus we obtain six equations written in components. 
The direction of the magnetization vectors in equilibrium with the applied static 
field is given by 
H— N,Mu,= (e+ cu — els") Us, (19) 


where —JV,//,u, cares for the demagnetizing field in the direction of 7. The frequency 
equation is as follows, after eliminating HZ by (19) : 


[(w/7)?—ae (c+ cue + 40M, cos’ ¢) (e+ cluf—3ca, +N,M,) 
— 4) (2c'u,7) (c+ clue +4aTM, cos’ ¢) | 
‘[(o/7)°— ar (e+care + NM) (c+ cu~—3c'0 +42 M, sin’g) 
— auf (20!a2— NM) (c+ e'a-+NeM,)] 
— (47M, sin ¢ cos ¢)*u, (e+clo7+ NV.M,) 
‘Lue (e+ cae —3cllu2 + NM) — as (2c + N,M,) |=0. (20) 


For ¢=90° and g=0° this gives two simple modes of oscillation. 

Mode A. ME and M™ are rigidly connected with each other, oscillate in such a 
way that 07,0 =0M,°, 0M. =—0M,”, 0M, =6M,”. The oscillation in the x2- 
plane and that in the direction of y have a phase difference of 7/2; the magnetization 
vectors describe an ellipse each. The frequency is given by the second factor of (20), 
and in the case of ¢=90° surface charges are produced on the domain walls ‘so that the 
frequency is high. This mode is excited by an oscillating field perpendicular to the. 
applied static field. 

Mode B. The two magnetization vectors oscillate in the +xz-plane symmetrically 
with respect to the yz-plane and, in the direction. of 4, antisymmetrically with respect to 
the same plane. These two oscillations have a phase difference of 7/2. The frequency 
is given by the first factor of (20), and in the case of g=90° no surface charge is 
produced on the domain walls so that the frequency is low. This mode is excited by an 
oscillating field parallel to the applied static field. 


For g=0, both modes have nearly the same frequency, since /V, and NV, are nearly 
equal to 0 and 47, respectively. 
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The result of the calculation for the mode A with 24000 Mc is: 


| Angle between the tetragonal 


Resonance field ; he 
/ axis and the magnetization 


H=2830 Oc | 0=45.5° | for g=45° 
3090 | 50.8 90 


Both of these values of // can be compared with the observed value of 3000. For 8960 
Mc, a resonance of the mode A is expected at a value of // a little lower than the value 
of HT for saturation (5050), but perhaps it might have been unresolved from another 
peak at 5600 in Bickford’s experiment ; in actual crystals, the direction of the magnetiza- 
tion vectors in different domains might be distributed over a fairly large angular range 
when they are nearly saturated and, consequently, the resonance might be broad. 

The resonance for the mode B is expected for 9000 Mc at two values of A’ near 
2000 if g=90°, and at a value of 7 equal to about 4000 if p=45° ; it does not occur 
for 24000 Mc. In experiments hitherto done, the oscillating field is always perpendicular ; 
it may be interesting to detect this mode with an oscillating field parallel to the applied 
static field. 

If we could assume that the domains are parallel to the disc plane (g=0), two 
peaks’ would be expected for 9000 Mc, one close to the saturation value of // and the 


other at a lower value of //, but no resonance for 24000 Me. 


2) (110) disc, easy axis in the disc plane, HT perpendicular to the latter in the same 


plane. 
The principle of the calculation is the same as above, and the result is: 
eff 2460 Oe 0=49.7° for ¢=90" 
2020 41.0 45 


for 24000 Mc. The case of y=90° corresponds to the walls of (110) and is more 
ase 45° for which the walls are (100), but the observed value 2000 
Other things are about the same as in the case 1). 


probable than the c 
Oe is more favorable for the latter. 


80 T. Nagamiya 


Table 1. (// in Oe) 


( 
{ 


Crystal Measuring Angle between High-field peak | Low-field a 
plane field measuring field (Bic.) (Nag.) | a ag. 
of disc direction & tetrag. axis Fos HLeale FLoate Hops calc 
24000 Mc —— — = =e i a of Bes is 
0° | 2000 2000* 2000* | 350 350 
1. (100) [100] | Riis 
| M=0:817, 
| 
2. (100) [100] 90° 8900 8900* 8900* 3000 2830 | 
| (g=45°) 
| 3090 
| (g=90°) 
3. (100) [110] 45° 2500 3700 2320 90072 ae 
0=20;8°  «) 
4. (110) [100] 0° 1850 2000 2000 | 300t ae 
a cape eines ) 6350* 6350* 2000 2460 
5. (110) [110] 20 rey seis es | goa 
the disc plane 2020 
beats | (9=45°) 
6. (110) [111] 55° 3500 4340 3010 LOO Rp wae 
~4500 9=30.72 | 
7. (110) [100] 900 8500 8630 8560 Ne = 29 OC ty eae 
B10) (io), unas bee TS BOE g6og et atOd DAS -a heel SOOT ¢ HRA ead ? 
in the disc plane 0=20,3° - 4 
9,°(410) °[111] 55° fs 3000 Mies: 1500 Pees. ? 
8960 Mc a 
10. (100) [100] 90° 5600 5600* 5600* | — 
11. (110) [110] 90° 3400 3750 3750 -— 
“12. (110) [100] 90° not in plane | 4600 5000 - 5030 | = 
* and ( ) are assumed for calculation, + sharp peak is observed, ...... qualitatively understandable, 


rete ? difficult to understand. 


3) (110) disc, the easy axis makes an angle of 45° with the disc plane (rows 7, 8, 9 
of the Table 1). 

If H is applied along the [100] axis in the disc plane, we have to consider four 
kinds of the orientation of the magnetization vector. The inside of the disc is possibly 
divided by two kinds of walls, one the microcrystalline boundary walls and the other the 
ferromagnetic domain walls. The former may be perpendicular to the disc plane and 
parallel to the (100) axis along which H is applied, and the latter may be perpendicular 
to both, because, if so, no surface charge is produced on these walls in static equilibrium. 
The calculation of the resonance was not carried out, however, as it is troublesome to 
‘solve a three-dimensional equation to determine the orientation of the magnetization vector. 
It seems, however, that the same explanation is applicable as in 1) and 2) above (com- 
pare the sets of two resonance values of HY in rows 2, 5, and 7 of Table a). 

The case where #f is applied along the [110] axis of the disc plane was treated with 
the assumption of the domain walls as mentioned above, or with an alternative assumption 
that the walls of both kinds contain the directions of that [110] axis and the easy axis. 
This case is simpler because we can expect to have two orientations of the magnetization 
vectors which can be easily determined. The calculation gives a single peak of resonance at 


/7= 2460 or 2850 for 24000 Mc, ‘respectively, which are disappointing compared with the 


A Tentative Interpretation of Bickford’s Observation 81 


observed values 4100 and 1500. 
In the case where 7 is applied parallel to the [111] axis of the Hise plane, the 


‘ observation of Bickford gave a single peak at about 1500, which is again difficult to ex- 


plain, because the calculation would give a value greater than 2000, as above. Perhaps 


we are simplifying the problem too much, and the phenomenon like that which will be 


treated in the following case might also play a role here. 


4) (100) disc containing the easy axis to which H is parallel. The observed resonance 
peak is at 350 Oe. 

This case may be interpreted in terms or unequal thicknesses of the domains in 
which the magnetization vector is parallel and antiparallel to the applied field. The ratio 
of these thicknesses will be denoted as (1+5)/2:(1—s)/2. Then the magnetization 
of the sample is sdf. 

In order to simplify the calculation, we assume that g=90", which will give at least 
a qualitative result. The equation (8) for these parallel and antiparallel domains, (+) 
and (—), respectively, can be written, after replacing the terms arising from demagnetizing 


field by their mean values, as 


Gea/y 0a, = (A — NM, +(c+c) )da.? +N, Mets, 
(iw/7) dog? = —(H— NM, + (c+¢') )bos F NM, 8, ey 
where 
M=M.(1+s)/2—M,(1—s)/2=sM, 
Oy. 5= Os, 3(1 +5) /2+4 Oaz,,(1—5) /2. 


The surface charge density which appears on the walls is 


to=+(0Mi—IOM;)= + M,(duj — du; ). 


The field strength due to this in the + or — domains is 


4 domains: (1—s)-(0, 0, —270), 


= domains += (Tes) (0; 0,2 270). 


| The torque on MM“ has only the y-component, which is (1 $s) M270. They have to 


be added to the respective right hand side of oe In this way, the resonance frequency 


is obtained as follows : 


ele (ofp (cre) e+e + Mu) + T+ 5 Me —N,) M,) (2-340 M,) 
+ (H—sN,M,)°+ (e+e + NMs) (c+c'+42M,) | 
+[(ete’) (e+e! + M)M) —(H—-sN,M,) (H+5(N.— M1) My] 
[ete + MM) (e+e +40) — (H—sN.M,) (H—s40M,) ]=9. (22) 
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For /7=0, s=0, we have 
(w/7)?= (e+e +42M,) (c+ +N M,) =76.9 x 10° (calc.) mode A 
(w/7)?=(c+c) (c+c4+M,M,) =7.33 x 10° (ealc.) mode B. 

With increasing //, s will change from 0 to 1; at s=1 we have 
(w/y)?=(c+ +A) (e+e + (VL—M,) M+ H) =21.4%*10° for H=0 
(w/r)?= (c+c+N,M,4+42M,—H )(c+c+N,M,— A) =26.3 x 10° for H=0, 


the second frequency corresponding to the oscillation of the magnetization vector in 
infinitesimal domains of the type —. For 24000. Mc and g=2.49, the value of (w/y)? 
is 47.2 10°. Therefore, the mode A hes a frequency too high at s=0 but too low at 
s=1 and H=0. Actually, s would increase from 0 to 1 in a certain small interval of 
increasing /7, and at a certain value of // one might have a resonance. Since the 
magnetization as a function of // is not given in Bickford’s paper, the writer determined 
the value of s at 350 Oe from the condition of resonance, that is, from Eq. (22). The 
result is s=0.8, which seems to be quite reasonable. 

The peak at a lower field strength in other cases where the field has a component 
along the easy axis might be interpreted in a similar way, except those cases mentioned in 
3), though no calculation has been carried out. Perhaps a similar explanation may be applica- 
ble to the observation of two peaks by Okamura and Torizuka\ above the transition point. 


The writer would like to express his sincere gratitude to Professor Neel for kind 
discussions and for the ease with which he was able to stay in Institut Fourier, Grenoble, 
during the winter of 1952-1953, in which period this work was done. 
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The normal modes of vibration in crystal have been determined by the group-theoretical method, 
familiar in the theory of molecules. Secular equation for determining the frequencies of normal modes 
has been reduced to lower degrees by making use of the translational, crystal and A-groups. The 
frequency-distribution curves have been obtained for a few types of crystals, with a brief reference to 
2nd order Raman-effect. ; 


§ 1. Introduction 


In order to classify the normal modes of vibration of molecules, group-theoretical 
method is very powerful. Each mode corresponds to a definite irreducible representation 
of the point group to which the molecule belongs. The secular equation for determining 
frequencies is reduced to the equations of lower degrees, each corresponding to a definite 
irreducible representation. In. the present paper we have extended this general treatment 
to determine the normal modes in crystal. 

First we develop the general theory for the case of a simple cubic lattice introducing 
translational normal coordinates, and then we reduce the translational dynamical 
matrix by the use of the irreducible representations of A-groups in special directions 
in reciprocal lattice space, introduced by Bouchaert-Smoluchowsky-Wigner.” Next we 
apply these theories to actual crystals, especially to NaCl and diamond, and calculate 
the distribution functions of frequencies by the method of Houston” assuming appropriate 
potential energies between atoms in the crystals. In the same way, after Born and Bradburn” 
we analyse the profile of the 2nd order Raman-effect for the diamond crystal by calculating 


the distribution functions of over-tones and combination-tones. 


§2. General theory for simple cubic lattice 


The position of atoms in a simple cubic lattice is expressed by their integral coordi- 
nates (/, 77, nm) in a suitable rectangular coordinate system. Consider a configuration that 
an atom at (/, 22,7) is displaced by unit amount in y-direction, the other atoms remain- 
ing in the original regular positions. We shall denote this configuration by e(/, 7,7”: 


x), and similary for the displacements in y and z-directions. Then the assembly 


e(L, m,n:8), §=2,9,2%, —0<(m n) <0 (2-1) 
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constitutes the bases of infinite-dimensional vector space describing the possible displace- 


ments of the atoms in the crystal. Now combine these vectors into 


A ss Reb: ei ae 
O(a, Ry Ret S)=D>) Dyin” * el, 22 5), S=L,Is 2; 


—o</,m, noo 


a 2 4 . 
aeye *—=cexp.{7(dh, + mk, +nk,) }, —® Shy, hy he ST. (2°2) 
hak ahah! < Urea k 2" 
Be pany 2 Dye n a =O CH, kh!) O(k,y, fe) ) O(Res Res) s 
—ao<lm,n<-@ 


which make up a normalized orthogonal system. 
For the translation /, 9,7 in x, 7, 2-directions, the vector e(/, 72, 2° E) is transformed . 
into 


a 


To parje(m,n: €)=el+p,mt+qutr: §) (2+3) 


and consequently 
TD. 9.1) eChis By he 2 $) =exp{ —1( ph, + hy + rhe) bees Rye Rat €). (2-4) 


This shows that these three vectors e(/,,/,, #.: 5), €=7,J',%, defined for one set of 
K (hy ky kz) value, are the bases of the same one-dimensional irreducible representation 
of the translaticnal group. The normal coordinates of vibrations in a crystal are the 
linear combinations of the vectors e(/,m,2:€). Thus the secular equation (of an 
infinite order) for determining frequencies, constructed with e(/,7,2: ¢) as basis, is 
known to be reducible to those with dimensions ‘not more than three, for each set of K 
value. The reduction is independent of the form of potential energy functions. The 
form of the transformation matrix .W is to be the following as seen from (2-2). 


Keghivkeg St Ri hes cy Rika ke 
bk kb 
lmn? x | + Pints Sig 0 0 
ke keyk 
M= Imn: y | --- 0 mn.” 0 i (2-5) 
yA ae 
lmn: 7 | ++ 0) 0) ; se 2 


For simplicity we have given here only 9 elements of (/, m,7: € | &,, hy h.:7), 
€,n=x,y,% explicitly, With this matrix MM, we shall next transform the infinite matrix 


A of the quantity V=(A4v,v). Here I’ is the potential energy which is assumed 
to be quadratic form of the vector 


v=) ¢U, m,n: x)u(l, m,n) 
(m,n 
+e(Z,m,n: y)v(L, m,n) +e(L, m,n: 2)wl, m,n). (2-6) 


We assume that |” involves only central force depending upon the distances between 
atoms, and further interaction betweeen the nearest neighbours and the second nearest 


ve orn 
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neighbours are taken into consideration for the sake of simplicity. If « and / are force 


constants for the respective interaction, |” is expressed as 


U. 
V=— 3 (,—,)°> +3) Bt, —,)? 
sy é u.—U : 

2 nearest ‘ eae ? i) ‘ (2 a) 
where ?#; is a displacement vector of 7-th atom. We rewrite this displacement quantity 
by the components w, v, zv and put into (2:7). Then we obtain a quadratic form of 
potential energy I’. The elements of matrix A are easily known and it can easily be 
shown that (/,7,n: %|l,mn: x) element, the diagonal element of the matrix, is 


u+4P, and while the non-vanishing elements off diagonal such as (/, m,n: x |l+1,m, 


a 


Pee). ist = Therefore [7 consists of terms (a+4,3)w(/, m, ny? 2 a (L, m, 2) 


xu(l+1,m,n2)..... When A is transformed by JM, A is decomposed into a number of 
three dimensional matrices D(/%,, £,, &.), each labelled by one set of A value. After some 


calculations we obtain the matrix D{%,,%,,%,) in the following form : 


A(h, hy Re) B(k, k,) Bik, ke) 
Dlby hy he) =| Blhy he) A (hy hz he) Biuhe ky? \ikP8 
B(k, he) Blk, hy) A(k k, hy) fs 


A (hy hy hey = (a+ 48) —u. cos k, —23(cos #, cos k, + cos &, cos kz), 
Blh,ky) =B (kyez) = 28 sin 2, sin hy, 
Se se) Sea eR ee x 5-2-9) 


(2-9) is just the same equation as one which was investigated by Bora and others from 
the infinite set of differential equation. But this group-theoretical method has the merits 
of making the form of eigenvectors (normal modes of vibration) obvious. We can obtain 
frequencies by solving this 3-dimensional secular equation and express the eigen-vector 
corresponding to each eigen-value by liner combination of vectors ¢(4,, 2%: §). We 
have to notice that these solutions can be obtained solely from the most fundamental 
operations of the translational group characteristic to the crystal ; in this sense these eigen- 
vectors are to be called translational normul vectors of vibrations. So far ‘we have 
been concerned with the translational symmetry of the lattice. The full symmetry of the 
lattice is represented by a space group. So that we have to examine the representation 
problem concerning to the point group O,, which is obtained ‘by deviding the space group 
by the invariant sub-group aT 


: 3 7 ; : 
-For one element of point group O,, say, a EAE Tre about 2 axis referring to a 


: : oe 
certain fixed lattice point ; R.( - a we have 


R( = Je, m,n: £)=e(—m,1,n: ¥)- (2-10) 
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Then following equation holds 
RL 7 Ve (be, ee i= Dev eR. ( 7 Ve(E m,n: x) 
2 De, 
=i nn * o(—m, ln => Divs 2o(—m,l,n: 9) =e(—Ry har bet J)- 
(2-11) 


We notice the transformation (2-11) is exactly the same as (2-10); that is to 
say, the operation of a rotation of the group O,, on the translational normal vectors 


’ in such a way 


e(K: €) can be obtained by changing the arguments A, € into A’, E 
that the unit vector in the direction ¢ at the point K in A-space is transformed by 
the same operation into another unit vector in the direction §’ at the point A’. Thus 
we can find the representation for the elements of group O,. The dimension of repre- 
sentation at a general point £,=-4,=:%, in K-space is as large as 144. Now we 
resolve the spurs of representation of elements of O,, which operate vectors ¢(2,, &y, ke? Sy; 
and have 


3 Ajout 3Aogut 6Lyut OT. 


a fe a Ee (2-12) 
From this fact, we see that the reduction of the secular equation to less than 3 degrees 
will be impossible, if we do not make some simplifying assumption for potential energy. 
We tried to transform this 144 dimensional matrix fot our specially assumed potential 
but in vain. Generally speaking, in the case that 7 atoms are included in unit cell of 
crystal, and they are all different from each other, they can not be combined each other 
by translational operations, and the secular equation for one A value would be 37 dimen- 
sions (for example 6 for NaCl), namely the transformed matrix D(,, %,,2,) would be 
3 dimensions. Resolution for factor group are also z times of (2-11) only. In con- 
clusion, the secular equation can not be reduced to dimensions less than 37, by space 
group. But the reduction is sometimes possible at a special point or along special lines 
in /-space. 

B-S-W. introduced the theory of A-group. For instance, if we collect only 
those elements of O, which leaves the vector e(%,, #,,%,,:,€) invariant, they constitute 
a sub-group of Oj, which is called (%,,2,,%.)-group, one of A-groups. Out of these 
whole A-groups we pick up three A-groups only, namely (4, , 2) -group, (4, &, 0)-group, 
and (%,0,0)-group which are interesting for us. Operating each element belonging to 
each A-group upon the vectors e(%, k, 2: £), e(h, 2,0; €) and e(£,0,0; §), we obtain 
the following representations and resolutions by irreducible representions for individual A-group. 


(1) (4,4, 4)-group 


Element £ C12) Ci(aI2) JO(*—y) JO(e—2) JCA —2) 
Class (1) (2) (2) (3) (3) (3) 


(uh Ay) Uo) le le ee 


Res. A, + A,. (2-13) 
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(2) (£, k, 0)-group 
Element ye C47) TCH (2) SC@—z) 
Class (1) (2) (3) (4) 


1 / 
Pe fh). f 
1 sii —1 iL 

Res. Dat Sst pe (2-14) 


(3) (4,0, 0)-group : 
Memente see ()r G4) * -C2@) =/Ce@) JG i) JO) JG = 2) 
Class (1) (2) (3) (3) (4) (4) (5) (5) 


me fo) Poo jPod foal al 


Res. 4,+4,. (2-15) 

Here C3(2,.7,.2), Co(a—y), Ca(@) +--+ are elements of group O,, and they show 
a rotation 27/3 about the diagonal axis Of 2457 eakes, a rotation 7 about the axis 
which bisect x, ., axes and a rotation 7/2 abut 2% axis:..... J is an inversion with re- 
spect to the origin of the coordinates. The notation A,, Az, >3,, S's) dja 4, 45, represent 
the irreducible representations of A-groups named by BE=Ss= Ws, out’ of which: A543: 
are ones of 2-dimensions, and others of 1-dimension. 

The above relation shows no repetition of the same irreducible representation and from 
this ground, we understand that secular equation is to be reduced down up to one di- 
mension along the above-mentioned 3 directions in K-space. The transformation matrix 


for obtaining the bases which give the irreducible representations have the following forms : 


Mk, , &) MZ, k, 0) M (2, 0, 0) 
tie 2 2-3/3 72 dicgeal a © 1 
Ree ae? os sik Eee Nanay ey Gita 1 (2-16) 
J3 art /2 a 
teed ge 47 3/2 Oa Dan a2 1 


Matrix M(f, 0, 0) shows that D(%, 0,0) has already been reduced to 1 dimension. If 
we transform matrices D(%, 4, 2), and DA, &, 0) by matrices M(h, &, &) and 
Mz, k, 0), they are completely reduced down as the following equation shows. 


M3 (2k, &, R)D(h, & &) MA &, 2) M-(&, k, 0) D(4, &, 0) MZ, &, 0) 
ARIB-— 0 ) A+B ) 0 
0 A-B 0 0. A’'—B’ ) 
0. = as 0 0 Cle POat7) 


? 
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A=u.4+4f8—a cos k—48 cosh, A! =a+48—a cos k—28 cos k—28 cos’h, 
B=26 sin°f, B' =2f sin*h, 
C’=48(1—cos £). 


It can be generally said that when w particles included in unit cell are different from each 
other, the 3y-dimensional matrix D is thoroughly reduced down by A-group along 3 
directions, but in the case that there are some like atoms among wz there may be some 
interchange among them by the operations of A-group, and their representations and 
resolutions are different from the simple 7 times of degeneracy of (2-13), (2:14) and 
(2-15). In this case we have to calculate each representation corresponding to each type 
of crystal. It allows the same treatment as the case of molecules. 

We applied this method to the real crystal, for example NaCl and diamond, calcu- 
lated D matrices, carried out the reduction by A-groups and obtained the distribution 
functions of the frequencies by the method which Houston introduced. In these example 
assuming on special terms in potential energy, we take the type of (2-7), which are 


adopted generally and the value of constant ratio @/u=0.05 as Blackmann” and Montroll” 
did. 


§ 5. Apllication to NaCl and diamond 


(1) MaCl This is the case 7=2 in 2. As Na atom are never interchanged with 
Cl atom by any operation of translation, the transformation matrix corresponding to one 
set of AK value, must have the following form (3:1). The number (/,1m,m) and 
(+1, m+1, 1+1) are coordinates of Na and Cl which lie in the same unit cell. 


hhykety kkyke ty Rkykaty Rakykete hghyhe In kahylects 


lmn: x 7 vee Diskis 0 0 0 0 0 
lmn: y ic Dyziw's 9 0 0 0 
Iman: 2 tee f Diskus ) 0 0 

ME TT type ee aera ek Die mes 0 0 
[+1,m+1,n+1: y | + Dee eae oO 
l+1,m+1,n+1:¢ |--: Dre A nei 


(3-1) 


We express potential energy by a quadratic form, and transforming the matrix A by 
the matrix JM of (3-1) we get D matrix 


rae 3 
Vie i” F 


wer 


We AEN Rey 
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Dhar hy, he) 


Akkyk.)/m B(k,ky)/m  Bk,ke) jm C(Rk,) ) 0 
Bkyku)/m  A(hykik,)/m Btk,k.)/m 0 C(hy) 0 
Blk fen\/m Blk.ky\/m AChR ky) /m 0 0 Ck.) 
C(z,) 0 0 A(k hy k,)/M B(k.ky) /M B(kk.) /M 
0 C(h,) 0 Bh,k.)/M  Alkh,k.k:)/M Blhyk) /M 
nt 0 0 Clk.) Blhk,)/M Bak) M Ahh, hy) / MI 


(3-2) 


In this equation, 7 and JJ are masses of atoms and constants A, & and C are defined 
as follows. : 


Ak sk, 4.) =4¢4F48 —22 cos &, (cos #,.+ cos £2), 
Bh, ky) =26 sin &, sin k,, 
Clk.) =—4 00s k,/ / mM. 


The transformation matrices by A-groups are the simple dalero nine ey (2-13) (2-14) 
(2-15), as shown in the following equation : 


M(h, &, b) 


(SWE Coie. £m 
ba ey eae) 
eases 1/2 — 3/2: ‘Nis ee 
Pi ae . dem Solgaa/ 2 3/2 
. 1 ee pin 0 
1 1/v2. —v3/2 
M(h, h, 0) 
0 0 1 1 0 0 
0 0 1 Eatal 0 0 
1 yo teed 0 0 0 0 
V2} 0 0 0 0 1 phe Be 
0 0 0. 0 1 ee 
0 IO 0 0 0/. 


~ 


When ® imatrix (3-2) are transformed by of (3-3) we obtain the equations 
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M™ (L&R) D (kER) M (ER) MO (240) D(k40) M(LK0) 
(A +28) /m C \ D/m G(0) es 
C (A+ 2B) / | C(O) D/M 


| (A-—B)/m G | (A+B)/m . Clk) 
é ee Coa C(z) (AFL) /M 


(3-5) 


| (A—B)/m C(2) 
C{z) (A—B)/M 


A=a+4f—46 cos’f, A=at+4P - 28 cosk—2§ cos #, 
B=27 sin’, B=26 sin* f, 
C=—ucosh//mM, C=—acsk//mM, 


D=a+45—46 cos k. 


Thus the secular equation are, as we expected, reduced down to 2nd degrees. It is very 
simple problems to obtain the eigen-frequencies from (3-5). 

(2) Diamond In the case of diamond which has two like C atoms in a unit cell, 
the treatment is different to (1), except the operation of translation. The translational 
matrix WZ has the same type as (3-1) completely, and (/, 7, 7) and (7+1, m+1,x+1) 
are numbers which represent the coordinate of 2 like C atoms. From the view-point of 
translational. operations, however, they can be treated as different atoms a and 6, because 
the two atoms are never interchanged by translation. Hereafter we denote atom of a 
type, and 6 type. Some calculation leads us to 


A(h,kyke) Bhchy) Bkikz) C(Rekyh.) DRkiky) D(kyfk,) 

Blhyk,)  A(hykke) B(kyk.) D(kkaky) C Rykske) D(hehyh,) 

Bi < Bh.) Bl baky) Alhieky) Dkyhahey D (hehe) C(Relecky) 
Clhbyhe) Dk hck,) Dkyhh,) A(hkyk.) Blkchy) B(hehke) | 

Dkikeky) CUbyhih,) D(kikyhe) BRyhn) — A(hyiby) B(Ryjbe) 

D kykch,) D(hikihe) CRaaky) Blbhs) BUbky) A(R hak,) 


(3-6) 


? 


Ah, kyk,) = 204+ = 26 cos 2%,(cos k, +cos 2h,), 
B(h,ky) =28 sin 22, sin 22,, 


CUhekyk,) = — a4 cos (hy +h.) e''* +-c08(by— he} 


)? 


D(hechyfe,) = —4\ cos (ky + &,)e""*—cos (ky —h,)e 2} 


3; 


and op D are conjugate cemplex of C, D. 
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The representation by the rotational operations are quite different from (1). For in- 
tance in the case of rotation 7/2 about 2% axis is 


Ry (2/2) 4 (Bis By be %) = R.(#/2) Din! *0,(L, my, 23 x) 
=D Dien Fey — 1, Ln 3 y=) Dike te, (— i, bn 3 g)=e(— ky bar bes YD 
(3.7) 
As the equation shows, the interchange of a with & often happens, and the representa- 


tion by A-groups-are not simple multiples of (2-13), (2-14), and (2-15). They 


are, 


(1) (4,4, £)-zrovup 


Element E C,(4yz) Gs (yz) J Cla—y). - J C42) SOI) 
Class (1) (2) (2) (3) (3): (3) 
amas L . 4-3 ae Saar 1 te alas 
re ies \ ( 1 i 1 oat Soames 
Pe a eal ee ee Sea ae PIO ren ae 
Seer ie 
iE | 1 | | 1 Ali ' | 
Eat ok ae ane } \ 1 are ) [owe 
Res. ot. + 27. 3 3 8) 


Trans. Mat. Mz, 2, £) 


1 1V2 3/2 
1 roe 
je iAe ee, 2-382 
ia eed gree 1 //9! vie V3/2 
1 meV ok 
Casi 1/V2- a2 
(2) (4, 4,0)-group 
ge) E C.(xy) SCFZ) JC.a=¥) 
Class (1) (2) (3) 4) 
Mk Epes A Nene 
Sh 1 ie 
Ropes eee ete eee wbie eke ere & 
H 1 1 : 1 H ‘I ey 
1 —1 / aie Ae 
(3-9 
Res. RING 9 2 elas ae) 


Trans. Mat. (4, &, 0) 
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(3) 


Element i 


(2%, 0, 0)-zroup 
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ia 
1 
1 WW DF 
2 1 
1 
— ACD 
Ce (x) 
(2) 
ee 
ee a oe 
1 
i —1 


IC? (2) 
(4) (4) 
( a ‘ 1 
pet esa ae 
Beha a 
| Pa Ze 
\ —1: fi \ 1: 
Res. A 443424, 
Trans. Mat. (A, 0, 0) 
J 1 1 
gia 
SAE Sipe 


1 heal: 
1 —1 —-1 
WD 
Sa) astiew ee 
at Toes 
V2 7 
Ci Cra) 
(3) (3) 
\ / ‘1 \ il \ 
boc 1 age ty 
| et pam eo 
aae Gee tater i 
| —1 | 1 
. 128s —1: 
SCA 2) JOM IRD) 
(5) (5) 
als : \ i he \ 
| \ 
—1 1 
| Poth tee pps Se eee) “Taig ul er | 
1 peg aieee tie 
; ==), {24 1 
\ a ) \ awk } 
(3-10) 
1 1 
1 1 
5 heal 
Lect 


The transformed matrix IM~'D MW have the following forms : 


(1) 


Ca) 


A+26b C+2D 


? 


A+26 


A=2v.+ 4) (sin 22), 


2 


A—-B ~C—D 
Cah ee 
5=28 (sin 2£)°, 


(3-11) 
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C=—u(cos2ke™ +e"), D=—a(cos 2h e*—e-*), 


(2) 


A+B+C+D —-vV2 E) A+B—-C-D V2E 
wos ; ae Pera 
V2 E F—C | —V2E Fc 
(42-8 Gi), Ci B46 2), 
A=2u.448—2/ cos 2h(cos 241), B=28 (sin 24)’, 
C=—u(cos 2441), D=a(1--cos 24), H=—iu sin 2h, 
F=2a+ 48—4 cos 2%. 
(3) B+C —D 
2 ; (AG); (AG), (3-13) 
D B-C 


A=2u4+88 sinXh, B=2u4+4f8 sins, C=—2u cos k, 
D=-—214 sin k. 


§ 4. Calculation of distribution functions of vibrational 


frequencies by Houston 


Houston calculated the approximate distribution functions of the frequencies on a 
simple cubic crystal. We applied his method to more complex crystals. We calculated 
the frequencies applying our group theoretical method of reduction along the 3 directions 
in K-space. 

For NaCl we solve the secular equation of (3-4), (3:5), and D(Z, 0,0), and 
represent the eigen-frequencies by the function of K. The ratio of mass we assume for 


simplicity 7: J/=1: 2. Here Q is some constant times of eigen-frequencies. After 


| some calculation, we have 


Oe=1/24( 341.2 sin’2) +[(3 +1.2 sin’/)°— 4 (3.6 sin’’ + 0.32 sin’#) |"?}, Os 1) 
Of =1/2{ (3 +0.3 sin’k) + [(3+0.3 sin’#)?—4(2.4 sin’ + 0.02 sin’#) |}, 


O2=1/2{(3.6—0.6 cos £) + [ (3.6 —0.6 cos &)’—-4 (0.88 — 0.96 cos ke +.0.08 cos’) |}, 


O2=1/2{ (3.9—0.6 cos'k—0.3 cos #) +-[ (3.9—0.6 cos*—0.3 cos &)° 
— 4(3.38—0.52 cos k— 3.02 cos’ + 0.08 cos? + 0.08 cosh |} a Fee) 


Oe== 172) (3.30.3 cos 2) 4 [3.30.3 cos h)?—4(2.42—0.44 cos k—1.98 cos"h) ff 


O2=1/2} (3.3—0.3 cos #) +[ (3.30.3 cos #)°—4 (0.02 cos’ h—0.44 cos +0.42) }""}, 
O2=1/2{ (3.6—90.6 cos k) = [ (3.6— 0.6 cos kh)? — 4(2.88—0.96 cos — 1.92 cos?2) ]'/?}. 


; (4-3) 


- And Bimilerys foe diamond, we have 


1/9 


O7= (4+ 0.8 sin’2/) +2(3 cos’2k+1)", Aes 
O2=0.2 sin’2k, 0.2 sin’2k+ 8, 


FEE ERNE LIN Bi 2 
mag th 
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O2=0.4 sin’f, 

Of=0.4 sin’2 +8, 

O2= (—0.2 cos’2/—1.3 cos 2245.5) +[(—0.2 cos’2k—1.3 2k+5.5)° (4-5) 
+4(0.16 cos*2h+ 0.32 cos’2h + 244/50 cos 2k—268/50) |", 

O2= (—0.2 cos’2h+ 0.7 cos 24 + 3.5) +[(—0.2 cos*2#+4 0.7 2443.5)? 
—4(0.24 cos'2k—0.52 cos*2k—0.48 cos 2k + 0.76) |", » 


OQ; = — 0.8 cos’ —4 cos k+ 4.8, 
O-=— 0.8 cos*k+4 cos £+ 4.8, (4-6) 
O2 


O,7=1/2{ (8.8—0.8 cos’#) +[ (8.8—0.8 cos’s)* 
—4(4/25-cos'k-- 88/25 cos /+ 84/25) |}. 


Houston showed the approximate distribution functions are given by the equation. 


47 


AOD em 80 
2 


{89 F’(f, 0,0) +92 F(Z, &, 0) + 99*F (2k, &, £) }. 


After laborious numerical work, we obtained the distribution functions for NaCl and 
diamond as shown in Fig. (a) and (4). 
The second order Raman effect in crystal are explained by superpositions of combi- 


nation-tones and over-tones of ground frequencies calculated in K-space. We could obtain 
the similar distribution curves as Born and Bradburn did. 
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It is an aim of this paper to explain the quantum eects on the phase transformations due to molecular 
hinderance in solid hydrogen halides. Although the transition points of these substances are situated in 
so high temperatures that the behaviour of the system might be regarded as almost classical, there exist 
the effects of quantum correction, which can be seen im the isotope effects. . 

For the purpose of studying this effects we proceed on the line of the Hartree approximation, 
where the Hamiltonian contains the kinetic operators in addition to the intermolecular potential ones. 
The location of the transition point and the jump in the specific heats are obtained, where the nature 
of phase transformation is of the second kind. In these obtained expressions the moment of inertia of 
the molecule is contained. 

Making use of the transition points of HBr and HI, we expect the transition points of DBr and 
DI as 91,8°K and 71,7°K respectively, in qualitative agreement with the results observed by K. Clusius 
and G. Wolf: 

DBr: -93'5°K, IDLO ee 


And further the transformation heats prove to increase, as the quantum effect decreases, which is in 
agreement with the observations. The critical value of the ratio of the hindering potential to the moment 


of inertia, beyond which any ordered state is unable to be realized, is also obtained. 


§ 1. Introduction 


The solid hydrogen halides change their phases at the temperatures marked by 
HCl: 98,4°K, HBr: 116,9°K, 113,6°K, 89,8°K, 
e257 | 70, 1K, 


respectively”. According to the Kirkwood theory of rotational phase transformation”, 
there should exist the dielectric anomaly at the point of rotational phase transformation, 
just as the antiferromagnetics show the peak of the magnetic susceptibilities at the Curie 


point. The points which just correspond to the above situation proved to be 
HCl 98,4K, HBr 89,8°K, HI 70,1°K 


from the measurements of dielectric constants by Smith and Hitchcock”. 
The intermolecular potential of solid hydrogen halides is now obscure. Kirkwood 


approximated the potential of two neighbouring molecules by 
(J/2)cos 7x» 608 745= 008 0, cos 0;+sin 0, sin 4, cos (Y;—;), (1) 


where (4,, 9) is the orientational angle of the symmetry axis of molecule. Based on this 
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model we discussed the effect of short range order on the rotational phase transformation 
in the previous paper’. Recently, T. Oguchi” discussed the same problem based on the 
simplified form of dipole interaction. We think, however, it is possible to obtain some 
insights into the physical situation in the rotational phase transformation by use of (1), 
for which is probably responsible the large repulsive force between two neighbouring halide 
ions. 

The treatments of hindered rotation made by Kirkwood and. others” proceed on the 
line of classical theory, of which only one exception is the original theory of Pauling”. 
However, Pauling’s theory is very naive in its character and the quantum statistical treat- 
ment of hindered rotation stands far from the classical theory of Kirkwood. 

How much effects has the quantum mechanical behaviour of molecules on the rotational 
phase transformation ? To see this order of magnitude, it might be well to compare the 


transition temperature 7), with the rotational degeneracy temperature © defined by 
£O=h/21 , (2) 


where # is the Boltzmann constant, # the Planck constant divided by 27 and / the 
moment of inertia of the molecule. The @-values of hydrogen halide molecules are given 
by” 

HICH S15:43'K > SB oi 1.9 koe cH oe 


We see that 7, is as high as about ten times 0, and hence the system proves to be almost 
classical at the transition temperature. 

However, 0/7, is about ten percent and so we cannot allow to consider that the 
quantum effect is negligibly small at Z,. K. Clusius and G. Wolf® investigated the 
thermal properties of solid deuterium halides and they found the transition temperatures 
shift from those of hydrogen halides. According to their results, the temperatures of 
phase transformation are as follows: 


DElee 105-0 Ke DBr:0) $20.31 Ke 29335: Ke 
DI: 12853 Kota. 3 ke 


The transition temperatures of deuterium halides shift to the high temperature side com- 
pared with those of hydrogen halides. It is also notable that the number of phase transition 
of DBr is two, while that of HBr is three. This isotope effect should be interpreted from 
the quantum mechanical behaviour which survives in the molecules at the transition 
temperature. 

Confining our attention to the rotational transformation, we shall discuss the quantum 
effect on the phase transformation. For the sake of simplicity we assume the intermolecular 
potential given by (1) and the Hartree approximation. Hence, our theory may be 
regarded as the quantum mechanical analogue of the Kirkwood theory. However, since it 
seems to be difficult to obtain the Slater sum in a closed form, the Slater sum is expanded 
in power series of s, which measures the degree of order, and so the calculated results are 
valid only in the neighbourhood of the transition ‘point. But, we attain to the right 
estimation of the transition point and the jump in the specific heats at the transition point. 


punta scat 
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§ 2. Evaluation of the Slater sum 


%, Let us assume that the ordered state of the system is realized by the antiparallel . 
configuration of VV heteropolar molecules and the polar axis of our polar coordinates system, 
which specifies the orientation of molecules, is taken as parallel to this antiparallel direction. 
Then, all lattice points are divided into two sublattices: the parallel and antiparallel sub- 
lattices, whose lattice points are denoted by 7 and / respectively. The common index to 
both sublattices is denoted by %. The total Hamiltonian of the system, JC, is given by 


=F A+ SJ /2) 008 74) (3) 
ap 
where 
A= —( POS a pet Otel bea Os S 
; sin#, 96, ay ple 00, M4 sin’, =o} oe 
Baet {27 (3b) 


and (27) denotes two neighbouring pair. 
On the assumption of the Hartree approximation, the density matrix of the whole 


system (y is given by 


A 
y= 0,8) (4) 


where (/) denotes the index dependent only on the state of the %-th molecule and we 


assume that /, is normalized as 


Tr p(k) =1. (5) 
The average energy of the system, U; 
U=Tr py (6) 
is then written 
U=8 3) Tr yh) Aut (7/2) 21 Tr pre) rs(Z) 008 705» (6’) 
where we used (4) and (5). In the same way the entropy of the system, S,” : 
S=—h Tr py ln py (7) 
is written 
S=—hS) Tr p,(4) In py (2). (7') 


Since the free energy of the system, /(/1,), which may be regarded as a functional of #9, 
is 


I°() = U(() Fa LSC Ss (8) 


the minimum condition of /(p,): 


OF (p,) /0,=0 (9) 
with the restricting condition of (5) leads to 


(2) =exp pail eee (Hi2)2) Tr (cos 7iy°1(7)) 41> (10) 
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and a similar equation for 9, OB) 
pa lie 


where 77(---); denotes the diagonal sum over (7), which is the state lebel of a molecule 
neighbouring with the 7-th molecule, and the undetermined multiplier 2 is determined from 


the normalization condition (5) as 
exp (— (A) = Tr exp B[—F A,— (J/2) 33 Tr (cos 75" (7) al » (11) 
a 
being the Slater sum of the 7-th molecule. 
Using (1) and regarding a property of the density matrix: 
Tr ((A function of 4, ¢;), 9,(@@))=((A function of 4;, 9:)) av» (12) 
we have 
Tr (cos 743 1(7) )s= —5 cos 4, , (13) 
s=—Tr (cos 4;-,(7)) 
TAROT 
where we assumed 
(sin 7; cos Yj) yy = (sin 4; cos ;) hy=0, 
(sin 0; sin Y;) ,y= (sin 9; sin 9;) .y=0 
in our coordinates system. Accordingly, if we assume that a molecule is surrounded by 7 


molecules effectively, whose number is of course equal to the number of nearest neigh- 


bouring molecules when they are parallel to each other, (10) and (11) are written 
0) =exp [PA— BZA, + (Be Js/2) cos 8; |, (14) 
exp(— PA) = Tr exp [—EA,+ (Bz Js/2) cos O;] (15) 
respectively. And (13a) is written 
s=—P90A/d(Bz/s/2)s (16) 


(see Appendix I). The similar equation for ,(7) is obtained in the same way but it 
might be omitted, since we can proceed on without it. 

The density matrix , is expressed in terms of a parameter s and it is determined 
from (16). Hence, our problem reduces to the evaluation of the Slater sum exp(—/9/). 
However it seems to be difficult to obtain the expression of exp(—/) in a closed form, 
and so we expand this in the power series of s. 


For this purpose we use the Bloch equation for 9, : 
8p,/2B= (A—EA-+ (2/s/2) cos @) <p, (17) 
obtained from (14). Introducing G() defined by 
0, (8) =exp( BA) exp (— EA) -G(f), (98) 


we obtain the equation for G(/?) by substituting (18) into (17) as follows” ; 
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OG (PB) /d3= (2/s/2) exp (6A) -cos 0-exp(— BEA) G(). (19) 


Integrating (19) with respect to and considering G(0)=1, we have an inhomogenious 
integral equation 


G(B) =14 (¢/s/2) | exp (3A) «cos O-exp(—P’EA) -G(P') df’. (20) 


By use of the iteration method, (20) is expanded in the power series of s and ,(() 
is written 


exp (— 7A) 0, (7) =exp(— FA) + (2/s/2) exp( — PFA) {exp (SEA) «cos 0: 
-exp( —’ A) df’ + (¢7s/2)? exp(— eA) | exp (8'FA) «cos O- 
0 
-exp( — (EA) | exp (8 EA) -cos O-exp(— BEA) df" dp’ +. . (21) 
0 


Let us now take the representation which diagonalizes A. As is well known, the 
diagonal element of cos @ is zero in this representation, accordingly in the trace of (21) 


thei terms of odd power. of 5 vanish identically and so 
exp(—f2) = Tr {exp(— 5A) + (¢/s/2)* exp (— AEA) 
|" exp( Pie AY -cos aero (== EA) -| exp (BEA) -cos 6: 
-exp(— PA) dp" df’ + O((2Js/2)*)}. oe) 
By use of the matrix element of cos @: 
(Z', m'|\cos 0-1, me) =(/—1, m|cos O|2', m') 


= {Celeb Caan a ae (23) 
(2/+1) (2/1) Be 


(22) is evaluated as 
exp (— Pa) =D, (2) + (BxJs/2)*(1/6B4) 


Bz oy Tefal yas 11 e Ree ye 4 
+( 2 rate 15'- 9..N- 266 ) Lone as 


Le = 1 ; e,8 (24) 
+ Dul)( 532 ) |+ | 
after somewhat tedious calculations (see Appendix II), where 
Dy(O)=Dy(2L+ V exp(-—E4E41)) inlet eee 
i= 

eS BA sees a(n 1)), (24b) 

DOS pepe wa POE | 
DA gy = SE OMAN) exp (—CH +1). 24) 


fA (?(1+1)?(2/—1)? (2/43)? 
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$3. The location of the Curie point and the anomaly of the specific heats 


, , d ; rf 3 : 
The subsequent procedure is now in complete parallelism with I”. It is convenient 


to introduce two parameters x and o defined by 
Bef /O=X5 (25a) 
6¢/2/=a (25b) 


respectively. By use of (24), (16) is written 


A, (a, *)s— A, (a, x) s°-+ +++ =0, (26) 
A,(o, +) =a '—D, (ex), * (26a) 
PA 2) =a pact as cae ag ee ee 
(26b) 
in terms of x and ga. 
As *# increases from 0 to co, A,(o, +) increases from —©o to 
A, (6, ) =o —1. (27) 


Then, if A,(a, ©) is positive, (26) has real positive roots approximated by 
Sie (Or) LAM Gea) (28) 
in a certain region of x for which 
A,(o,z)>0, A,(e,x)>0 


are satisfied. The latter condition proves to be satisfied in an intermediate region between 
x=0 and =co after numerical inspection, although A,(o,0)=0*) and A,(a, co) =— co 
if A,(o,:00)> 0. 


As € increases, a does, hence A,(a, co) decreases. The condition 


azi—1=0, or (//).=2/6 (29) 


gives the critical value of o,, beyond which the ordered state cannot be realized. Let us 
confine our subsequent considerations to the, system for which o <4, is satisfied. Then, 
the transition point +, is determined by 


GL) ete aai, (30) 


which is the condition that (26) has s=0 as a triple root at the transition point. A 
small o proves to give a small +, from the direct inspection of (30). The more detailed 
information of ao dependency of x, is obtained from the numerical calculations of (30) 
and is plotted in Fig. 1. 


* This is due to the fact that we have D (0) =1,2217 after numerical calculation to the first five terms 
of this series on the one hand and 11/9=1,22222--- on the other, and hence we expect 2.(0) =11/9 although 
we cannot give a rigorous proof of it, ; 


Statistical Theory of Hindered Rotation in Molecular Crystals 101 


Let us consider next the behaviour of the system in the ordered state. The order 
pene S is determined by (26) and the calculated tesults are plotted in Fig. 2, in 
po x,/%=T/T, is regarded. In terms of this s the average energy U is expressed. 
First, the average kinetic energy K is evaluated as 

K=WNEé Tr pA 
= NV 9201/9 (82) G1) 


D,(ox) 2 oD, (er) 


Le 
1-0 
0-8 
0-6 
0-4 
0-2 
(6) 
0 02 04 06 08 1.0 
o 
Fig. 1. 


Secondly, the average potential energy V’ is 


V= (2N/2) (J/2) Tr (cos 9,-;(6)) “OBhE 08-40 
- Tr(cos 0; -0(7)) ban 
= — (2N/2) (//2)s°. (32) a 7. 


The average energy V= K+ V is thus obtained from (31) and (32), and the contribution 
to it above 7, proves to arise from K exclusively, but this situation is due to the neglection 


of short range order. 
We can now evaluate the specific heats per mol, C;,: 


C/R=—P3(U/N) (9B (33) 
with the help of (31) and (32), where & is the gas constant. And then, in complete — 


parallelism with I, the jump in the specific heats, 4C,/R, at the transition point, whose 


nature is of the second kind as in the classical theory, is obtained as 


Sec ls -\3 7p! =| 
16/R=—2 1 (02°) (0%)| Se |p 64) 


where (30) is regarded. By use of (28), (26a) and (30), (34) becomes 
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4C,/R=3(0x,)* (Dy (ex,) 5 /2As(G; +0) (35) 


; AC 
which is calculated for various values of a numerically Fos 
and its results are plotted in Fig. 3. 2-5 
2-0 
§ 4. Discussion 
j 1-5 
1. Correspondence to the classical theory 5 
As is well known, the quantum theory goes over 
to the classical one in the limit of #0, which cor- o-8 
responds is o—0 in ae present theory. ee we use gear OG eec ae 
the following expansion formula for )),(€)"”*’: o 
DOV=1/C 41/2 4-C/19-F 407 313 Gola e Fig. 3. 
(36) 
Substituting (36) into (30) and solving for 1,, we have 
He=141/3-04+ 8/45-0°+22/189-0°+>--. (37) 
In the limit of g=0, (37) becomes 
T.=2// 6 , (38) 


being identical with Kirkwood’s formula exactly. 

Unfortunately, we could not obtain the asymptotic expansions of D,(f) and D,(¢), 
where the application of the Euler-Maclaurin summation formula seems to break down. 
However, according to the results of numerical calculations JC,/2 seems to converge to 
5/2, which is identical with JC,/R in Kirkwood’s theory, as o tends to zero. Accordingly, 
the correspondence of the present theory to the classical one is satisfactory. 

On account of the nature of our approximation, (28) is valid only in the neighbour- 
hood of 7, and this valid interval decreases with decreasing o. This situation originates 
from the present perturbation method in which the representation diagonalizing the kinetic 
part ot the Hamiltonian is taken. It will be rather convenient to use the representation 
diagonalizing the potential part of the Hamiltonian in the cases of almost classical systems. 
However, even for small o the present methiod is effective in the neighbourhood of the 


transition point, and hence it leads to the correct estimations of 7, and 4C,/R for all 
possible a. 


2. Comparison with the experiment 


As was described in § 1, the thermal behaviour of solid hydrogen halides is regarded 
as almost classical in the neighbourhood of the transition point. Hence, for the purpose 


of estimating the magnitude of /, (37) can be used. Then, from (37) / is expressed 
in terms of 7’, and @ as follows: 


* In the reference 11 the first four terms are seen, but the fifth term is newly calculated by the Euler- 
Maclaurin summation formula. 
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ey) 2 fOr 288 378.58 
gs =hT,j6+2( ) a ( | 
J ieeaes 105 ae ; (39) 


where we used (2) and (25 a, b). As in Kirkwood’s theory the nature of the transition 
predicted by the present theory is of the second kind. Except HCl which shows the 
transition of the fitst kind, HBr and HI are suited for the application of the present 
theory. Substituting 9 and 7, of HBr and HI into (39), we obtain 2//%, by use of 
which we compute o of deuterium halide with the help of @ obtained from the moment 
of inertia of deuterium halide 7, and then we substitute the above obtained efJ/k and o 
into (37) to obtain 7Z,’s of deuterium halide. These results are summatized in Table I. 


The agreement with the observed values is only 


aie qualitative but towards the right direction. Con- 
| DBr DI sidering that the present theory is based on the 
3 JAK 563,24 439,50 most naive approximations, one should content 
Tx 104g cm? 6,53 8,54 oneself with this small success. It should be 
@°K 6,18 4,72 noted that the deviation of the predicted 7), from 

6 0,066 0,064 the observed one is considerable in DI. 
(Z2eveomp. 91,8 TALG/ According to Clusius and Wolf’s observations, 
(7c) obs. 93,5 773 the transformation heats of hydrogen halide are 


small compared with those of deuterium halide. 
It is explained from the fact that 4C,/R decreases with increasing o as is seen in Fig. 3. 


In conclusion, the writer expresses his coordial thanks to Prof. K. Husimi for calling 
attention to the Hartree approximation, and to Assist. Profs. T. Tanaka and K. Yosida 
and Prof. T. Matsubara for their kind interests. 


Appendix I 


Let us prove 


Tr A-exp(eAtyh)=2 Tr exp(+A+yB), (A-1) 
Ne 
in which 4A and ZB are not commutable with each other. In an arbitrary representation, 


oo Li ois eae -A+yB)*|\m 
Fee exp(vd+yL) = Bara NG: yB)*\m) 


3. (m|xA+yB\m,)(m,|4A +yB\ mz) + (myp-|4A +yB\m) 
ie 


if 
k=0 Rl My My ere, My_y 


= Ss ous St {(m|A|v72,) (m,|\4A +yB\ my) ++ (ty |4A +yB\m) 


A=1 BR! Ts My yet, My 


+ (m,| Aliy) (19|xA +B ms) (|x A+ yB\ my) 


+ (mn,.;| Alm) (m\xA +yB| my) (4-2 4-A +yB\m,-1) } 
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= s eae (in| Alm, (| A +yB is) (my \4A+yB\m) 
k=1 (k—1)! My My tre, M yy 


— SF (i,|4A +yB\ my) 
m my ci (k—1)! My? Mays" ,My 


x (m|xA+yB\m,)-+- (n,1|\4xA+yB|m) 
= >} (m| Alim,) (m,\exp (vA +yB) |) 
mm 


=Ty A-exp(+#A+y£). 


Appendix ff 


We ‘shall derive (24) in the text from (22) in the same. Let us first find the 
coefhicient of (¢/s/2)°, Q, in (22). In the representation diagonalizing 1, whose eigen- 
value is denoted by I’, 


8 is 3 2x3 
O=Tr exp(— fis) ‘| exp (P/E) «cos O-exp(— P's A) | exp (94) 
0 
-cos f-exp(— PFA) af" df’ 


8B Br 
= 3} (A cos 0!" exp (— BEA) | exp pr S(A A) exp pre(A'—A) ap apt 
A’, AM 


SS Lp AIS? B exp(—fe’) exp (— 364’) —exp (— fE 1’) ar er 
Sai | EAM) E(AV LAY See 


An eigenvalue A’=/(/+1) is 2/+1 fold degenerate, and hence the summation over these 
degenerate levels in (A-2) reduces to that over (I’\cos O|A”’), whose result is 


A c SN Ce 
ey <2 ae foos-O J 1597 Pe 
ae) m=—l A 


7/3", 32 


Z 
where we used (23) in text and 5} m°=/(2+1)(2/+1)/3. Then, substituting (A-3) 
i 


n=— 


into (A-2), Q is evaluated as e 
O=§/6§ , (A-4) 
which is the contribution from 7=0 and other terms cancel out with each other. 


Let us next find the coefficient of (z/s/2)*, Zr R, in which R is an operator defined 
by 


6 gt 
R=exp(—f¢A) ‘| exp(/3’¢A) «cos O-exp(—f’E/) -| exp(3'EA) - 
0 0 


Br 


-cos #-exp(— fi" EA) | exp (8) «cos O-exp(— 9" EA) « 
; 


| exp: (87°F A) «cos G-exp— (f7" cA)aB dp dB" dp’. (A-5) 
0 


Ee Cama 


Statistical Theory of Hindered Rotation in Molecular Crystals 105 


Now, 77 R gives the diagonal sum over the products of four matrices and the terms 


Lo dara Lo dave Co davratY [data . 


which appear in the diagonal element of these products, prove to be confined to the follow- 
ing three types from the inspection of (23) in text: 


pes A a, dd a" | yi 
TORN | A Ae ee At 
Rat ar A’ Ate A mM 
RY ar | A’ Aw, AN an 


| 


The diagonal elements corresponding to these types are obtained in the same way as (A-2) 
as follows : 


ee 3 exp( — SEA’) 

Cte A MN 206A" anys} )? Xp 
Rh ay ee 1’ \cos 6|.A"") 2 (A \cos AFA" (AN WP (A— A) 

B exp(—fisA”) exp (— BSA’) —exp(—/E1’) ( ES 
=F (A! — Ay? (AA) ECA" A)? (MAY) (AMA) 
dl 1 2 1 a) 
ts (Aen) (A Ay (Rien (At — A’) CPE TE 
7 Ses, a an Dal (A-6) 


E4( A — A)? (AY — A")? 
28 exp(— B41") 
E ( 5 As A’) 
B exp(—/EA") _, exp(— a =A") eae (A-7) 
BEC SH) ehet) 


Aye | (fF 72) ) exp(— BEA’ oy 
al Mie A’) (He A) 


Rn =} (A' cos OA") ag CR 


p exp(— PEM’) 1 yates Le ) exp( — A") —exp C= PEA®) 
7 ern) (Av — 2) (3 EAN AM) E(AM A’) EA" A) (AU) 

exp (— 51”) —exp(— fs’) | . (A-8) 
= SA! — A) A") 


By using 
2°@+1) (2+ 2)° (A.9) 


S G, 71\cos O\Z+1, )°(J+1, m|cos O|2+2, m)?= ie ate 


m=—t 


obtained from (23) in text and 


SI we = (1/5)1(04 1) (2241) V0+1)—-1/3} 


m=—l 
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and then substituting A’/=/(/+1) into (A-6), the summation of RG) ,, over the de- 


peserate levels gives 


SI (1, m|R |, m)= 2 Grn) G42) | Pept hh 


mart 15 2/43 85° (J4+1)°(2/+3) 
+ Best PEO) pin bt 8. hes == BF (fa-4 te 
s(f41)04+2) | 1624 +1)°(0 42)? lp )E+2)) 
ze _ 98 exp(—/ (+2) @+3)) —exp(—fELC+ 2) 
SE eee es 16€1(2/+.3)?(¢+2)? 
15 2/—1 85°2°(2/—1) 8°? (¢—1) 
sete aye (OP RUL-1) er UL 1) 
+ op(=% (1) (2) acer Peers), (A-11) 
165° (2-1) @—1)- 


where the latter term arises from the transition of the type: 
(2, m) > (¢—1, m) > (l—2, m) > (¢—1, m) > (4, m) 


and is restricted to /’s which satisfy /—= 2. 
The similar calculations of 77y R® and Zr R™ are in complete parallelism with 
(A-11). We have only to use 


i 2 
/, m\cos 6\J—1, m)i1= A L4P +1) ; A+12 
2a, mateo Bars (2/+1) (2f—1) Oe 


and 


Ss (/, m\cos O\/—1, m)*(Z, 1\cos O\2 +1, 1)? ME eA t (A-13) 
m=-L oS) Wi fome i 


instead of (A-9). These results are omitted for the sake of brevity. 


‘After some tedious calculations, we obtain 


ly R= 2 (Ria + Rit + Riis) 


ie B 1 ©, (2/+1) exp(—PEl(74+1))/ BY? 
er: Ge “9 (2€)8 u 10 e Z(Z+1) (22-1) (2/43) te) 
1 2, (2/+1)(24f4+241—9) 
15 t= 1 2 (0+1)?(2/—1)? (2/43)? 


exp(—PEU(+1)) Ee (A-14) 


| ie Bo 


5) 
6) 


7) 
8) 
9) 
10) 


11) 
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Letters to the Editor 


Perturbation Theory of Relativistic 
Eigeavainue Problem 


Nobumichi Mugibayashi and 
Mikio Namiki* 


Department of Physics, Kobe University 


and Osaka University* 


June 7, 1953 


In the recent work on the mass-corrections to the 
fine structure of hydrogen-like atoms, Salpeter has 
presented the perturbation theory of the relativistic 
eigenvalue problem for two-particle system.!) The 
formulation is essentially based on the facts: there 
is no external field and thus we have only to do with 
the coordinates, the motion of the center of gravity 
being completely separated. Moreover, the unperturbed 
interaction between particles is assumed to be instan- 
taneous. This reduces rigorously the equation to the 
one involving only equal time variables for the two 
particles which corresponds to the Breit equation. 
His methed is, accordingly, not applicable to the 
cases where there is an external field or the unperturb- 
ed interaction is noninstantaneous. We shall offer 
in this note a primitive but more general perturbation 
theory including Salpeter’s as a special case. 

We consider two electrons in an external field 
which is assumed to be independent of time.2) Such 
a system is described by the relativistic equation 


LG@r(P—c4) + M) a Gy (P—ed) +M) ,—T]o=0, 
(1) 
where Py stands for 1/2-0/0xp, A is the external 
field, AZ the mass operator, / the interaction kernel. 
a and 6 label the respective electrons. We replace 
the mass operator JZ by the electron mass # and 
consider the remaining terms as being absorbed into 
I) We also disregard the effects of pair creation 
by the external field. Defining the total energy and 
the relative energy by 


Caxos Lon) == and 1/2- roe Log =e 
respectively, (1) is rewritten as 


(4—7)p~=0., (1/) 


* On leave from the Department of Applied Physics, 
Waseda University, Tokyo. 


where 7=" 8? 7 and 
F(Z, e) =([1/2-2—Ha (Pa) +¢] 
x [1/2-E—A,(P»)—e] , 
H, (P44) =[@4¢(P,- cA) +eAp+mp] , 
Hy, (Py) =[@® (P5—eA) +e4o+ mB?) . 
(2) 

Now, we divide the total energy / into the 
unperturbed energy /) and the perturbed 44—£, 
a oak oy , and expand, correspondingly, / as 

P= Fy (AE) FV 4 (AE)PY, 

in «which (= 75, 6)7 2’ —1/2- (@9—424g Cra 
—f,(P,)) and #”=1/4. The interaction kernel 
Z and the wave function @ are also divided into the 
unperturbed part /), ¢%, and the perturbed 4/=J/, 
Tp -e=--= = » 4p=ditdete - Substituting these 
expansions into (1’) and picking up the terms of 
the same order, we can determine the perturbation 
energy and the wave function successively. First, as 
the zeroth order terms, we have the unperturbed 
equation 

(4—Lo) do=0 - (3) 
The instantaneity of /) is not necessary, although 
one could hardly solve (3) without it. 

We proceed next supposing that the solution ¢» 
and the Green’s function Gy of the equation (3) have 
been obtained by some method. The first order 
terms of (1’) is the equation 

(Lo— 4) bit Li P'/do—Z do=0; (4) 
which determines “7, and ¢,: From the inner product 
of (4) with ¢) and the hermite character of 7), we 
have the first order perturbation energy 

E\= (Yo 4 bo) | (dos 4” bo) (5) 
The denominator and the numerator of (5) have a 
common divergent factor, i.e., jax in case of no 
external fields or \ 2X in case of time-independent 
external fields, VY. being the coordinates of the center 
of gravity. In what follows we suppose such a factor 
to be dropped. We also obtain from (4) 
$i=Go 11 byo— 4, Gy Fg - (6) 

In the same way, the second order terms of (60) 
gives { 

Le=1] (ho, F/ bo) 1 (os 72 bo) + (Yor 7 Go G bo) 
—L£y (ho; 41 Gy £” ho) 


Dh ae 
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Eo, F/G Ti bo) + EY (dor H CoF* bo) 
EY? (ho, #" bo) $ - (7) 
Thus it is shown that even if the energy appears 
quadratically in the fundamental equation, the pertur- 
bation energy can be calculated to any order by 
applying the similar procedure as in the nonrelativistic 
cases where the equation contains the energy linearly. 
When there is no external field, all quantities 
become the functions of the relative energy-momentum, 
e and P=P,=—FP). ‘In particular, Zo is the sole 
function of the relative momentum if it is instan- 
teneous. Then we can define the three-dimensional 
wave function ~(P), following Salpeter, by 


(A2CP) A? CP) — AS (P) AP (P))*CP) 
=| dedo(- (8) 


Here AZ(P), AS Ce); ASCPY and A?’(P) are 
the usual Casimir operators; e.g, Af (P) =[Za( P) 
+H, (P)\/22.(P) GB, (RP) =4+ (m+ 


P2112, and m,=mj,=" is supposed to have a 


where 


small negative imaginary part. 
The wave function 4(P) satisfies the equation 


[Zo —-4. (P) — 20 (P) xP) 
=—n) lds @mg+)- (9) 


From (8) and (9), the e-dependence on ¢(/) is 
uniquely determined as follows : 


Go (pf) =— (nt) 
i Ey- AAP) ~HoP) ne py 
[ey Hf. (P) + eV Zo P)—e] © ss 
(10) 


where how to manage the poles in the integration 
over € is decided according as H7.,(P) takes the value 
ae CE?) ot -E(P). 

We define next b4(/) by 


gatp=— ni) 
ea PY. 
Xp Hi, (P) +e] GE MiP) 41 ASE: 
(11) 


In (11) Z is the eigenvalue of (1) and it is to be 
noted that [an(/de= | oa (te Then @4 is 


easily shown to satisfy 
— ni) (4E)x= (FA) oP). 2) 


Writing es 
Gadd + da= lot id + Gah bo 
+byatdrati , 

we get from (1) and—€12) 


— (2nt)-1 (AE) x= (4/) — (H—L0) Ya 
—[(AE) F/+ (AE)? FY by « (13) 


This is the fundamental equation of Salpeter’s theory, 
from which the perturbation energies can be calculated. 
On the other band, the zeroth order terms of (12) 
are nothing but the unperturbed equation (3). 4 
and @;, are obtained from (12) and (13) respective- 
ly, and each contains the auxiliary function %(P), 
but their sum is free from %(P) and coincides with 
d(P) given by (6). Moreover, the equation (12) 
serves for showing the generality of our methed of 
perturbation ; as the first order terms of (12), we have 


| ani) t= (B—-1) 1 8+ Fy Boo» 
which gives the relation 
(hos L7G) = — (2x7) “do %) (15) 


(Lo Z) on the right hand side of (15) was normaliz- 
ed to unity by Salpeter. In this case, accordingly, 
Ey, becomes — (277) (fo 1 (iy) in accordar ce with 
Salpeter’s result. “The wave function %(P), therefore, 
seems not to play an essential role. From the second 
order terms of (12) and (15), we can also prove the 
relation 


Ey (Go> Fo) =— (ho, F/ ps4), (16) 


which reduces our second order perturbation energy 
(7) to Salpeter’s. 

It is thus obvious that our primitive perturbation 
theory, which is valid even in the presence of external 
field, includes completely Salpeter’s method which can 
be uscd only in the absence of external field. 

This perturbation theory can be applied, fer 
example, to the calculation of the triplet splitting of 
He.atom, in which the nucleus is considered as an 
external field 4p, the Coulomb interactions between — 
two electrons as an unperturbed interaction Zo, the 
exchange effects of a transverse photon between 
electrons as 7), and so on. 

One of us (M.N.) 1s much obliged to the 
Yukawa Fellowship of Osaka University for the 


financial aid. 


4) E. E. Salpeter, Phys. Rev. 87 (1952), 328. The 


direct application of Salpeter’s method to the 
calculation of the hyperfine structure of the 
positronium has been made by R. Karplus and 
A. Klein, Phys- Rev. 87 (1952), 848. 

2) This assumption about an external field is permis- 
sible in most practical cases. 

3) Such terms may be frequently omitted in practical 


problems. 
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New Description of Field 
—Classical Ficld (continucd) — 


Yoshiro Takano 


Department of Physics, 


Yokohama National University 


Ttaru Suzuki 


Yokosuka High School 


June 9, 1953 


Previously one of the authors tried to make a 
description of the field by the differential form.) At 
that time, he treated the meson fields as the linearized 
equations, and gave the clear correspondences to our 
usual formalism. In the second paper we shall discuss 
the proof of the Lorentz invariance of the field equa- 
tions described by the di*erential form, the derivation 
of the quadratic equation, and the relation to the 
Lagrangian formalism. And, the appendix contains 
the explanation of the differential form. 

First of all, we shall prove the Lorentz invariance 
of the eqs. (1), (2), (3), (4) shown in the first 
paper. For that purpose, since w,;) clearly is the 
Lorentz invariant, it suffices to prove that dw;(”) is 
the Lorentz invariant. Generally speaking, when in 
(including the 
Minkowski space and others of the kind) the domain 
Dy (44, wie? 
by the one-to-one correspondence which is continuously 
diferentiable, then the relation 


(7_, 0) =dy(w) el 


is proved, where — means the transformation of the 
variables and the suffix of @ shows the variables 


the #-dimensional Euclid space 


X»y) maps onto a domain 22(44, +, 1») 


performing the differential operation. Namely, we 
see that the diferential operation and the transforma- 
tion of the variables are commutable. Accordingly, 


it can be proved that the equation 
dy =@ rl) @>) 


is the invariant with the Lorentz transformation. So 
is the case with the electromagnetic field. 


Secondly, we shall derive the quadratic equation’ 


cf the meson field from the linearized equations. For 
simplicity, we will deal with the free field. The 
scalar meson field is described as follows by way of 
the differential form : 

(ees F G) 


do, = xu , (4) 


oO=¢, Ce 
wo D=V, dxt+Vody+Vad2--Vodt , (3%) 
0,8 =Vy dx dy dz—V, dy dzdt—I > dzdx dt 
—V,dx dy de, (4) 
ond =—gpdx dy ded, God 


where we choose c—1 and bracket out x. Now, for 


the diferential form w: 
n 
o= DB) Ga). diay -@a@,* (5) 
4(1), ==, (7) 
we define the dual form w by the following :2) 
=, = n 
o=1/V | 2) - 33 aia).--2@) FG-4 Din) » 
i(1), =, 107) 
(6) 
O¢= i, 4 t- +8in AX 5 
g=|gen|> 


7(1), ++, 7%), 2(7+1), ---, 22) : even permutation. 


Then, clearly hold the relations : 


o,9=0, , (7) 
es . (8) 
and is described the scalar meson field as follows : 
do,O=xay , (9) 
a : (10) 
By the use of eqs. (9), (10) and the general relation 
d(do) =[Jo , (11) 
it follows that 
Je, =x 0%, (12) 
0, O=x20,. (13) 


This equation is not anything but the usual equation : 


(L\—x*) ¢=0. (13°) 
The vector meson field can be treated similarly. 
Last, we shall give the relations to the Lagrangian 
In the case of the neutral scalar free 
field the following relation holds: 


formalism. 


L dx dy dz dt=1]2- (da, do, +20, @,). 

(14) 
The same can be said in the other cases. And, we 
can show the correspondence to the variation principle. 
Moreover, in the case of the electromagnetic free field 

the Lagrangian is given as bellow :) 
L dx dy dzdt=1]/2-@®'o®", (15) 

Appendix: For 
we A(C;) 7=1 


* We use the sign 7() for the sign 7,, in view 
of the technical limitation on printing. 


eden 
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expressing 


o= Bi ).--i() (x) dxgay dixie 
Fy ir) (x) daa) --dri@) (16) 


we define dw as 


m  OMi(1)..-1r)(X) 


d= Do 
i(1) <+e0 <2(*) j=l Ox j 
< dj Axi) AXED) 5 (17) 


and the following commutation relation holds : 
dxydxj=—ax jax; . (18) 


1) Y. Takano, Prog. Theor. Phys. 9 (1953), 86. 
2) E. Kahler, Abh. Hamburg, 12 (1937). 
W. V.D. Hodge, “ The Theory and Afplica- 
tions of Harmonic Integrals” (1941). 


Some Comments on the Theory 
of V-—particle 


Ken-ichi Ono 


Department of Physics, College of General Education, 
University of Tokyo 


June 22, 1953 


The assumption was proposed by the author that 
V° has an unknown degeneracy, that is, 7° has a 
large number of accessible internal states.') These 
states are thought to be lying with the density of 
the order of 10!°/vz7.¢°, and the total number of them 
is estimated to be very roughly of the order of 10'°. 
This seems to show that /—particles are composite 
particles. However, as it is difficult to consider /”° 
as a composite structure, we cannot think that the 
unknown degeneracy of 7°, asa result of the compo- 
site structure of °°. 

There are two reasons why we cannot consider 
V° as a composite particle as, for example, suggested 
by Sacks.”) First, if we can explain /° as a compo- 
site particle composed of a nucleon and some pions, 
the same explanation will lead to the existence of the 
singly or multiply charged particles which, in other 
points rather than charge, have almost the same 
properties as 1” ©, However, there is little or no 
experimental evidence of this sort of particles. Second, 
if 7° is a composite particle, it is very unlikely 
that 17° is created so easily. As the binding energy 
forming this complex particle, we may think, is small 


compared with its rest mass, its creation probability 
will be far smaller than the creation probability of the 
constituent particles as a separate individuals. 
Therefore, we must think that we are facing with 
a new kind of freedom, and that this freedom is the 
Yukawa 


theory of the non-local fields results a degeneracy for 


origin of the anomalous degeneracy of 1°. 


the higher mass levels, even if one can successfully 
eliminate the degeneracy for the lowest or near the 
lowest mass levels.®) However, we cannot hope for 
this theory to explain so large a degeneracy as 10!°. 
Some suitable selection rules as proposed by Pais!) 
may reduce the magnitude of the degeneracy needed 
for V° considerably, and these selection rules may 
not in their origin be independent with the anomalous 
degeneracy, though in the present stage we can say 
nothing about explicitly, in what way the selection 
rules and the degeneracy are related through the 
internal structure of the particles, and what is the 
relative weight between them. 

One of the criterions for the models of /~—particles 
is the distribution of Q values. According to, for 
example, Nishijima’s model,” the Q value must have 
one definite value. However, the empirical Q values 
show some dispersion. If we have more accurate 
knowledge on the Q values in future, we may be 


able to select what is true among various models. 


1) K. Ono, Prog. Theor. Phys. 9 (1953), 524. 
2) R. G. Sacks, Phys. Rev. 84 (1951), 305. 

3) H. Yukawa, Private communication. 

4) A. Pais, Phys. Rev. 86 (1952), 663.- 

5) K. Nishijima, Prog. Theor. Phys. 9 (1953), 414. 


The B-7 Angular Correlation 


of Sb™ 


Masato Morita! and Masami Yamada 
Department of Phasics, Tokyo University, Tokyo 


June 26, 1953 


Recently L. M. Langer et al.!) reported that the 
highest energy B group of Sb!24 is explained by the 


+ Now at the Yukawa Hall, Kyoto University, 
Kyoto, he is greatly indebted to Professor M. 
Kobayasi for his hospitality, 
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first forbidden ST type* interaction of Fermi theory 

with M(B), M(Ba) and M(Bea x2), where Ves 

are the reduced nuclear matrix elements, and the spin 

change one, on the ground of their experiments. 

They found the ratios of the nuclear matrix elements 
to make the Kurie plot straight as follows: 

G5 M(Br) 
Cr M(B a X71") 
M(B a ) aZ 


eee ee , 


= = is r=y=1 5 
M(Be x7) pie 


—ix ard 


For brevity, we denote this combination with (r, 7, 
1), where x and y are real, and Langer’s case is 
written as. (1,4, 1). 

Previously the present authors?) explained both 
the 8-7 angular correlation and the B-ray spectrum 
of Sb!24+Tel2i*->Tel24 assuming the pure tensor 
interaction with the nuclear matrix elements I(P@), 
M(B XI) and M (Biz*) and the electric quadru- 
pole transition in the same spin change 3(—-) —2(+) 
—0O(+) as Langer’s case.") 

Therefore we reinvestigate the B-y angular corre- 
lation with ST type. The formulation of Yamada 
and Morita?) is used and the angular distribution 
functions /;, for the ST type are newly calculated 
by the authors.” 

In the case with the ratio (1, 1,1) of D’s the 
B-r angular correlation coefliicient 

a(lV) = {B® (a) ~- BW (n/2)}/% (@/2) 
is too small in the absolute value, a(5)-=+0.02, 
and has the opposite sign in comparison with the 
experimental value. And whatever the ratios (0, 1, 
1) may be the calculated angular correlations are not 
so large in the absolute value as the experimental 
one. Therefore these combinations are definitely ruled 


out. 


If the recently obtained -spectrum! is not so 
different from the old one”) 


for we have not yet 
seen the former-—— the combinations of 2 (8i;*) 
and (1, 1,1) make the Kutrie plots straight because 
M(Biz%) as well as (1, 1,1) have this property and 
their interferences do not exist in the correction factor. 
The good angular correlation can be obtained with 
this combination by choosing the ratio 7 suitably, 


where IM( Bij") /M(Ba x7) =tr, (& is real). 


From these considerations we obtain 72=—7.3 or 


—99 in 1V=5. The $-r angular correlations are 


* This means the combination of scalar and tensor 
interactions and is not limited by the special values 
of their coupling constants. 


drawn in Figs. 1 and 2, and the several curves are 
shown within the limits of the experimental errors in 
each case. We consider the tendencies of the curves 
in Fig. 2 are not good, therefore, the ratio 7 is 
probably —6>7>--9. In these cases the theoretically 
calculated {t values for (413°) are approximately 
9 10!9 which are considerably larger than the usual 
ones, but they are not inconsistent with the first 
forbidden transition. Then it seems that the transition 
is 3-2-0 and the f-decay is caused by the nuclear 
matrix elements IN(G1"), M(Ba), M(Be x7) and 
M(Br;") in the first forbidden ST type. 

Using the newly obtained 8-spectrum ) and taking 
the nuclear finite size effect and the de Broglie wave 
length efect, the ratio » might change somewhat, but 
the main results will not change. 

The work is proceeding in the case of 4-2-0?" 
of the second forbidden ST type, where It(4.;"), 


M (445®), M755"), M( 5,3.) and their interference 


terms ate concerned. When cancellation is not so 


a (W) 
—0,25 


—0.30 


—0.35 


—0,40 


3.5 4.0 4.5 5.0 5.5 


se, 

Fig. 1. The angular correlation coefficients for 
3(—) -2(+) —0(+), in the cases of the combina- 
tion of M(B), M(Ba), M(Ba xv), M(Baj*). 
I, v=—6,. IE v=—-7, UL 7=—8, IVe 7=——9: 
Experimental values of Darby and Opechowski.? 


Experimental values of Stevenson and Deutsch.”) 


-1-x-1 1-O 
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—0.35 


—0.40 


—0 45 


-0,50. = 
re S5D 40 4.5 5.0 5,5 
— W 
Fig. 2. The angular correlation coefficients for 


those of Fig. 1. 
Pg 190,.. I r= 98, Ti. %=—48: 


large, M(Aij*) is like Mi (7; 33°) very much, therefore 
the combinations of M(2;;°), MN (4i3°) and M (Tig®) 
will be perhaps ruled out, as in the case of M (425°) 
and M(7ij"). If M i) is taken into account, 
the result will be similar to the case of the tensor 
only.) 

The authors wish to thank Professor S. Nakamura, 


". Professor L. M. Langer and Mr. M. Umezawa. 
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Theory ef Rearrangement Collisions 


Yoichi Fujimoto,* Satio Hayakawa** 


and Kazuhiko Nishijima** 


*Department of Physics, Kyoto University 
and 
** Department of Physics, Osaka City University 


June 26, 1953 


Recent development of experiments of ¢- and 
d-n reactions has provided powerful means for under- 
standing the nuclear structure, in connection with 
theories developed by Butler!) and others. The theory 
is so constructed on the basis of physical intuition 
that further elaboration is needed for increasing its 
mathematical accuracy as well as making clearer its 
physical meaning. It is the purpose of this paper 
to construct the theory of the rearrangement collisions 
such as @—/) reactions along the line of the general 
theory of scattering developed by Lippmann and 
Schwinger”) and others.” 

The theory of rearrangement collisions has been 
considered only in terms of the Born approximation 
and of its modification,’) but not in a complete 
general way. Lippmann and Schwinger’s theory is 
concerned only with such a case that the total 
Hamiltonian is decomposed into free and interaction 
parts in one way only, namely, that the wave func- 
tions of incident and outgoing particles belong to the 
same orthogonal set. In such cases as ¢/ reactions 
and pick up processes, however, the wave function of 
a deuteron in the initial (final) state evidently belongs 
to a different orthogonal set from that of outgoing 
(incident) free nucleons. Unless the total Hamil- 
tonian is decomposed in two different ways in the 
initial and final states, therefore, the theory is subject 
to approximation methods such as the impuls ap- 
proximation. The extension of the theory is required, 
in order to treat the rearrangement collision rigorously. 

Initial and final states are designated by suffices _ 
a and 4, respectively. The total Hamiltonian // is 
decomposed in two. ways in the respective states. 

H=H P+ Hel =H +H! Cr) 
The wave functions in respective states when interac- 
tions are absent are characterized. by 

(H,°—L£a) #,=0, (A,°—L£>) 0,=0, (2) 


with the conservation of energy 
ioe (3) 
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With an incident wave @,, outgoing wave V,(+) is 
given by the integral equation of Lippmann and 
Schwinger as 
Gv Y=0,4+1/(Ly,+e¢—-7,°) E/E. (4a) 
A similar equation holds for incoming wave V,(-) 
V ,.- =0,4+1/(L,—te—1,") - Ay’ Vy. ~— (4b) 
The formal solutions of (4a) and (4b) are obtained 
as”) 
Y.O=0,+1]/(4a+rte—Z) *Ha! Og ? (5a) 
VY, =0,4+1/(2,—te—Z) -/L,/ Oz - (5b) 
In obtaining transition matrix 77,,, for the reaction 
a->b, an asymptotic form of %,(+) must be con- 
structed. Since the asymptotic form has to involve 
a factor 06(/7,,—/7,°), (Z,+¢e— 77) — is so reduced 
that the scattered wave possesses a factor (/,+/e 
—ff,°)—!. This can be done as follows. 


1 1 
Bie A Batie—H,o 
1 1 
H,/—————.- (6) 


Ete ies, 


Substituting (6) into (5a) we obtain 
Lya= (Oy, He’ Oz) 
Pe Se ah 
Latie—H 
=(% 0), Hy/Oq). (7) 
An alternative expression of (7) is given by 
Lia (0,, 7, Yo) =, 472) 
: if 
Lo, -te— HL 
The equality of (7) and (8) can be verified by 
taking their diderence as 
(Oy, (Aa! — My!) Oa) = (Dn, (49 — 1a") Oa) 
=(4,—L£ 4) Op, 9a)- 


The last expression vanishes for /“,=/,,, because O 


+( 0, Hy Hy, 


+(9, Lila a Whe D., ~ (8) 


involves no singularity as Y does.* Thus the recipro- 
city character maintains also in our formalism, 

Our formalism can be extended so as to include 
the symmetry properties of interacting particles and 
also to the dispersion formula currently employed in 
the theory of nuclear reactions. 


* It must be noticed that the expression 
Tra—(0;, A178) 
=(9,, (Z-A") YH) 
=(E4—Ey) (Oy, Val?) for HP=H,9 
does not vanish for #,—£,, because Va) pos- 


sesses a singularity of (“,—/,)~1. 


1) S. T. Butler, Proc. Roy. Soc. 208A (1951), 36. 

2) B. A. Lippmann and J. Schwinger, Phys. Rev. 
79 (1950), 469. 

3) A similar approach appeared in E. Gerjuoy, Bull. 
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4) N.E. Mott and H. S. W. Massey, Te 7'heory 
of Atomic Collisions, second edition (1949), p. 
149. 

5) G. F. Chew and M. L. Goldberger, Phys. Rev. 
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On the Conservation of Heavy 
Particles* 


Osamu Hara, Toshio Marumori, 


Yoshio Ohnuki and Hajime Shimodaira 
Institute of Theoretical Physics, Nagoya University 


June 29, 1953 


The conservation of heavy particle recently empha- 
sized by Oneda” is certainly one of the most important 
problems to be solved in the theory of the interaction 
of elementary particles. 

For it theoretical explanations have been proposed 
by many authors) ) >) under the guiding principle 
of restricting the type of the interactions by assuming 
the invariance of the theory against possible transfor- 
mations such as the charge conjugation or the time 
reflection.** Of course such attempts of seeking for 
selection rules within the framework of the current 
theory are orthodox ones, but it seems to us that this 
is a problem to be understood in a relation with a 
more intrinsic structure of elementary particles. We 
shall show in this note that the extension of our 
previous theory to spinor field suggests a way of such 
approach. 


* This note is a direct continuation of our previous 
one!) “ The Theory of the Structure of Elementary 
Particles”, and the notations are the same with it 
unless otherwise remarked. 

** Recently Oneda and Umezawa®) have shown 
that the conservation of heavy particles can be ex- 
plained to some extent by assuming, instead of anti, 
the commutability of field variables describing heavy 
and light particles. 
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Starting with a non-local spinor field dp (Xr) 
(0=1, 2, 3, 4) which describes the spinor Urmaterie, 
and defining the spin and the mass operators in ani 

analogous way as that of the scalar case, the spin 
operator is found to be 


S?=(L+a/2)%, (1) 


while the eigenvalue equation for the mass spectrum 
leads to 


MM? g=m ¢ 
with 
MM? = — (1—+°) -d2/dx? —3.x-d/dx+x?/(1+2x2)-2 
+3/4+20,(op); (2) 


where IL is the angular momentum, 2 its magnitude, 
p the momentum of the internal motion, and p and 
6 are the usual Dirac matrices. 

If S? and M2 compose a complete set of mutually 
commuting observables with respect to internal coordi- 
nates, the specification of elementary particles with 
the spin and the rest mass is complete, and no other 
structure constant appears. If, however, another scalar 
observable that commutes with them exists, it means 
that the elementary particles possess a structure con- 
stant other than the spin and the rest mass. In the 
case of spinor field, such an observable is provided 
by contracting Ryy with its dual tensor Ruy*. Some 
parts of yy RH are not independent of S? and M®, 
and omitting such irrelevant terms, we are left with 

O=p; - (3) 
Although @ is pseudoscalar, it is easy to construct a 
scalar observable that inherits the essential feature of 
it.** and we disregard this odd character in the 
following to simplify the discussion. 

@ has eigenvalues +1. As will be seen from 
(2), @ is closely related to the eigenvalue of 7”, and 
in classifying all spinor particles into two families 
according to this eigenvalue, the eigenvalue -1 
determine the minimum value of the rest mass ap- 
pearing in these two families. Although eq. (2) has 
' not yet been solved exactly, a preliminary estimation 
treating xp;(0)) as a small perturbation yields 


5 for @=1 


me min. = 
f; for O0=—1. 


* In the case of scalar, Xyy RY yanishes identical- 
ly. 

** Such procedure as an example is to double the 
components of dp(Vp7) into eight, and to introduce 
an independent set of Pauli matrices other than 0 
seed 2: 


As was discussed in our previous note, 7 represents 
the rest mass of elementary particles measured in unit 
(4/cd). Therefore, by taking A of the order of the 
compton wave length of the nucleon, these two can 
be interpreted as corresponding to the nucleon and 
lepton family respectively. 

Thus, @ is interpreted as expressing the intrinsic 
difference of these two families, and the conservation 
of @ leads at one to the conservation of heavy 
particles. A deeper meaning of @ is found by 
introducing further 


6=1/2-(@-+1). 5) 
§ takes eigenvalues 1, 0, for nucleon and lepton 
family respectively, and just correspond to A introduced 
by Oneda.”) 


interpret it as mesic charge,* and to assume the 


Therefore, it would be natural to 


invariance of the theory under the “ gaeége sransfor- 
mation” performed in a relation with it ; 

y- petde ? 

pt > preTe 
where a is an arbitrary constant. From this require- 
ment follows the conservation law of mesic current, 
which, in our opinion, is nothing but the conserva- 
tion of heavy particles. 

Thus, the conservation of heavy particles seems 
to be a strong evidence for the existence of a new. 
intrinsic structure in spinor particles, and we hope 
that our theory might serve as a first step in elucidat- 
ing it, even if it might not be correct at the ultimate 
stage. 

In conclusion the authors wish to express their 
sincere gratitude to Prof. S. Sakata for valuable 
discussions and criticism. Details will appear in a 


later issue of this journal. 
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* The concept of mesic charge and its conservation 
has already been introduced by Okayama’) an 
Wigner.*) 
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The Statistical Quantum Mechanics 
of Time-dependent Phenomena 


and Viscosity 


Tatuya Sasakawa 
Departinent of Physics, Kyoto University 
June 29, 1953 


In his theory of irreversible process, Cox!) has 
derived viscous force from the classical statistical 
mechanics. But it seems that there are some vague 
points in his paper. 

In the present short note, it will be made clear 
what an approximation have to be done to derive the 
macroscopic viscous force from the quantum statistical 
point of view. Throughout this note Dirac’s notation 
will be used as it is simple, and a discrete set of 
states labelled by a parameter a or a’ will be taken. 
In general, eigenvalues of Hamiltonian of the system 
are not degenerate in quantum theory. But a macro- 
scopic observer will consider that the system consists 
of macroscopic states /’s, each of which is composed 
of microscopic states a’s. 

We use the same method as the perturbation 
theory in quantum mechanics, that is, we expand the 
quantum density at any time and place with stationary 
bras-and kets. Let us denote the prokability of find- 
ing the system in the a/-th state as Par, which is a 
function of time owing to a time dependent pertur- 
bation. Quantum density is given by definition: 


Oy= 24) Parca’| . oS, 
a! 


By this definition, we can obtain results that are 
independent of the initial phases of the states. Let 


7 be the Hamiltonian of the system, then the Liou- 


ville equation in this case will be 


( Ola’) , 


it ee: iy mE Paria’| 


Par ) 
as 7 
Oe $6 Ir 


a Sf Mola!» Paral —|a’» Paral 
« 


0 - 0 
+a) Par ae SU I+ 1a) — 


4 OP ur 
Ria 
+24 \a/> ry ca’|} 


=f1) 01-04 Hot Dita’) oP HIS He: (2) 


where //, means unperturbed Hamiltonian of the 
system. 

The statistical mean value of an observable 4 is 
defined as usual : 


(A= 2 Pa1(a/| Ala’) = 2 Pasa’|E)<§| A\a’) 
a a’s 


= Sel Ala’) Para/\8)= 3) <E|Aoc|€>- (3) 


tal 5 


Then the rate of change of the average value of 4 
over the ensemble is calculated from (3) as 


ana Ps a (ali Ala’-+ Per al Ata! 
+ Paria’ ms 1a!) + Paslal| Aa ia’) 
= 2 | Parca = |a/>+- a (AH)—Hy AD 
4 ee al Ala’? \. (4) 


This equation can also be derived from (2), operat- 
ing <€|4 and 
Now 


Par =(a!\p,\a’) =, (a’| 
a 


|) and taking spur of it. 


‘|a>Pa%a|T\a’) 
= P.°P(aa’). 
a 
where 7" satisfies the equation 
OTL HT: 


Let us suppose that initial system, labelled with a, 
was in a stationary state and P,° is a constant. Then 


OP ar 0P(aa’) 
ESP 00 = 
OL 0, Ka x Oe 
= Ss Pl Pea Pe 5 BEA 2 
aalrallt Me O¢ 
bz @ RZ 
CE ee ray ee 
aarll 0¢ 
= 5) Part darttal , ety, 


alt 


where P-1(a/a) is the inverse of P(a/a) and we 
have put 


D2!" a)-02 (aa’) [0e=carrer - 
a 
Then Eq. (4) becomes 


C2 =(4 AN 4. = (AH—HA) 


+2 Parr aatrara’| Ala’) « . (6) 


An 


The last term in this equation is “the viscous 
force”, Evaluation of P(aa’) is beyond the scope 
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of “ statistical quantum mechanics”, though it can be 
evaluated by means of “ quantum mechanics”) ”. 
‘Other terms in this equation can be determined by 
ordinary procedure of ‘statistical quantum mechanics. 
Thus Eq. (6) shows the margin of utility of statistical 
quantum mechanics. 

Now a macroscopic observer will be concerned 
about the sum 5} Parry of many microscopic states 


arrreh 
a'’’ belonging to a macroscopic one “2”. This 
sum is the probability of finding the system in a 
macroscopic state “4. We may use a notation /, 
for this sum. In the case when the macroscopic state 
is specified and nothing is done about the micro- 
scopic one, we would have to consider each micro- 
scopic state a’’’ in 4 is equally probable. Thus we 
may use a notation P,, for Ppl gps where gy, is the 
statistical weight of, or the number of microscopic 
states in, the macroscopic state 4. Further -we 


introduce notations 

(A|A|4) for ¢a’| Ala’) (a’er), 
and 

Onk {OL Galtlal (a! “eh, a/ek)- 


Then the last terms of Eq. (6) can be written as 
> Parr oattrasa’| Ala’y 
alallt 
aN annsh\ A\hy+ ZY Pn Ba Py Ong R|A|e? 
SY Pr oon TunKM| AAD 
& 
FE! Pasa onn<h\A\h> 
(i 
+3y Pygn ght oan h!\ A\R’) 
( 6’) 


SY Prt git Sn ORK R| ALR , 
kil 


where the prime means the sum over k’s except 4. 


. Here 


Te Py PR 


and 


(hl Al hy hl ALAY 


"for nearly equal energies /;, and x. (In the above 


_ equation~means about the same order of magnitude.) 


This nearly equality of energies between macro-states 


will-be legitimate. 
When probability of finding the system in any 
macroscopic state is negligibly small except one labeiled 


— with 4, among all terms in the above expression (67), 


_ others. 


“the first term will be overwhelmingly great than 


Thus we have 
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Ss fall flats =F hoa 
Pe setsine |.4\a’> =P pn Sn Onns "| A\4) +0 
= 27, 04746 A)+ 0’, 


where 0 and 0” represent negligibly small quantities. 


Then Eq. (6) becomes 


dA) '> 0A 1 
eS =( + = (AH HA) 


2a 
(7) 


Now 2,04, is the macroscopic co2flicien: of viscosity, 


+2 Onn§A>+0’. 


reciprocal of “ relaxation time “or” betensation time ”. 


A full account will be pubtished later. 


1) R. T. Cox, Rev. Mod. Phys. 22 (1950), 238; 
24 (1952), 312. 

2) P. A.M. Dirac, Phe Princifles of Quantum 
Mechanics, (The third edition) (1947), (Oxford, 
at the Clarendon Press) 

3) SP Awe Ditac. Vc p.l75, "equ (26). 


Interaction between Spin Waves and 
Conduction Kiectrons 


Atsushi Kondoh 
Physical Institute, Nagaya University 


June 30, 1953 


: \ 
We have calculated the relaxation time that the 


energy of microwave absorbed by the spin system of 
ferromagnetic 3¢-electrons dissipates to the system of 
4:~conduction electrons in ferromagnetic conductors. 
We take the Heitler-London model for 3¢-electrons, 
which follow adiabatically the motions of ions. On 
the other hand, it can be assumed that 4s—electrons 
are free. The spin system of 3¢~electrons can be 
treated by the spin wave approximation, which is 
valid when the temperature is comparatively low, 1.e., 
7|T-<1. Since conduction electrons play a important 
role at low temperature, it dozs not lose a essential 
part of the problem even if this approximation 1s 
adopted. . 

Through magnetic dipolar interactions between 
3d- and 4s-electrons, there occurs the collision process 
between spin waves and conduction electrons. The 
spin wave quantum decays in the collision with a 
4s-electron. The 43-electron is deflected and change 
its orbital and Zeeman energies. Thus the energy 
of the microwave absorbed by the spin wave is 
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transferred to the 4s-electron through this collision 
process. If only the spin wave quanta of zero 
momentum are excited by the perturbation of the 
microwave field, this process can not occur owing to 
the energy and momentum conservation laws. How- 
ever, Kittel and Abrahams!) have shown that the 
spin-spin relaxation time is shorter than that of the 
other relaxations. Since the equilibrium of the spin 
wave system can be established very fast, the spin 
wave quanta of all the wave numbers take part in 
our process. 

Treating the s-electron system with the method 
of second quantization, we can set the interactions 
between spin waves and conduction electrons in the 
form 


Hy=(S]N)'?2 DOD Ge (2, 2) 
kk KX 


x {ba (Ly apt 6 Onda t Opp cy On) 0} —K,—k 
pe BAL + apn 6, bp Ly b Ht Cp %) Oy 4 Ky —kh 
(1) 
where a, and a, are the respective operators of 
creation and annihilation of the s—electron with spin 


up in the state 4, 4, and 4, refer to those of the 


s-electron with spin down, and cy and cy to those 
of the spin wave quantum of wave vector Aj. /,= 
are the Holstein-Primako‘f’s transformation constants,” 


@, the polar angle of the wave vector Aj, of which ° 


the z-axis is the direction of the static field 4%. After 
some calculations, we have the integrals of G2*( Aj 
+h, ) as (2/.9)4:18/12)(A,M/A,)*, where S' is the 
total spin per atom, 4%, the saturation magnetic 
moment of the sample, and § the Bohr magneton. 
Let w,“® and w,¢” be the respective probabilities 
per unit time that the s-electron system may absorb 
and emit one quantum of spin wave Aj. w,@? and 


,¢™” can be calculated from (1). The energy a) 


transferred from the spin wave system to the s- . 


electron system per unit time is 


O=12/(20)" | | (onto, em) Ey dkdK 


G29) 
where J” is the volume of the sample, “, the energy 
of the spin wave quantum A, which takes the 
simple form of /,=25/d?K32+28//o, neglecting 
We can define the 


relaxation time of our process 7 as follows, 


the d-d dipolar interactions. 


c= AT {OG} Coonase 1) Copia); (3) 


where 47’ is the temperature difference between the 


spin wave system and s~electron system, and Ceona* 
and Cypin®) the respective heat capacities of the two 
systems. Putting (2) into (3), we can obtain Tt 


after somewhat long calculations. 


5 B5SNy d? 
© 2n  BZ(S+1) 7? (BM)? 2\fyt |? Tc 
ps ( 1 ; 1 
PG IMS os PSE ae eaieile ? ore F23/2 
& (1.110*7, © 0.113(S(S+1)23)*/?Mox 


me: (4) 


where iV, is the number of atoms per unit volume, 
d the lattice constant, z the number of nearset 
neighbour atoms, 7 the mass of an electron, x the 
Blotzmann constant, € the reduced temperature, i.e, 
£=T7/7T,, and |4+\2~4. Inserting the values of 
Nickel, we have t~7 10-4 sec at 1°K, 3X 10~4 sec 
at 3°K, and 4x10-® sec at 300°K. The spin-lattice 
relaxation time obtained by Kittel and Abrahams!) 
are ~1 sec at 1°K, 5107-4 sec at 3°K, and 6x 
10-7 sec at 300°K. 

From the above results, it can be concluded that 
the interaction between spin waves and conduction 
electrons gives the essential contributions to the relaxa- 
tion mechanism at low temperature, where the lattice 
vibrations are almost quenched. 

Details of the calculations will be published in 
the near future. The author wishes to express his 
sincere thanks to Prof. K. Ariyama and Assistant 
Prof. T. Takabayasi for their kind interests to this 
problem and Assistant Prof. S. Nakajima and Mr. 


K. Sugihara for their valuable discussions. 


1) E. Abrahanis and C. Kittel, Phys. Rev. 88 (1952), 
1200. 
C. Kittel and E. Abrahams, Rev. Mod. Phys. 
25 (1953), 233. 

2) T. Holstein and H. Primakoff, Phys. Rev. 58 
(1940), 1098. 

3) c.f. Mott and Jones, Proferties of Metals and 
Alloys, p. 237. 


* As the value of the specific heat of the conduc- 
tion electron, we adopted the experimental value of 
the electronic specific heat of Cu. C.f. Seitz, Modern 
Lheory of Solids, p. 152. : 
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‘Quantum Condition’ in the Phase- 
space Represeatation of Quantum 
Mechanics 


Takehiko Takabayasi 
Physical Institute, Nagoya University 


June 29, 1953 


Quantum mechanics can be formulated in terms 
of certain Marko%-like process in phase space as was 
attempted by Moyal.!) We shall in this note give 
some remarks on this formulation, especially clarifying 
the subsidiary conditions for it. 

Take up, for simplicity, a single spinless particle 


The method of the 


phase-space ensemble represents a quantum-mechanical 


in a force potential / (a). 


state of wave function @ with a probability distribution 
of particle in phase space, given by 


fo(w—4 ek =a) epulkdy, 


(1) 
a’) = p(x) 


~ (2a DE 


where p is a particle momentum and p(x, 
¢*(ace/) means the density matrix. The function 
f(x, P) is real but not positive definite. This fact 
discloses the unreal nature of such ensemble, but 
enables it correctly to give the quantum-mechanical 
expeciation values of any dynamical quantities (a, 97) 
as the mean values over the ensemble, i.e., 


Cou sh f= { HC) fap) dacdp. BY) 


The temporal development equation for the distribu- 
tion function to be determined from the Schrodinger 


equation is 


of 


im Dee , 
OL ie yh Vf=ALS], ( ) 
where 
ALA =) J D—POS ep)’, (4) 
ea ee eer 
(SOD? (4/2)* 
Ay! Ag! As! 
av ieee 
XH Oxyh2 Oxy OOP OPS 
(5) 
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z y 
JX; p) =—- RE {V(e+¥ ) 
ails (6) 


The formal interpretation of (3) (with (4) ) shows 
that the ensemble develops as follows: the coordinate 
a of each point of the ensembie changes continuous- 
ly with the momentum 77, while the momentum 
changes discontinuously and non-causally with a 
transition probability 7, which itself is perfectly 
determined by the external potential 1, and is 
independent of the present value of particle momentum. 
(/J(x,p) means the probabilizy with which the 
momentum jumps by an amount 9) at the point %.) 
moments’ of momentum 


The various ‘ transition 


components become 


Piaaaec \ py" foM2 pots] (ae, p)ap ; 


(eee nV 
—-(— (a =1)/2 4 — eu ars 
( 1) ( 2 ) Oxy" O.r9"2 Ox ara ? 


Fe if 2=>)2;=0dd, 
i 


Gr) 


Especially, the first moments, i.e., the rate of the 


0, if 72=even. 


average change of momentum, coincide with the 


classical value: 


ao 


—o 


(8) 


The picture, however, cannot be taken as real, since 


J (though always real) can take negative values, and 


the integral \ /(a, p/—p)dp/=Moo0 vanishes. 
We may also start from the integral form” for 


the development of ¢: 
ght es K (att | dy bo) (A040) 1 » 


where A’ is the transformation kernel for the wave 


fanction. This leads to the analogous form for /: 


(apt) = \ T (ape | XoPo%)SLoPo £)) dy LP 


Coy 
with 
: 1 
T (ape | Hy Pot) = ‘(2nt)3 
4 a 
x ja(@ as | ge a : tv) 
a a 
K* (w+ = » ¢@ | Mor ee ? ‘») 
x eth py—poyo) dy Yo » (10) 
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The function 7’ is real and symmetric, and satisfies 


the iteration law : 

T(ape| XP %) 

=| T (MP e| Py 4) P(A, PG | Hy Po 4) TH, By « 
(11) 


These show that the ensemble develops according to 
a sort of Marko process in phas2 space admitting 
negative probabilities, where 7'(acjpo| W992) %) means 
the transition probability, i.e., the distribution at ¢ 
conditional in a, 9%) at “o> Thus 7" satisfies the 
same equation as (3), which may be regarded as the 
‘differential form’ obtained by reducing the integral 
equation (9) or (11) (Smoluchowski equation), but 
is more general than the usual Fokker-Planck type: 
Differential coefficients of / in and above third degree, 
in so far as they do not vanish, play the parts of 
higher transition moments for momentum components 
(see Eq. (7)) and bring about quantum terms” 


to (3), the terms following S\ in (5). In our 
HAIG 
process, the probability that the value of momentum 


changes by a finite amount in a small time interval 


cannot be regarded as small, essentially differing trom _ 


the case in usual Brownian processes. 

We have seen that a quantum-mechanical state 
. corresponds to an ensamble in phase space, but, 
conversely, an arbitrary phase-space ensemble does not 
necessarily correspond to a quantum-mechanical pure 
state. The “uncertainty relation ”, 


(eC) NDI (pi—- Cd 1S e/4, 


which results in by the help of (2), is of course a 
necessary condition but not a sufficient one. We 
shall now obtain the conditions that a phase-space 
ensemble should really correspond to a quantum- 
mechanical pure state. The density matrix (av, a’) 
| o(aa”) 
x p(ae'’ac’) doc!” =(acae’), or in differential form, 


for a pure state satisfies the condition, 


ne 02pm de Ope 0p 
Ov 4 O07, 


9 -Ox,4 Oxy! ay a2) 


The relation (12) taken on the diagonal is equivalent 
to six symmetrized relations : 


Oo 


eC 
eal 90 od ee willie 
0 \0x, Oz! Or, ee 


plus three antisymmetrized relations : 


l Ox; meat 


(13) 


TaD wit ;) 
Ox, ier Ox 7, Ox 47 
“L/P: Oba ews Seas) 
0 0x4 Os gh -. OK 


(14) 


These conditions on p(aa’) impose the correspond- 
ing conditions on the distribution /(a») which is 
nothing but the Fourier transform of p(avac’) along 
Corresponding to (13) we obtain 


42 0°(log P) 
4 0 VG OxZ 


its antidiagonal. 


Pi ‘Pe-Pile= 
and to (14) we get 
curl p=0, (16) 


where P, p, and 7; 7% are quantities derived from 


SH, 9) by 
P(x) = | fap) ap ; (17) 
p(a)= \ Pf(ap) p/P, (18) 
Pita \ Pete Mecpap|P. 9) 


Consequently, our Markoff-like picture inthe phase 
space represents a quantum-mechanical change of pure 
state under the subsidiary conditions (15) and (16). 
(15) ‘may be called the 
for the phase-space formulation. 


Especially, “ quantum 
condition ” 
Details and further considerations will shortly be 


published. 


1) J. E. Moyal; Proc. Camb. Phil. Soc. 45 (1949), 


99. Also see E. Wigner, Phys. Rev. 40 (1932), . 


749, 
2) R. P. Feynman, Rev. Mod. Phys. 20 (1948), 
367. 
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Equivaleace betweea the Formulation 
of Quantum Mechanies in terms of 
Quantum Poteatial and the Oue in 
terms of Markoff-like Process 


Takehiko Takabayasi 
Piysical [nstitute, Nagoya University 


June 29, 1953 


In a previous paper’) we have shown the formu- 
lation of quantum mechanics in terms of the 
picture of trajectory enSemble in the configuration 
space. Alternatively, we can also formulate quantum 
mechanics in terms of certain Marko-like process in 
phase space as was initiated by Wigner? and Moyal”) 
and supplemented in our preceding note’) (hereafter 
referred to as 1). The effect of quantum fluctuation 
is represented with the occurring of certain quantum 
potential in the former picture, while in the latter 
with Marko#¥like transitions in the momentum. We 
shall now analyse the relationship between both 
formulations. 

Again we take up a single spinless particle in 
an external potential (ac). The method of the 
coordinate-space ensemble represents a quantum- 
mechanical state of wave function 


g=REASH, (KR, S¢ real) (uy, 


with an ensemble which consists of a probability 
distribution of a particle in the density 


P(x) =R(ax)?, G25) 


the momentum of the particle ys being uniquely 
correlated with its position as 


D(a) =P S(or). (3) 

The ensemble has therefore a particular phase-space 
distribution : 

Se(a, Pp) = 8 (ac)*d(p—v7 S(x))- (4) 


The Schridinger equation ensures that the temporal 
development of the ensemble is built up through the 
process in which each point of the ensemble moves 
along a continuous trajectory with the momentum 
(3) at each instant, accelerated not only by the 
potential / but also by an additional ‘quantum ’ 
potential , 

= Yt (42m) ARR (5) 


It is because, by (2) and (3), the Schrodinger equa- 
tion leads to the continuity equation : 


OP/0¢+-div(Pp|m)=0, (6) 
and the equation cf motion: 
dpldt=— 9 (VLE), Gz) 


ot the relation of momentum consetvation : 


d(P%%) PS (PP iPr) 
O¢ as Ox, 


=— Po +3) (8) 


where o;; means the ‘ quantum stress’ 


A ? PY. 
pp Blog?) 


4m 0x4, Ox, Ce 


CED avail 
Conversely, any ensemble of trajectories which 
satisfies (6), (7) (or (8)), and the subsidiary condi- 


tion: 
cul p=0, (10) 


corresponds to a quantum-mechanical change of state. 

On the other hand the method of the phase- 
space ensemble is stated in J. Now we can produce 
a coordinate-space ensemble from a phase-space _ 
ensemble by ‘ projecting’ the latter on the coordinate 
space. This means that we introduce the coordinate- 
space ensemble which consists of the density and 
momentum fields, (a) and p(a), derived from the 
phase-space distribution function /(#, p) by I (47) 
and I (18); in other words we eliminate the 
momentum dispersion at each space point @ in the 
phase-space ensemble, adopting the mean momentum 
and the total density at each point w. Then we 
can show that the projection of a possible phase-space 
ensemble results in a foss7ble coordinate-space ensemble 
which corresponds to the same quantum-mechanical 
state. 

First, we project eq. I (3) on the coordinate 
space, and just obtain the continuity equation (6), 
the effects of the stochastic transitions in the p 
cancelling. Next we project the momentum conser- 
yation relation for the phase-space ensemble, 

BOE ied 


Seer 
ar =e ih Bhili Dit 


= \2eJ(@, pp) Sap) DV, (11) 
obtainable from I (3). Then the effects of the 
stochastic transitions in the p induced by /” are 
averaged out and reduced to the classical value, 
— PdV 0x, according to I (8), while the convection 
term in the phase-space picture transforms to the 
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convection term in the coordinate-space picture, 
S0(P/i Px) Orn plus the extra momentum flow 
sich as is ascribable to the occurr2nce of the ‘ quantum 
stress’, caking into account the ‘quantum condition ‘ 
I (15) for the original phase-space distribution. Thus 
we get just the momentum conservation relation (8) 
for the coordinate-space ensemble. Furthermore, the 
second subsidiary condition I (16) for the phase-space 
ensemble immediately corresponds to the subsidiary 
condition (10) for the coordinate-space ensemble. 
Consequently the latter ensemble introduced by means 
of the contraction of the former ensemble satisfies 
just the conditions for the correspondence to the 
quantum-mechenical change of state. 

In a previous paper,) we have taken up the 
question whether che quantum potential (5) could be 
analysed into a mechanism like any Markoi’ precess 
underlying, and stated that such attemp: wouid also 
lead to difficulti2s in the interpretation. The problem 
is now explained mote clearly by the foregoing 
analysis. The quantum potential can be regarded as 
an apparent force appearing as the result of project- 
ing on the coordinate space the phase-space ensemble 
which satisfies the quantum condition and changes 
according to a sort of Markoff process. We cannot, 
however, tegard the latter picture as a real one any 
more than the picture of trajectory ensemble under 
quantum potential, because of the inevitable appearance 
of negative probabilities. Furthermore in the phase- 
space formulation we had to put certain quantum 
condition ad hoc. It is also characteristic that the 
probability of momentum transitions is perfectly 
determined by the external field and is moreover 
irrespective of the present value of the particle 
momentum, and further that the transition probability 
J is an odd function and so the transition moments 
of even orders vanish while those of odd orders survive 
(eq. I (7)), in contrast to the usual Brownian 
processes, where the second order moment plays the 
essential role, letting the particle velocity tend to the 
equilibrium distribution. We should only accept our 
Markof-like picture as a kinematical one without 
any attempt to derive it dynamically. Though, at 
first sight, it might seem tempting to consider some 
hidden mechanism of irregular disturbances which 
vanish in the average yet make the partidl2 momentum 


fluctuate, it would, however, lead to unnatural model 
becaus2 of the features of the transitions as are above 
stated. 


Recently Weizel®) attempted to derive the quantum 
potential from certain stochastic process based on 
some model. He proceeded in a considerably diferent 


fashion, but the nature of his method can also be 
seen clearly from our viewpoint that stands upon the 
systematic formulation of quantum mechanics in terms 
of the phase-space. ensemble. 

Details will soon be published. 


1) T. Takabayasi, Prog. Theor. Phys. 8 (1952), 
143. Also see D. Bohm, Phys. Rev. 84 (1952), 
166, 180. 

2) E. Wigner, Phys. Rev. 49 (1932), 749. 

3) J. E. Moyal, Proc. Camb. Phil. Soc. 45 (1949), 


99. 

4) TT. Takabayasi, Prog. Theor. Phys. 10 (1953), 
119. 

5) T. Takabayasi, Prog. Theor. Phys. 9 (1953), 
187. 


6) W. Weizel, ZS. f. Phys. 134 (1953), 264. 


Subsidiary Conditions in the Phase- 
space Representation of 
Quantum Mechanics 


—Supplements to Previous Notes')— 


Takehiko Takabayasi 
Physical Institute, Nagoya University 
July 13, 1953 


It is possible to reformulate quantum mechanics”) 
within a certain range in terms of Wigner’s phase- 
space distribution function.) In this formulation it 
is essential to restrict the phase-space distribution 
function, in so far as it should correspond to a 


(quantum-mechanical) pure state, by certain subsidiary 


conditions. In I we have partly obtained these condi- 


tions, which should now be supplemented. 

A general quantum-mechanical mixed state of a 
particle can be represented with a density matrix p, 
or o(wac’) in the coordinate representation neglecting 
spin. The p should be Hermitian: 


p(acac’) = p(ae/ac)*, (1) 


and normalizable : 
| o(acar) doo=1, (2) 
and have no negative eigenvalues : 


Spur (94?) =0, for any Hermitian operator A. 
(3) 


i. oa) 
yey; 
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Alternatively, we can represent a mixed state with a 
phase space distribution function /(ap), to be 
derivable from p i 


“(Qn ai fo(w—8 


T(ap)= ; at ) epuikay. 


(4) 
Then /(ap) should satisfy, corresponding to (1), 


J (xp) =real ; (5) 
corresponding to (2), 


| Aap) dx dp=1; (6) 
and to (3), 
‘ =| Aap)? f(ap)dadp =o (7) 


for any real dynamical quantity 4, though / itself is 
not necessarily positive everywhere. Conversely, any 
distribution function /(ayp), satisfying (5), (6), and 
(7), corresponds to a mixed state. 

Now the condition that a mixed state should in 


particular become a pure state is given by 
| arse!) o(ar!”a0’) dae!” = para’). (8) 


If this is satisfied, there exists a suitable function 
(ac) that makes p(aca’) written as 


p(aa’) =p (ar) p(x") *. (9) 
But, satisfied this condition, we have clearly 
Lo 


= =0, (4, 4=1, 2, 3); 
Ox; Ox, 4 Oxy! = @, 1, eS 


(10) 
and conversely, if (10) be satisfied for every ¢ and 
hk, we get (9) by integrating (10) and by use of (1). 
We can therefore adopt (10), in place of (8), as the 
condition for a mixed state to-specialize itself into a 
pure state. Eg. (10) is of course compatible with 
the equation of motion for p- 

We can now get the condition that a phase space 
distribution /(ay), satisfying (5), (6), and (7), 
should particularly correspond to a pure state, by 
transforming (10) into relations as to / through (4). 
It is obtained as 


(pif) * neg ee, mes 


Pedi was 
ee ag a Ox ; OX pg ‘ Oe) 
a5 Reo ete «(Pi/) 
0 
=f* (150 read ye 5 (12) 


where the notation such as /; * /: means the convolu- 
tion with respect to J), i.e., 


ACaep) * falap)=\ fpf oe, p—p/)dp’. 


Eq. (11) is symmetric in 7 and % and consists of six 
relations, while (12) is three antisymmetric ones ; 
thus we have nine real conditions on /(ap). 

Next we find that these relations, when ‘ projected 
on the coordinate space’ (i.e., when integrated 
throughout over the momentum space), are reduced 
to 


_@ 0"(log P)_ 
4 On 5 Ox Z ; 
curl p=0 3 (14) 


which are just the conditions that we have obtained 
in I. In these équations, 


| Lile-Piln= (13) 


(a) =| (cp) 4p , (15) 
P(x) =\ ref ep)apl?, (16) 
Pife=\Petaf apaplP, 7) 


are the distribution moments of momentum components 
of the O0-th, the Ist, and the 2nd orders, respectively ; 
and so (13) means the relation for the dispersion 
tensor. 

If we multiply (11) by /; and then project the 
result, we get ten relations: 


Pililn—Pili te 
= — #2/4{ (2:95 dx )log P+-04 94 Px} » 


(0; = 0/02, 7495 On= 74 05 Ox 
eye 
+2594 96+/%0¢07), (18) 
for the (symmetrical) moment tensor of the third 


order, 


DPiPi La= \ 2c Lilns (acp)da|P.« 


On the other hand the same operation on (12) 
results in no new relation; in fact (12) is derivable 
from (11) and (14). 
on (11), we get in succession the relations for suc- 
cessively higher moments. Eqs. (13) and (14) alone 
are insufficient for the distribution to correspond to a 


Continuing similar procedures 


pure state; we must take (14) and (11), or, in 
place of them, take (14) and all of relations for 
successively higher moments: (13), (18), 

This circumstance does not affect the conclusions 
in II on the equivalence between the formulation of 


‘quantum mechanics in terms of the phase-space 


ensemble and the one in terms of the coordinate- 


space ensemble: Given a phase-space distribution 
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fap) satisfying (11) and (14), the density and 
momentum fields ? and » in the coordinate space 
produced from / by (15) and (16) satisfy (13) and 
(14), and so they mean a /osstb/e ensemble in the 
coordinate-space ensemble formulation as was stated 
in IL. 
ensemble specified with P(a) and pa), we can 
quantities, 


Conversely, if we are given a coordinate-space 


from them determine successively the 


Pile PiPilnr > by exploiting (13), (18),-::. 
Thus we can uniquely define a phase space distribu- 
tion function /(ay), such that ic takes thes2 values, 
P(x), pi (x); Dita Lili Pars as its successively 
higher moments. 

To represent the pure state condition (10) in 


terms of the distribution function, we may also 


proceed in the following way. From (10) we can 


easily get 
8,72 02"2 033 0.0 ;/0— 0 0," 0,"2 03"3 0 ;/0=0 , 
(O47? = (0/003) t,” 05’ = 0]0x,/): (19) 


INow we can show that we may replace the condition 
(10) by the condition that every equations of (19) 


\ 
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(including (10) as its lowest relation) should hoid 
on the diagonal, t.e., ; 
372 03" 00 ;/p — 0,710." 05"3 04’ pl al=x=0, 
for SD) ng 152,5;-- oo. (20) 
t 


[a 


The lowest relation of (20), when symmetrized or 
antisymmetrized, exactly agrees with (13) or (14) as 


was stated in I. Thé-next relation. 


[0,05 00%’0 —90; 05 0%’p\ar=x=0, (21) 


can be shown just to yield (18). We can further 
show that the higher order equations of (20) give 
the relations between higher moments and their space 
derivatives. 

Fuller accounts will soon be published. 


1) T. Takabayasi, Prog. Theor. Phys. 19 (1953), 
119; T. Takabayasi, ibid. 19 (1953), 121. 
These notes are hereafter referred to as I and II 
respectively. 

2) J. E. Moyal, Proc. Cambridge Phil. Soc. 45 
(1949), 99; also see I. 

3) E. Wigner, Phys. Rev. 49 (1932), 749. 


“ERRATUM 


The j~7 Coupling Shell Model Vol. 8, No. 5, P. 509 
“Minoru UMEZAWA 
Department of Phystes, Tokyo Ontversity 


In §2, $°(~—sj—2, n—sj—1) and Ter (553-2, #—Sj—1) must be replaced by $9 (z—s7 —-1, 2—53) 


fp 5 . 
and ty,(#7—sj—1, w—sj). In § 3, at 14th line in p. 511, the wardning “ this eigenfunction has a primitive 


5 : : ‘5 : : < tet Sakic) aaa : 
structure’? have to be rewritten in the following precise watdning —— “this eigenfunction includes in general 


the eigenfunction of the primitive structure ”. 


In §8, the two configurations (d5/2)3-and (f5/2)-5 of CIs 


in p. 514 and V® in p. 515 are misprinted and the right configurations are (d4/2)® and (f7j2) > respectively. 


ENE oe LS OR do ee a 


_. interaction representation) can be co 


"convergence seems to have not been proved. 


i iy Uae 
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On the Constants of Motion for the Case of Non-localized Interaciions 
Y6r6 ONO 
Department of Physics, Hokkaido University 
(Received June 8, 1953) 


By generalizing the method formerly developed by the author, the energy-momentum tensor is 
obtained also for the case of non-localized interactions. It comes out that the interaction part of this 
tensor is not given simply by —Z/duy as due to Kristensen-M@ller and Bloch, and that the total 
tensor satisfies the equation of continuity as a consequence of the equations of motion. As the result 
of the space integration of the 4 component of the tensor, a general and simple expression of the 
energy-momentum 4-yector is derived in terms of 6 functions and sign functions of the time. This 
vector turns out to be the constant of motion owing to the continuity equation. The same is true of 
the case of current density and total charge. Thus, it may be asserted contrary to the opinion of 
Kristensen-M¢ller and Bloch that it is always possible, to construct not only the constants of collision 
but also the constants of motion when the invariant Lagrangian is given. The problem is now to 
consider the physical significance of the expressions and how to perform the quantization upon Heisenberg 


representation. 


§ 1. Introduction and summary 


Kristensen-Mdller” and Bloch” have developed the form factor theory of non-localized 
interactions by constructing the .S—matrix after the method of Yang and Feldman, and 
pointed out that the divergence difficulties can thus be avoided. They noted, however, that 
owing to the non-locality the energy-momentum tensor and the current density vector do not 
satisfy the local equation of continuity, and so the total energy, momentum and charge 
cannot be the “constants of motion”, being merely the “ constants of collision’ between 
infinite past and future. 

Recently, on the other hand, Takahashi-Umezawa” and Katayama” showed, starting 
from the teexamination of the interaction representation, that the Hamiltonian (in the 
nstructed even when the interaction is non-localized. 
This Hamiltonian is expressed as an infinite series of the interaction constant, although its 
Previous to this, Nambu” also obtained 


through investigation of the Lagrangian formalism the expression of the interaction Hamiltonian 


by the so-called P*¥—Z méthod. This method can as well be applied to the case of non- 


localized interaction. 

Under these circumstances, we are con 
formalism is generally possible in the case of non-loc 
to understand its physical significance. 


Here we treat before everything ¢ 
In § 2, the most general form of the form factor and its properties 


fronted with the question whether the Hamiltonian 
alized interaction, and if possible how 


Ise the question as to the existence of constants ‘of 


motion in this case, 
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are examined. Then the method formerly developed by the author”* is generalized in 
§ 3, yielding the energy-momentum tensor 7\,, and proving that it satisfies the equation 
of continuity owing to the equation of motion. The expression of its interaction part 
T,|, is complicated depending on the implications of the form factor, and is not of such 
a simple form —//0,, as given by Kristensen-Miler and Bloch. By space integration of 
its “4 component, we get the energy-momentum 4-vector G,, which actually proves to be 
the constant of motion as a result of continuity equation. Moreover, its expression is so 
general and simple, containing symmetrically 0 functions and sign functions, that it can 
easily be generalized for any kind of interactions. The same procedure is developed in 
§5 for the current density vector and the total charge, starting from the definition of the 
former on the basis of gauge-invariance. In this way, we have succeeded in constructing 
the expression of the current vector that satisfies the continuity equation and that of the 
total charge which is the constant of motion.** 

The above-mentioned situation is obvious from the general relativistic viewpoint. That 
is to say, according to the general relativity, there is established the following fact: When 
an invariant Lagrangian, the variation of which by the field quantities yields equations of 
motion, exists, the energy-momentum tensor can be obtained by the variation of the 


gravitational quantities (2,, or He), and the tensor thus derived must of neccessity satisfy 
) 


the-continuity equation by virtue of equations of motion.” In other words, che very 
presence of an invariant Lagrangian ensures the existence of the constants of motion. 
The question that comes to the front is therefore to seek out the physical implications of 
the expressions thus obtained. 

It is to be remarked that every expression obtained in this paper stands on Heisenberg 
tepresentation. Although it is beyond question that the interaction representation is 
preferable for many purposes, Heisenberg representation may also be useful when the 
physical meaning in terms of the corresponding classical conception comes into question. 
Further, there remain to be investigated the problems as to the quantization of the obtained 


expressions and their relation to those derived by Takahashi-Umezawa and Katayama and 


by Nambu. 


§2. Some remarks on the form factor 


Let us take, for example, the case of non-localized interaction between a neutral scalar 
field and a spinor field. The free Lagrangian density 


In(#)=— Ge9u9+ MIP) — (1/2) Out? sn Ge 


and the action function of interaction 


ee dul" h(a’) P(x’, agit Els u (a) h(a’) ( D DS 


* This paper is referred to as paper [1] in the following. : F 


KK 
C. Hayashi has also pointed out the possibility to construct thera by using Green functions (private 
communication) . 
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yield the equations of motion : 
—(TaPa tM) G(x) =—| OCx, 2", 2" \u(al g(a aed” 
eFia(*)ra— MG (2) =—| P(x") OC", x", uw )da'de!, (3) 


(—2)u(2) = —|F@’) D(x! 2,2") h(a") axa”, 


Because of the invariance by a translation, the form factor P(2', x'', 2"), which: is 
in general a matrix including Dirac 7's, is actually function of relative coordinates only. 
Thus, for example, 

= P(x! <x", x! —x'"), (4) 


and hence the interaction Lagrangian density is given by 
L'(x) o de! da" (x) O(a — 2", x ~ x!" u(x") h(a’) * (5) 


While Kristensen-Mdller and Bloch put P=AF(x', x”, x’) of which F is a scalar 
function, it is intended here to search for the most general form of #. In the first place, 
when the spinor field is to be extended invariantly, it is required to put the factor in the 
form . 


pa A770) 0 (a— 4") = (F(F) +f2(F)7) O(a — 2") ,** (6) 


as was done in paper [1]. Next, when we must extend the interval between ¢ and vw, 


the Lorentz invariance of 
Pa eo O47 u 
requires the factor of the form 


a4, (70)? 8a — 2") = (AED) +f (Cra) 8(a—2 aM). C7) 


Thus, ae the two cases (with the substitution r—2”—1, r—2x'""—>y), we 


may write the factor @ as 
P(x, y) = uA a Fn) 270g)? Oe) ay), (8) 


_ where (~, g) means that ~ (70,)’s and g (7d,)’s stand in various orders. When two 
- (78.)’s (or (70,)’s) stand side by side, they become (1, (or CJ,), which is no more 
concerned with the ordering; that is, among these orderings there exist equivalent ones. 

It is therefore to be understood that in (/, g) only the non-equivalent orderings are 
"included. By substitution of (8) in (5), we get 


L'(4)= pe se (4) 79.) (78y) 0 (2)P (I) core - (9) 


Bringing all the (70, e s to he right of (7d,), and taking account of the relation 
* We took fies for convenience, ¢ as a standard (i.e. 2“ of Kristensen- Méller), but the final results 
will prove to be the same, when we take # or ~ as a standard, 


** 70 means Tq 0q- 


5 seas REA SO. 
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(70,) (78,) + (79,) (72) =2 (0, Oy) * (10) 
we obtain as / the more perspective form : 
O(x,7)='F,(O,, Op 0,3,) 1+ F2(O, Oy, 929y) (78.) 
+F,(O,, O,, 8.3,)+/4(C, Fy, 0.3y) 78.) (Ay) $94 )ED) 
=F (x, y) + 70.) Fat, 9) + 78, ) Fax, 9) + 72) (78) a Y) 


4 
=>) O5(4,.9/) 5 (11) 
t=1 


where the function /, and /’, result from the terms ~~g=O or even of (8), and /, 
and /*, from those ~~g=odd. M, and M, mean respectively the extension of scalar and 
vector coupling, while 7, and @, that of Konopinski-Uhlenbeck type.** Bloch took 9, 
only, and Kristensen-Moller put /,=/*, except for 7, and appropriate factors, but in our 
opinion it may not always be necessary to cling to the-coupling type of local fields as 
they did. In fact, even if we adopted Y, only, the operators [], and 0,0, would represent 
K.U. type. 

Finally, from the Hermitian character of the action function /’, there results the 


condition for @: 


O(a, 2", 2") = 7, OF (2, 2" al) 7. (12) 
In the special case, where V=@, or P=F,(=9,) +7(7)0,)/,, this reduces respectively to 
DAE sete: ae eA x", t'), (12’) 
or 
FS ae ae ai a Ee ed ee Boe (12’’) 


But the condition is not so simple, when @ contains @, or @,.*** 


§ 3. The energy-momentum tensor 


Expressing the differential operators, which appear in the form factor (8) or (11), 
in general relativistic forms, we can obtain the energy-momentum tensor by the method 
developed in paper [1]. Let us, for simplicity, take Y, of (11). Then, from the 


expansion 


O(a, y)=F(O,, 4, 0,9,) (a) aC) 
a Poon CEOs) Ole) O(y), (13) 


D,7I.n= 


follows that 


* 0, 0y means Oxy Oyq- 
** Differentiation of ¢, being a sort of K.U. type, reduce to any type here mentioned owing to the 
indefiniteness of Lagrangian, e.g. 01 (0x: reduces to Pb -+- Gdn b-O~ ise 


*** Viewed from this situation, it is more convenient to take 2 as a standard. 
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f= =D | da 8" w-[ Ja" gh .* (14) 
One of these terms can be written in general invariant form as 


Yo. n) =| p(x) Pa sere Paes “(0 a,) Lad (x) f(y) VWs (15) 


in which** 


1 e) Powe a, 
Che == aa(Yre = =~) = 


Mig Bu ax® 
Beet ape? Swe ap RE) 
«(2 » : : ve oP Cees )). (16) 
(2.3) v= (2) 2, )-(2O) 2 2+ Je i Uev)) + 


Moreover, in view of the general invariance, it becomes clear that (0,0,)” must all be 
put dcfore (Wie, and []?,..; in other words, (0,0,)” must operate after [1]?,.. and 
CMe). Wariation of = yields 


Ti @) = {PO a"w-9" b+ (—a)" GL a"n) Cg 
— 1 p(—a) (PO? a") gh 3 
2 
+3) {(Gt4- Dra (a, 4-342) by, 
a=0 


aoe eal ea £ Tite dy i mg 0,A 5 Eee Ou uf 


at 
ae as VO B77 J PA ELD a0 in! 
2 b=0 


TP 3, B-7y7el dp —- LP AB. ra7v 9) 
‘Sueie > 8°, (o" 10. ?u-ar"' Lf) oy, 
c=0 W 
— 1 9°a, (para, w-a" 9) 
ze 
+ 8°(Gia"1d, CI"p) a" *°8, Pa 
+. a° (gar! ay Li? it) 3 Ck emma cry} 5 (17) 


* 920" b means 0)4...dn%+04;...and- 
** As for the notations, see paper [1]. 
*** Eor the derivation of this expression, see Appendix. 


a FU 


where 
A=(—3)"(¢L'a"¢), B=(—9)"(gL?a"x) 
and 


2 m—1 An=t=¢ y 
On enO eee = Oay...a¢°1 8 y...0¢ de41..-Bn—1"*"Oae4+1... dnt * 


Next, as was done in paper [1], take the Fourier component.of (17) and, taking into 


account the relation 
b°— (—a)” 


n—t 
De == 4 Cae 6" 1-- = : 
2 ( ) b+a 


carry out the summation with respect to ~, g, 7”. Then we obtain in the end the energy- 


momentum tensor of the interaction part : 


ae = eat j MAR! PR—V—R") NG CR ule) 


x | | — OK, Hl) — = D(h, Bb) + FR, He (eP) )} an 


Beh, RNY) — (=k, 8, (BBY “RY 
A (h=2 ko b=) bok Ba, z 
(( ) ( ) k zB ) B22. 


FlHs = pl (k—#') Rt) 
kh? —2k- hl! ; 


) F(—k?, — pi, kek) — PK, ki’) 
kis (k+k") 


pp pe EHR, HRP, (BR) BY) — OR, BY) 


WN (a 
+628"), (1) 7,265!) eS es 


ss a: hy— hh O uy 


Epp 
» F(—&?, —B", (k— 2B") -B ee )) 1 Blt 
ee CBA AD (is) 
jee : 
Here, : 
P(h', ED) = F(— 8, —#- —# -R!) (19) 


is the Fourier component of /(1, 7), and the notation \ means that the expression in 
the square bracket must occupy the position between ¢ and ¢. The symmetrical tensor 


can be derived by the aid of 


On =(L+Ty,) (2. 


Now, multiplying (18) scalatly by 7%,, we get 


ik, 7) (k) = a =| dR AR § h—B RY NPB a(t) 


x [ERM — 2), OM, RY) + iy OM — kB) ik, OR, B’—2)] (20) 


or in x—representation 


siete isa 


j 4 . = 7 - , 2 
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a Fyi(e) = — {| A, B(x) Ox, 2! 2") (alae! 
+| Ba) O(a! a", x) u(x!) Ou (4) adx'de" 
aS Fen) Ne Se as bse u(x) g(a" dtd" ; (20’) 


On the other hand, the divergence of the free field tensor 
lige x) es (1/2) (or, OF ¢-Ouh-7, $b) + { (3/2) (Gre On —O. ih Vo b) + Mp} Ons 
= Op, + (1/2) (Og70gU +2707) 6, (21) 
becomes 
Oy T( 4) = —0, b(— (728 + Mo) — (0. ¢7.— Mp) a, ¢— (D—#) U+Oyt 
= (22) 
whose right-hand side is, owing to the equations of motion (3), just the same as that 


of (20’) except for the reversal of sign. Thus, the total energy-momentum tensor 
Pyle Lyy (23) 


satisfies the equation of continuity : 


Oet ayes (24) 


In this way, we can construct in general the energy-momentum tensor satisfying (24), 
although its expression is of rather complicated form conditioned by the transformation 


character of the fields and the form of @. 


§ 4. The total energy and momentum 


In this section, the space integration of 44 component of the tensor above obtained 
: > 
will be performed to get the energy-momentum 4-vector G,(G’, 7’). From the familiar 


equation 


Gi(%) = i| Tialajdec= ees a ey (0, %) exp(—zh, %>) 
we get the following extremely simple formula : 
Giktel a i| ava del ba’) Ae (2) eet) | - {d(4—- 44) 


a 4) +0 (4) — 4,1") } Ons 


fe) jini 00 
SE : ee Aaa ee 
aa Pale) RCE ZA a 
eee) Sin | [Oe 2 2") (25) 
: 


ay 


* e(a)) means sign function. 
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The characteristic festures of this expression are as follows : 


) ral 
i) Perfect symmetry holds between 2’, +”, and x”, 


irrespective of the starting 
Lagrangian density Z’ (+). 

ii) It is applicable to any @, i.e. the matrix character of @ is of no concern.* 

iii) Corresponding to the degree of extension similar terms make their appearance 
in the expression; notice that when P(2’, x”, x!) =O(a',2")0(a'—2'"), the terms 
0(4%—40") and e(4,—25')0/01)" simply drop out from (25). 

iv) In the local case D(a’, 2’, x!) =0(4'—2")0(4'—2x'"), and only in this case 


the simple formula 
ce \ Ue) dt bya 


is valid. (Thus in this case G’=0 while, what is remarkable, G’ #0 in general.) 
v) Owing to (24), the total vector 


Gi (Hy = GY (4) a5 Gs (%) (26) 
is the constant of motion: 


aG, (%)/a%,=0 . . (27) 


The properties i) ~iv) suggest that when in general w field quantities 9,(a),..., 
gy, (4) ** are in interaction, i.e. 


Pa\-[IeCe)dr00®, Fe. wy (28) 
r=1 
we can write the vector as 
Gin) =—J--[ ite, 2) aeOS {0 — a) Oy 
r=1 r=l 
Z : 9 (1) (n) 
— == 8 (iy — 29) =} OG, ..., a), (29) 

2 on”? 

where O means an appropriate large matrix, and OM must occupy a proper position among 


g's. This formula might be of use, for example, in the case of Fermi-interaction. 
Similarly, the angular momentum defined by 


exp(—zhy%) 


My) =i | (4D 4; Ta)de= ; | af oF ake) a 2eu) ) 
; DTG OR; Ok, K=6 


may be calculated, and will prove to be the constant of motion containing likewise 0’s 
and e’s. 


$5. The current density and the total charge 


Kristensen-Mller stated that the current density 


* Actually, we verified (25) for the case 0=0,+ Q. 
** Of course ¢ and of the same spinor field are contained in them. 
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(x) icp, p (30) 
does not satisfy the continuity equation and so the total charge 
> 
Q” (a) =0| gh ae G31) 


can only be the constant of collision. But also in this case the expression of total charge 
which is the constant of motion can be constructed. When the Lagrangian density contains 
higher derivatives of and 4, the current density 4-vector must be defined as 


a = Cy hee aL 
S,, =2é al) SNP fa) h.o ahs A) 5 Ay) h * 32 
k or A ) ( a> g on A) (Orn: By p) fey A (on Be ) dy ) ( ) 


and this in turn satisfies the equation 


3, 5,=0 (33) 
because of the requirement of gauge invariance of /. 
When we put, for example, 


P (4, 7) =F(O,, 3. 9,) 3(x) OC), (34) 


the equation (32) gives 


, 


h= One | dh dk! GR BRB) NOR UCR BE 


Oh, R'—k) — OK, R) 
he kl : 
(35) 


and multiplication of 7%, yields in 2—representation 
Oise ie( | $2") O(a’, a" x)u(ae") pb (4) da'dx" 
—| F(x) Ox, ag" ala iia de" ari"). (36) 


This is identical with the right-hand side of Oi so except for the sign reversed. Thus 
for 

5 = SOP Sy (37) 
the equation (33) is verified. 
Next, 


Uz) == 5 (7) dx 
Z 
= 1 F, mt We 87 lee 
se | de'de da!" 2") ZC OAC 28 rare (e(%—4)') —e(4,— 40 )) OC #7, 2"). 3 


; ‘ o 

This quantity (interaction charge) has also a general form irrespective of ae of @. 
Po ph Sp eWS Ce 

It vanishes in the special case where D(a’, x", e")V= OH, 2 )O(a!— 2’) ; in other 


words, when there is no positron theoretical extension, the interaction charge disappears. 
? 


Finally, the total charge 


i Ona, By, soeans Oyay...dy: By.-- Bon? 


A 
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Q(%)=Q© (4%) +2 (45) (39) 
comes out to be the constant of motion owing to (33) : 
404) /a45=0- (40) 
Appendix 


General transformation property of current density 4-vector 
Let us consider a spinor field in (local) interaction with the electromagnetic field. 
The Lagrangian density is given by 
L= es ae EA 
=— (1/4) forfes— { (1/2) GredaP—9eP- raf) + MP9} +5.92, (A-1) 
where the electromagnetic potential satisfies the Lorentz condition 
0, 0,=0; (A-2) 
and 
se=iedy. P=(;, ip). 
Deriving the canonical energy-momentum tensor and symmetrizing, there results 
Pee Of e+ Or ; 
eet ST ped vot (LY 4 ec S ap Duy (A-3) 
671 os (1/4) { {Pry D,¢—D,* P-104+97r, Dy $—D,*¢-7.9} + ORE hos ’ 
where 
Dy, =9,—t9, , D,*=d, +19, , 
and the term 17+ L’ disappears on account of the equations of motion.” The equation 
of continuity reads 


0; Ot OCLs 0; er! eet Me aed Pr ot ae 


Next, we decompose 977 as follows : 


GF! — OF 4 6, 
where 
oR as (1/4) (P70, P—O, Pr, + $7, Oy P—9, 0-749} +170 5 ’ (A-4) 
Oiy=(1/2) (SP, +59) —SaPu Ouy 2 ; (A:5) 
Then 
OO = mead RT aes (1/2)9,(5y Py + 51 Pu) + Oy (Se Ga) ; 
= Suv Py (1/2) 0, (SuPr+5,%,); (A -6) 
and 


Oy Oiv= (1/2) 9, (sy Py-+ 5) Pp) — Bu (Se Vu) » (A-7) 
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with 


Suy ==, 5,— 9,5 


vou: 


On the other hand, when the equation of motion of extended spinor field are given by 


e 


JP@)K@'— a) dr =$O", [ae'K ee Hw) =06.* (A.B) 
we arrive at, with the help of Eq. (5-12) of paper [1], the general formula 
9, Fn = 2p (POP) — (1/4) {8u(GO") “Ter. P—GO" 1, Fe 8e— Bah ToT, OW 
+ Pi Taal OP) +8,(PO*) -$—hO*9, $—O, 9 Op + Gd, (Op) }.  (A+9) 
Applying this formula to the present case, where O(1)==<c7.¢,(x), we get just the 
same expression as (A-6). 
Now, the question is how the interaction tensor (A-5) can be derived by making 


use of the method described in paper [1'. If we assume s, to be a usual vector, as is 
the case with the potential g,, the tensor derived from the action function 


ay =| sa Pp Vg dx 


would become 


I) 


SY ee eo 
Giv= (su Yy + Sy Ly.) — So P.9%uy ’ 


which differs by the factor 1/2 from (A-5). On the contrary, when we use the form 
B= | yp. Ve ae, (A- 10) 
(?) 


we get just the right answer. 

Thus we must conclude that the quantity of the form Ja= $e is not a vector 
from the general relativistic viewpoint, but the quantity ae Jo and Js Jo are to be regarded 
as contravariant and covariant vector, respectively. In other onde each 7, is actually a 
scalar as the component of a vector along each local coordinate axis.** This conclusion 


can be deduced also from different angles. 
With this in mind, it is easily observed that the general expression of 


Pia P+ Oa % 
takes the form 
Qe 7, P+ Jet » 
(fe) 


Then combining this and that of ¢7.9.$ in paper [1],*** and using the relation (10), 
we finally obtain the third formula of (16). 


* O(x) is in general a matrix, and O* is its Hermitian conjugate. Dirac field is included as a special 


case: K(x) =— (704M) 6 (x): 


yey eee ce 


** Because hy 2% Jp =Oep Jp =Je- 
(«) (p 
*** je. the formula (5-3) of paper [1]. 
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Note added in proof : 


After sending my manuscript, I had an occasion to read the paper of J. Rzewuski (Nuovo Cimento, 
19 (1953), 182) treating the similar problem. His conclusion comes out the same as mine. Thus, in his 
notation, the formula (29) can be written in covariant form as 


o 


n : 
EOS {| ieee Oy = [ dege(+) an} 
cd . Fs 2 
G2 qe, 
x | >| H'Og, (a) dx 0O(xO, x). (297) 
be 
O1 


But, according to his method, it seems in general not so simple to derive the explicit expression of the energy- 
momentum tensor (or current density). 


References 
1) P. Kristensen and C. Mller, Det. Danske Vid. Selsk. 27 (1952), No. 7. 
2) C. Bloch, 7é¢d. 27 (1952), No. 8. 
3) Y. Takahashi and H. Umezawa, Prog. Theor. Phys. 9 (1953), 14. 
4) Y. Katayama, Prog. Theor. Phys. 10 (1953), 31. 
5) Y. Nambu, Prog. Theor. Phys. 7 (1952), 131. 
6) Y. Ono, zééd. 6 (1951), 925. 


7) Of. W. Pauli, “ Relativitétstheorie” (1921), §§ 55 and 58. 
8) Cf G. Wentzel, “ Quantum Theory of Fields” (1949), p. 189. 


137 


Progress of Theoretical Physics, Vol. 10, No. 2, August 1953 


On the Equivalence of the Particle Formalism 


and the Wave Formalism of Meson, II 


— Case of Interacting Meson and Nucleon Frelds 


Zensuke TOKUOKA 


Faculty of Liberal Arts, Wakayama University 


(Received May 30, 1953) 


The @-matrix formalism is applied to the interaction of the charged meson with the nucleon. 
Harish-Chandra’s I-formalism is used for introducing the invariant coupling terms, and the scattering 
matrix S is constructed covariantly by Umezawa-Takahashi’s method in order to avoid the troublesome 
“ surface terms”. This S-matrix contains a normal independent direct coupling of nucleons besides the 
usual meson exchange couplings. It is shown that this additional coupling is due to the direct coupl- 
ing included implicitly in the Lagrangian, and that the possibility, stated by Klein, of cancelling it by 
the corresponding term appearing in the whole interaction Hamiltonian is lost. The neutral and the 
charge symmetrical meson are also discussed briefly. 


§ 1. Introduction 


In the previous paper’, the interaction of the meson with the electromagnetic field 
is treated covariantly in the /?-formalism, and if we use Fujiwara’s formalism” it is shown 
that the scattering matrix S agrees with that in the wave formalism in spite of the 
remarkable difference of structure. In the case of the interaction of the meson with the 
photon, the interaction Lagrangian Z£,,, contains the meson field bilinearly, hence Fujiwata’s 
formalism is applicable. But Harish-Chandra’s [-formalism® is more convenient for the 
case of the interaction of the meson with the nucleon, because &j, contains the meson 
field linearly. With the aid of this formalism, we can introduce elegantly any of the 
invariant coupling terms permitted in the wave formalism without referring to the special 
representations of the /-matrices. ; 

The object of the present investigation is to treat the meson-nucleon system in 
Tomonaga-Schwinger’s covariant formulation, and to show that the so-called ‘‘ wave ”’ 
aspect of meson can also be treated by the Duffin-Kemmer field. The interaction 
Hamiltonian of the interaction representation has the additional surface dependent terms 
besides the negative of the interaction Lagrangian, as is the case in the meson-photon 
system. On physicals grounds, this surface dependence: should not appear in any final 


results of calculation and it is shown that by a suitable modification explicit calculation 


can be done avoiding these troublesome terms. For this purpose, it is most convenient to 
use Umezawa-Takahashi’s” rule which is easily confirmed in the following in the same 


way as Kinoshita’s”. In our treatment, an additional normal independent direct coupling 
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appears in the S-matrix besides the usual meson exchange coupling of nucleons. This 
difference is due to the difference of the starting Lagrangian. In the Dufin-Kemmer 
field the charged meson is most easily treated, but the extension to the neutral or the 
charge symmetrical meson.is also done by introducing a suitable matrix a. 

In § 2 the mathematical preliminaries of our calculation, the /*formalism and_ its 
‘connection with Fujiwara’s formalism, are discussed briefly. In § 3, the interaction of 
the charged meson with the nucleon is treated covariantly. Meson parts of the S-matrix 
are calculated explictly. It is pointed out that these parts contain the normal independent 
direct couplings. In §4 the origin of these direct couplings is discussed. In §5 the 


extension to the neutral or the charge symmetrical meson is made briefly. 
. 


§ 2. Mathematical preliminaries and the free meson field 


In this section, we summarize our basic formulas without proofs, details of which can 
be seen in the cited paper by Harish-Chandra. Also, the connection with Fujiwara’s 
formalism is discussed. For simplicity, the matrices 7, ate considered to be already reduced 
to three irreducible representations, 10-, 5- and 1-row representations, and it is also assumed 
to be Hermitian. There is no loss of generality to make this assumption. In this section, 
we consider only the free meson field. Notations are the same as in I. 


Free meson ¢/(2) satisfies the following equation of motion : 
(30 +x) $ (x) =0. (1) 


The /7,’s satisfy the following commutation relations : 


PPP, + B.B.Bo = OuvP a = DurPy : (2) 
We define the adjoint (7) of ¢() by 
p(2) =$* (4) ne (3) 


where ¢* (7) is the complex conjugate of (4) and 
M=2ee— = * (no summation) (4) 
where /: is the unit matrix. ¢/(.r) satisfies the following equation of motion : 
Ag) (2) 3 - xh (x) =0. (5) 


We introduce a one-row vector matrix /\* such that /’¢(7) transforms as a vector 
for any Lorentz transformation. Then ¢(4)/’,, where /', is the Hermitian conjugate of 
Wk . : ed fe oe 
I, transforms as a vector, too. Write P, or Ps in place of I), or /%* in the scalar 


case, and XX, or RF in the vector case. 


These satisfy the following relations from their definitions and the commutation relations 


(2), 


Particle Formalism and the. Wave Formalism of Meson 


Scalar 
PePy=u, 
Yee cleads 
PEBPo= Oye’ 
BoB, Py=9n,Po 
PS Po= PS By =1/4 Oyo? 8, 
BoPu=PyPo=1/4-Oy08,?, } 


e065) 


Vector 
YA et On 
REB,Ry=0 


REB, Bo = Org R*— Oyo? 
BoP, Ry= Oso — nok, 
RiBo ae REP a 


Paley ae Pulte 
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. (6v) 


We may be able to take PX (or RE) to be. 1x5 (or 1X10) matrix, but it may 
as well be considered as 1x16 (or 1X16) one if all other elements are zero.. So, we 
consider hereafter ¢, Pj’ and R*® (or ¢, P, and R,) as 1X16 (or 16x 1), and f,’s 


as 16X16 matrices, which are reduced to three submatrices already. 


When we multiply 


P¥* by P, from the left, we understand it always as a direct product P, x P;*, but omit 
the product symbol x as no confusions arise. Put 


P=P,I* 


P=1/4-8,P B, L, (7s) 


then these satisfy the following relations : 


P=8,PB, 
PRR, PtSP 
PP =P P=o 
ES ed 
P3, +A, P=Be Sse 
PR,+hP =f 

Pei 8, Ls Cy ae 
P8,:-8,P=P B,.-B, P =0 


odd aumber odel nmmber 
P =P P....B, P= 
PB, P =P Py-+-P,P=0 
even number even number / 


R=R,R¥ 


R=1/2-8,RB,, Aid) 


R=1/3-P,RBy 
R=R, R=R 
RR=RR=0 
R+R=E’ 
Riu+h R=. 
RE, +P, R=Ph 


RBL=ALR, RB, =B,R 
RB ;--ByR= RB; 8, R=0 


(8v) 


odd number odd number 
RB, By R=RB +P, R=0 
even number even nunber 


Thus P, P?, R and RK: correspond to the ones that are defined in I. Put 


Piles (9s) 


These satisfy the following relations’: 


ft P, and 2, defind in I, correspond to 7, and R,, (no summation) in this paper. 


: the same as the one defined in I. 


¢ 


Ry=R, RE. 


(9v) 


Ryy is just 
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Daope Rae kes 
p= 1/4 : OipOu yal eve p (10s) a a Saabs Renkt : ; (1 Ov) 
Po 88,05 = ORE RP,P.=8,.P, R= O,,R aS Dass 

iP Pies pae ee =P,, Rp iPy— Pali Hepes 

PavPaip= xP up Ry Rip= va up 

PvP Bp = 9. Pup re RuvPrBp=OrpRyy— Fryplya (11v) 
PB Puv=OupPav ; BB Ruy =Oxplyy— Sarl epy 

FCCC fen ra Onn Pup RyuiP che ee — (0 .0,,— 0,0 ve) (ee 


The spurs of the matrices defined in (7) or (9) are as follows : 


Sele D4 
SUP =4 , (12s) S=6 b. (12v) 
Sp Pav = Oey SpRuy= On, 


Next, we consider the connection between the wave functions of the Duffin-Kemmer 


field and that of Proca- or Klein-Gordon field. Put 


, * h — yeas 

1A i, SD yt EN ae vez me 

Aas ar (R= Sx ae 
DP, —= Cah eee t =0,,70* (13s) R*B pas —_f; Gee v 9 v ») (13v) 

. Vv x R Vv x ? ‘ wi vf ee By Te poy vOuw 
PEBO=—ivV x 10 Oyy < : : 
; Ss bp Ry = +— An — 5 — (0.2 —0,0% 

PR, Pi=i V x UO 55 / oP, on Vv x B Vv x ( ug ") | 


where 7, ”* 3 ty, Why Uys U3 Ayy, AK, are certain scalar-; vector-; or tensor-quantities, 
respectively. If we regard 7, u* or v,, vx as the wave functions of Klein-Gordon- or 
Proca-equation, and require that the equations (1) and (5) are equivalent to the Klein- 
Gordon- or Proca-equation, Uy, Us or Ay, Ays are given by the right hand side of the 
equality. Hereafter, we adopt a sign ~ when the equality is established if we use the 
free equation of motion, and a sign * if we use the equation of motion with interaction. 
Also, we write as usual 


ae == yD Oya, Suv=0,0% —O,v%, (14) 
then we have 
Nn © Susy Tigh Ps Tu (13/) 


On account of the antisymmetry of *8, and Pity wats Len ak fy, and f,* is evidently — 
antisymmetric, and this fact is consistent with that Ju» and f.Y is antisymmetric in 4, » 
The free -field ¢°, (” etc. can be tewritten as follows ; 


howe ; ; : 
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1 
Bt li as ; 1 ' 
¢* (2) —(Bd—x) Pp (a) | Ce pe ae) eA) 
‘ - SRL SS) at lov) 
AAS F tay Rosh 5 
W(x) ~ 1 Fe) P42) Pr(a)~* (a) RG +H) 
The commutation relations of the free fields are given by 
. -- 1 0) 
[Po(x), Fa(2")]=— {20—=(8a)} | dea’). (16) 
x po 
These can be rewritten for the scalar or vector meson respectively as follows ; 
[Y; (x), Goa") |= (@/*) (B9—*) P(B9—*) pod (4¥— 2"), p75) 
[Ye (x), $3 (2’) = G/)[GI—*%) R(GI—%) + {(B9)°— 2) } Rod w— 2"). (17) 


The Green function 1/2 7’,(x) for the meson is calculated easily by Umezawa-Takahashi’s 
method and 77;,(%) is given by 


Tyla) =— {90—+ (88)*+ + (J—*)} da(2). (a8) 
This can also be rewritten for the scalar and vector meson 5 follows : 
s 1 2 2 
P2C#) =—- {(f3—%) P(B3—*)— PPB, (O-* VAs); (19s) 


Tea) = {(GA—2) R (H—*) — ARR I—#) + [GY -R| 4(2). 
(19v) 


$3. The interaction of the charged meson with the nucleon 


The formulation, which is given for the free meson in the previous section, can be 


extended to the meson interacting with the other fields. We use, in this paper, heavy 


type for Heisenberg representation operators and light type for interaction representation 


Especially, we use £ and J6 for the Lagrangian and the Hamiltonian which 


operators. 
r the ones which 


consist of the Heisenberg representation operators, and use / and /7 fo 


consist. of the interaction representation operators. 
We use the following source densities for the meson field 


w=$r_4, Fu =1bt_7 eH, M,,=OT_On$; ( ) 
20 
w* = $7.9, Ve et ME, =$T OF 


T-spin, and 7’s itself have the character tT =T_ atid To—=G.- 


These are Hermitian except 
At first, we consider 


g¢ and ¢@ represent the nucleon field, and o,,= (1/27) Guia filw): 
the case of the wave formalism. We write / for an interaction which does not contain deriva- 
tives of the field variables and g for one which does. Then the total Lagrangian of the 


_ interacting system of the meson and the nucleon is given by 
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Lia Lyt LP + LI, (21) 
where {y is the Lagrangian of the free nucleon field and is given by 
Ly=—G(7d+ Mf, (22) 


Ze . 
M is the mass of nucleon. Ly, is the Lagrangian of the free meson field and {in ts 


that of the interaction of the both fields, and they are given by 


Ly = — (0, Ope t eure), 
(23s) 
Lin= —f(uu* + ura) = 2 (G,dyu* +F£ dU) 
x ' 


for the scalar meson, and 


Bay rel fe 2 aeK pe : 
by =—( Se fat U ira) ? 


. ° or (, ae y 
Lotie= —f Atte FI eee) — ee (uy Fast a fay) (23v) 


for the vector meson. ; 
In the -formolism, considering the transformation properties, £y, and £j,, are 
given by . 


Lu=—P(PA+x) 9, 

Limi MPO — MAT IB) fo iG l tid TEP) 
both for scalar and vector mesons. M,, are given by : 

My y=t$t_pyurn$, MN =16 6.7 1H, (25) 


and have the relations with the source densities (24) as follows : 


(24) 


—M™,, for peasy 
Fi! eae , 
ww for {#£=» (no summation), 
(26) 
ape —m*, for’ — =v 
My= 4, a : 
7w for f= (no summation). 


Here we give some caution against (24). I'\*3.6, IX, etc., have the similar correspond- 
ences as (13) with the wave functions of Klein-Gordon or Proca equation with interaction ; 
they are 


Pep = ti, , Rig= VEU, 
5 $R,= af x vr 
Ap Be, 2 anak 
¢P,= a i, 5 (27s) REG Ge hi, (27v) 
Ee a Poh ice ates 
$2, Pi Ht 2 0. : Ry — Ni I 


RAV TEI Tas 


A 
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As it will soon be shown wu, + 0, 2, Ru, % fry, etc, then Li (24) does not com- 
pletely coincide with £%,, (23s) or £' (23v). Notwithstanding, following Harish- 
Chandra and Klein” we take (24) as the Lagrangian. In order to have the same interaction 


terms, at least for the common ones in both formalisms, we must take 


fi== Sass pga AP 


AV x’ er tine. (28s) 
| M,,=1-Wo,,, MF =2w* oi, 
for the scalar meson, and 
fine fa 
: (28v) 
MM j= —™M yy, Ms=—m*,, 


- for the vector meson. 


Summarizing the above, we may take as the total Lagrangian of the interacting system 


irrespective of the scalar or vector meson as follows: 


= —$ (70+ M)b—G(B9+2)9—f, (M30, — MATEBS) 
—fo Ful t+Fil ey). (29) 
The interaction Hamiltonian //;,, of the interaction representation is deduced from (29) 


(cf. Appendix A) : 
Fin =fi Mar G Bl — MEUERD) +f FP ly tie EP) 


4 LE ay MEA MEM) ERA BPE pL BadE ARIE ABB 
x 

(30) 
Here Py=fy7,, where m, is a time-like unit vector (7;—=—1) normal to a space-like 


surface o through the point x. Employing (6), we obtain 
afar OP eile Opetay ¢! ote 1) =0 
PFaA+ Ba) gee Og tees 


(31s) 


for the scalar meson, sad 
R*B,(1 Ste i gO on. py— Onslow NgMyO py + Upp Pay — HoMyOow— Hol pO py Gu 
R*(1 +P x) Ry =F pp + 12) = Oop Our = — MypMp 
for the vector’ meson. Then, using (13), (30) is translated into the language of the 
wave formalism : 


Ht=f( Musil Vefreces _ MEPHB, )) +fs Chea +7u rie eh i) 
FE jay HT) Bert 1th) 
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ww f(qau* + w* 2) +4 mee u* +7 0,2) 


Be: +H) + (JyJn +)x Jn) (32s) 


for the scalar meson, and 
Fit =f, (My, GRVRa— MEREBY) tho GuP Ru the REP) 


iN ‘ X i) ¥ N ’ ae 
+f are + MoM, av) (OppOav— OpyPau + Mol Opp MpMyPov— MpMPou Hol yOvy) 


+2 Ore ri Baty Ju) MyMp 


ms Crys fit + mi fan) fut tit) (32y) 


Y K *K 
; — (My y Mn+ My Myw) 
2 


9 
Gg k “K 
= ji ~ (My yg + My tty) + 
2 


“ke as 6, IN +i0f ~) 
De 
for the vector pecan Hee 


tints eee = 
Ju=Ju Mus In Ju lus My N= My yy; Hip N= My H,- (33) 


(32) differ from the ones which are si ae from (23) in = wave formalism in the 
normal independent direct couple as : i i fk +75 7,) of ae (Myy mx, +120, Myy)- 
2 


To avoid the troublesome ey deneeaent and independent direct terms, we follow 
Umezawa-Takahashi’s rule. We calculate the S-matrix by taking 


Lins (4) =f MPEP, — MET EB PY + hel GPl a tIe CED) (34) 


in place of /7;,,(4), and the Green function 1/2 7,(1—1’) in place of the propagation 
function < P(ii(2!), f(~))>. The analysis as adopted in §3 and $4 of I is very 


simple in this case, since the elementary 


process which concerns with the meson 


fields is only nuclear force type (Fig. 1). 


meson line 
We calculate this process for the various 


cases where the vertices A and B take 


A B 
scalar-, vector- or tensor-coupling in the SSS ERR 
[-formalism, and compare the results with nngleon “lise 
that obtained in the wave formalism. Fig. 1 


(i) Scalar Meson 


The S-matrix consists of the following line- and vertex-factors. (We may omit the 
nucleon factor for our purpose because they are same in both formalisms. ) 


Rene Pua SS, 
(tN a 
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wave formalism /?-formalism 
: it 1 9 Ean = 9 ° yan) 9 
meson line ; ar | \(¢eg—x) PUsg—x) +P (P+H)}/ (P+). 
Be f; a xo “Bulus 
S-vertex : 
s fe SEE 
4jv 3 ww (35s) 
as =7_7- 5 Y =e 
oe va eee x Bae 
V-vertex 
V pele ; J px. 
2x Du VA x & 


Here S* means the scalar vertex with w* (or @), S with x (or $); V* and V have 
similar meaning, /;*- means multiplication by /* from the left, and “f, tbat -bysla 
from the right, and so on. In the (formalism, we calculate the nuclear force type ele- 


mentary process for the various combinations of the vertices : 


ie Sea IY be oF * aos D. — ZY, cRe ze 
S—S*: £(£-\(_ =F) P30, { 68a) PGB9— 0 + PUG 42D} ALP, 
= ps8, {(Bo—x) 2 BP B,GBg—*) + P(g +¥ ba? 
NGS 


ooo vo) aatige fea 


16%” ae 
— Bs (36s) 
sue: +(-£)\($_\ psp, { @Rq—») PGBg—2) + Pg +2) R=" 9, 
x Z x x 
: si I J ON tq— \ pape 1) 
V—S*: Mae ( SP {Bo x) PUPg—*) + PP +P) BP =e ef 


V— kc : a (2 Jer (i2g—x) PPq—*x) Alp fe Ch +x" EP ee = Hn OwlG +x) |, 
x 


For simplicity, the factor (g’+%°)~' of the line factor is omitted in the above Beeb aie 
For S—S*, S—V* and V—S* cases the results are the same as the ones obtained in 
the wave-formalism, but for /7—l’* case, the result differs from the one obtained in the 
wave formalism in the term with (g?+z°), the normal independent direct coupling term. 


This term is just the one that Klein pointed out. 


(II) Vector Meson 


In this case, the S-matrix consists of the following factors : 
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wave formalism /7-formalism 


meson line 


Brot ® "O90 1 (589-2) R(GBQ—2) + RG”) + GoGo rat | (9 +*)- 
x 


ae 
V* Wes “s an Ks, 
x 
)-vertex 
V ip ue vhs 
is JS x (35v) 
X G B, 
i* cet 2 Cou Op) ? “25 se : BR 7) 
x 
7-vertex : 
= 5 : ok 
le z 5a hove de — Puede) Vara 


The elementary processes give the following in the /-formalism : 
c z ofy it : 
ne es Sie (0,,+ = Iu dy ), 
me 
Batt any LD ey a as 
J tacit p a) (36v) 


LV: iI (9,3 9—Gu9up), 
2x 


ra ¢ ie Q Q pers 2 ay y Q » d 
es Gaal (dedeOue + 20949v0— Iu9o9r— Ino) —=(P +2) (61,00 0709 yp) | 


In this case, V—V*, V—T* and 7—Il’* give the same results as the ones in the 
wave formalism, but 7— 7 * gives an additional normal independent direct coupling, too. 

As shown by the above calculations, the S-matrix given in the (-formalism contains 
the redundant direct coupling. Klein concluded that this term canceled out by the same 
term of his interaction Hamiltonian [(A.10) Klein] and the final results were not affected 


by this term. But his argument has some questionable points, which we will discuss in 
the next section. 


§ 4. Discussion on the normal independent direct coupling 


As has been shown in the previous section, the S-matrices calculated by both form- 
alisms differ in the normal independent direct coupling. This difference is caused by any 
of the following three reasons : 

(a) As Klein stated, the effects of this term are crossed out by considering the 
whole of the interaction Hamiltonian and then the results coincide in both form- 
alisms. 

(b) In this problem, Umezawa-Takahashi’s method can not be applied. 


(c) We treat the different systems from the beginning and it is a matter of course 
that they differ from each other. : 
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Now we discuss these causes one by one. At first, we must know the interaction 
Hamiltonian. The system under consideration has the Lagrangian (29). To examine the 
case (b), we must obtain the interaction Hamiltonian FT, by Umezawa-Takahashi’s 
method, but it is obtainable also by Matthew’s method” and coincide with the above. — 
Then we calculate by Matthews’s method because it is more convenient for examining the 
case (a). Details of the calculation are given in Appendix A. According to Appendix 
A, We the interaction part of the total Hamiltonian, is given by 


H im =f (MM, $80, — WA F8D) +f AGL FF ED) 


LM, WE+ MEM) PEP O+ BY A, G37) 


=o 


Le Gy HAS I UE (1+ BT 


On the other hand, H,,,, the interaction Hamiltonian of the interaction representation, 
is given by 
Fin =f Mb ey y= MAL ERY) Ate Al tie lee) 


+E My, M+ Me Myy) Ub A+ RIAL, 
yd 


— FAP HII UE + Bi Ei G8) 
zx 


We first argue the case (a). Klein pointed out that the normal independent direct 
coupling appears if — Zi! alone is taken into account, but this term is crossed “out if 
the whole J6,,, is taken into account. (Although Klein calculated the case of the charge 


symmetrical meson in the Heisenberg representation, the essential point of our discussions 


are not affected by considering the charged meson.) Followiag his recipe, in the cases of 


B. Scalar Coupling and C. Pseudovector Coupling (following his notation, § wat) these ee 
coupling terms are actually crossed out, but in the case of ae Pecueosgsia reve the ae 
coupling appears anew. The argument that term of his v4 ae [fA 0) Klein | contributes 
only when /%,(/%y for the flat surface a) has the eigenvalue zero, Bee: we need not con- 
sider this term, is rather questionable. Therefore next we consider this term ase Mer 
ing this recipe, in the cases A and B the terms in question Cee but pate case : 
the direct coupling appears again. Thus following esr recipe we can not wipe out a 
terms in question in all cases simultaneously. More importantly, he dropped a factor 1/ 


in front of Hit, | (A.10) Klein]."" If the: cortect. 76. ip is used, such cancellation does 


+ The first line of Gin (37). Hereafter we write this part of Din as Jinn! and the remaining part 


as Mw m4. Similar notations are used for //int, too. 


tt Compare with (74). The omission of a factor 1/2 is due to the pyuerion of a cee ue in Soms 
. there is only one canonical variable @, and @ is not canonically independent 
tor 1/2. Klein’s misunderstanding is due to the omission of the 
difference of PGi“! from that of /7in/4 (cf. Appendix A) on - 


(70). In charge symmetrical theory, 
of ¢. So Ly must be multiplied by a fee 
factor 1/2 on the one hand, and to the sign 
the other hand. 
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not occur in any case following either recipe. As will soon be shown in the interaction 
representation, it is a correct procedure to take only — Lint of JC, in our calculation, 
so the direct coupling is not wiped out by Klein’s recipe. 
Next, we examine the case (b). It is only necessary to repeat the Kinoshita’s dis- 
cussion (pp. 478-479). In the calculation of S-matrix by Dyson’s method, we must use 
a vacuum expectation value of P(¢(+’), ¢(4)) as a propagation function of meson. By 


using the commutation relations (16), we get 
< PG(2) $a) > 9=— + {90—+ (98)'| eae") + FB(e— 2). 39) 
x 


Employing 
(Q=#) d(x) =210(2), (40) 


(39) can be rewritten as 


< PO), $2) > «= — 5 pa—— (8)°+ 2 (1-2) | tee 2) 
+A + /y)0(a—2"). (41) 


The first term is just the same as the Green function 7,(1—-+’)/2. The second term 
has the surface dependency with the factor (1 +/9;), which is the same form as the ones 
of /7Ji. The contribution of each surface dependency just cancels out with each other 
in any order of expansion of the S-matrix. Thus, Umezawa-Takahashi’s simplified rule is 
correct in our problem too. ; 

Lastly, we examine the case (c). For this purpose, we only need to compare the 
Lagrangians (23) and (24). In order to translate (24) into the language of the wave 
formalism, we adopt the correspondence (27). In this case, all field variables are Heisen- 
berg ones, hence they satisfy the field equations not the free ones (1) or (5) but (A-5) 
or (A-6).. Multiplying (A.5) by PX (or P,) from the left (or right), we get 


J 


; a. Tus ak g 
UR O,U+ ee Ui ws O,ce* 4° 


Ja (42) 
x 
Similarly, multiplying (A.5) by AZ3, (or 7,R,) from the left (or right), we get 


ly whatLm,, hin fx+Lm x (43) 
x x 
Compare with the correspondence (13), the additional second term appears in each. case. 
By the similar procedure as adopted in I (1.40), we get - 
1 ¢ ny 
Ss Bee og GP aes Dy oars cas 
f° ~ ‘ (Pd x) PP 7 ill 
be ieee 2 ; (44s) 
iP} ; —_ 7 __ 7* p* 
Bm” P9(6042) — 9 IEP, 


D yrpindy ofinr ie 4 > ‘ aay, p 
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v ==5 i GA —— g / > 


An l= =e; se . (44v) 
Gad as (Pate) Sal, | 
: x : 


Using (42), (43) and (44), we can easily translate (24) into the language of the wave 
formalism : 


Le ~ — (O,U* d+ Pee* ew) —f (weer + wre) 


haere a9 Gide ere Cage TT 
thee! a (J ,0,te* tI Out) — So Chde +5e jy); (45s) 


v ms. iL ne 2 . % o G 
ener (hihats ute, )—f( Get +J%U,) = (m,, vv tm Fy) 


42 
ee (2, ys +0 Fa, ,). (45v) 

The last terms of (45) are the normal independent direct couplings, which are not 

considered usually. If we start from the Lagrangian (45), and calculate throughout the 

wave language, we obtain the interaction Hamiltonian which contains the normal independent 

direct couplings (cf. Miyamoto”, the case of vector meson), and coincides with the inter- 

action Hamiltonian which is translated from (38). Therefore, in such a case the same 

normal independent direct couplings appear certainly in the S-matrix even if we use the 

wave formalism. That is, when we start from the Lagrangian (29), we treat the different 

system in the normal independent direct couplings from the usual one, and the difference 
appearing in the S-matrix is rather natural. 

After all, we conclude as follows; we can also apply Umezawa-Takahashi’'s method 

in our system, and the direct couplings appear because our system differs from the 

usual one in such terms. If we want to do without the direct couplings, we must add 


. 
Of 5 tt eet Gg nase 

from the outset the counter terms (i SE+IED,) for the scalar case or eo: (7, PAs 
of 

+m,<m,,) for the. vector case. But these counter trims can not be introduccd into 


the formalism as a unified term for both kinds of meson, and the unified description 


hitherto is destroyed. 
$5. The case of the neutral meson and the charge symmetrical meson 


Up to this place, the charged meson has been treated. In this section, we extend 
our theory to the neutral or charge symmetrical meson. 
(i) Neutral Meson 
In the case of a neutral meson, we must impose the additional conditions 
re¢=ol,, - UFBRP=—oBL (46) 


both in the scalar and vector mesons. From the correspondence (13), the meaning of 
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these conditions is easily understood. Also for this case both z, and c_ are to be replaced 
by 1/2. In this case, there is only one canonical variable , accordingly ¢/ must be 


eliminated from the formalism. For this purpose, we first express 4 by i’, where the 


sufix 7’ means the “transposed”. As this is done by Harish-Chandra, we describe it 
briefly here. On taking the transposed of the commutation relations (2) 


‘and reversing the sign, it is obvious that the matrices —f/ satisfy the same commutation 


relations as /?,, so that —[f are transformed from 7, using the non-singular matrix W 


as follows : 


—p7=08,0-". (48) 
From (48) and the relations satisfied by [', and Ix, it is easy to prove that 
0° =0 (49) 
and 
re=70, | P= 87. (50) 
From (46) and (50) we obtain the following relations between ~ and (7: 
f=. (51) 


The same is true for the Heisenberg variables, too. Thus in this case, there is the 
correspondence 


Od ak Ah lang ee (for scalar) or “xv, (for vector), 


Wigk Sa 


Leh =a BU Ries = O,, (for scalar) or Foley (for vector). 
As the source functions, we take in this case 
wats, - Haire,  M=Fo.6. MF. (53) 
then we put as the Lagrangian = 
L=— "PO (GB4D) 94S MRD Pedal. (54) 


The factor 1/2 ts introduced becanse the first term is bilinear Jorn. of only one 
canonical variable $. We must pay attention to the fact that the canonical variable is 


¢~ alone, in all the calculations. For example, the equations of motion are deduced as 
follows :' 


} ; ‘ 
For convenience, the tensor suffices 4, y are written properly at the upper-right. a, 8, y and 6 designate 
the spinor suffices. 


ae ad Te & 


5 any 5 4 - vs 4 
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pv! ao 


ipicig a hor 3 
La (PblerPad"Ps+2PPasP0) +f Mul 2 PePo— dul Fp. 


Then we have 


Se iey eine Soe aL = 
er 3 Ops ot 


1 1 

== oe (a dQ re , a eel 4 

2 uf axl 76 2 D5 Pa 2 (PFs sta As.P.) +f Mal eas —foj, Us" =0, 
GHD) 


enn ree 
Bn One res G3,.3.9 — . (0°P + 0p) = —f, MPT E+ fee 


= (Sd+x)P=f, 0 Bee ier aes t+fodw ly; 


(Po+2) P= —f MPL ST al xe (55) 
Similarly we obtain 
$70 (BA—2) = AMAT FB ASE. (56) 


The commutation relations and the Green function are given by! 


1 


j 


[vp (2), to(2") = 1] fpa—2 pay} o-"| 4(e—2"), (57) 


SESS es Be ees ee eer 
ee s(2y=—4 {f0——(98) +2(-*)}8 'd,(x)- (58) 
Also the interaction Hamiltonians are given by 


oa —f, My l Be Fide C— f Moke pet + hy Bly 


4 Le pope 4 BR) Cys (59) 


2x 


Hef MAR + hf lsor L_M,SMio r*B(1+ BBs 


arics 


2x 


Fatt G+ By) Uys (60) 


The circumstances about the S-matrix are similar for the case of charged meson. 


(ii) Charge Symmetrical Meson 
To extend our formalism to charge symmetrical form, we introduce a decomposition 
of ¢ and g into two neutral field , and ¢,, which is the immediate generalization of 


1 field. Here we call such field 


the decomposition of a complex wave field into two rea 


+ If we want to obtain (57) and (58) by Umezawa-Takahashi’s method, we must notice that the field 
equation obtained from the free Lagrangian is not (BO-+-x)~=0, but —0(B0+-x)p=0. 


152 7Z,. Tokuoka 


that satisfies (46) and (51) the “neutral” field. We tentatively decompose 


~= 7, (¢,—7p2), d=, ($,+ 20). (61) 
The inverse of (61) is 
P= =. (P+O'$"), P= Fo 9- Ip"). ~ (62) 


The isotopic-spin matrices 7,, 7. and c, make a three-dimensional vector! 7= (on Lote 


in charge space and zt, and r_ are constructed from rt as follows : 


; 1 
HS (ty+27), eh (t,—2T). (63) 


Noticing that ¢, and @, satisfy (46) and (51), we can rewrite 
=a (M$, Le a Ml BW) —f( Gl, +55 ip) 


= Se MEIER, + MOE) — LIT AIEEE), (64) 
where 
MQ=i8tr7t FO=btr, (@=1, 2). (65) 
Now, we introduce a third neutral field ¢%, and propose the interaction 
FM LUEPR Ps Soden UEes (66) 


where Wi? and j{? are given by putting t;—> 7, in (65). Multiplying (64) by YW 2 
and adding (66), we obtain 


Gin =f vl PRP —foIul Ps (67) 


as the interaction Lagrangian in the symmetrical theory. Here we consider that MS Ta 


and @ are considered as vectors in charge space, that is 


BU =e $77, de 4 O77 (68) 


and 
ge (Pir Pos Ps)- (69) 


The free meson part of the Lagrangian is given by 
4 ie 
Ly=— st Uae +x)¢. (70) 


Summarizing the above, we may take as the total Lagrangian of our system 


| We denote by underlines a three dimensional vector in charge space in this paper. 


oY ary EA 
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or y ts 1 7 / ‘ 7 A . 
B79+ M)§$—— PO (GI +x) 9 +f MLB IAI LEY. (71) 


The commutati i i 
utation relations, the Green function and the interaction Hamiltonians are given 


by 


[Pen (2), tyo(x’)]= : | {39— + aa" | by4(4—2"), (72) 


1 taym (.\ 2 - ji 
5 TP") = —f89— + (pay+ 2 (C\—2)} 0-704, (2), (73) 


in =f Mul EBD +f ILIY— LM, MT PBC +B) BP. 


Se, 7 ay 2 
+S a DLE Ot i) Pus (74) 


Him= Sf Mal ERAS I TEE + =o Muy Mol *8,(1 + 8) Bul 


+ 2 Tudelo MIA Pls (75) 


where suffices 7 and 7 designate the components of the vector in charge space. In (74), 
we must pay attention to the fact that the last two terms differ from the ones of Klein 


(A.10) in a factor 1/2 (cf. Footnote on page 147). 
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Appendix A. The calculation of Doi. and /7/;;, 


In this appendix we calculate Ion. (37) and Hj, (30) from the total Lagrangian 
(29) by Matthew’s method.” As the interaction Lagrangian contains no derivatives of 
the nucleon variables and the canonical conjugates of the nucleon variables are not altered 
by the interaction, we do not need to consider the free nucleon Lagrangian 4 y in order 
to evaluate 36,, and H;,. Thus in this case, we need merely to eliminate the dependent | 


components of the meson variables ¢ and g. We take as a Lagrangian 


La=Lut&im 
= —$(Pa+x)9—fi M830, — MELB) fr jG! tdi lp). (A1) 


The energy-momentum tensor Uy, is defined in the usual way, 
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; Ofte tee 2%, Op. (A.2) 


The canonical conjugate 2 of @ can be defined by 


r= — ax os fe (A.3) 
0(du.P) 
where 7, is a time-like unit vector (7,=—1) normal to a space-like surface ¢ through - 
the point 7. Then the Hamiltonian is defined by 
= Oy ny= i<s & cle Pi AnY, (A.4) 


where 0y=0,%,- The components of ~ ate not all independent. The independent 
components of ¢ are —/?,~ and the dependent components (1+/%x)¢%, and this separa- 
tion depends on the orientation of the surface o at the point +. The dependent com- 
ponents must be expressed by the independent components by use of the initial conditions. 
The initial conditions are obtained as follows: The equation of motion with intetaction 


is given by the variation of the Lagrangian (A.1), 
(BA+%x) P= fi My PL —frd ly » (A.5) 
J (90-2) =f, MATER ARIST. (A.6) 
Multiplying (A.5) by (1+/%) from the left and changing terms properly, we obtain 


(148) P=— 1 [A+B 3) (9)9 +f, My At RBM +fode (+ BDU] 


era : ; é Age 
= ~~ [PrbxP — (BO)BSP +A My 1+ BBC tfoduA+Bel, | (A.7) 
Similarly, we obtain 


$(1+ Px) = [9 (88) (148s) +f ATES, (1 +8s) fot F114 82)] 


== [F3,9—BPH A) + fMLP) —fiSTEAFPD] (AB) 


These are the required initial conditions. Applying these initial conditions, we can 
eliminate the dependent components from the Hamiltonian (A.4). 
=F (PD) P+ A My IB y— MA EBD) APA IGCATLED) € Bir 
a —xP8 xP + G(Bd)¢ yes) +fo(--*) + PiyAnP 


a FRA x ~ $9299) 9 +f7.M, wl PL +8 9 PoIET A+ BEG] 


a 5 [F38x9—$ (RA) BO +f,M, PA+ BDA. +65,80 +B) 0] 
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= — xP BP t+ f,C--) th) 


+ [9 (9) (a + 8x) (FO) P +f: MEER, 1+ B90) LIEV EG + B(F0)9 
— = [9(99) (1 +8x) (BO) + AMG FAA + BOB API FPA + BIT] 
erie PF “Bo (1 + Bx 1) (BINP+A,F TJ A+ 8x) h, Ditfods (1+ Ps) T. oa 


del (1+ Px) (PO) GP +A My, 1+ PO AL, ths es. ul 


or : AMG (98) (1+83) +4. el Po L+Px) fede Atha Ay 
% 5 AddP (90) 1+ 8s) th MET 901 + 2x) — fede TS (1 + Bx) 
x = a 


== — 2 2p + -# (93) (1+ Px) (89) 


M,,M A+ MEM, VER A+R) t+ fe CHIE +Si Iu) EPA + Pa) En 


—f, (MPA. — METER PM) Se IPB tIL IP) 


+ FI, [FC (14 82) 4H MAT IRE BD HITE + BDA» 
x 


eae Si MEK PLC + 2%) (PA) P4+fhMvO +P) PM +fodA + Px) ly] 
x 


¥ 


<i joie cami i aa 
+ oda 
aT Fas. i ' 7 : m 


an Lj, G9) (1+ 83) +f Mpa UPB + Be) adil oA + BD 
_ gprs +9 (90) 9 +f, Mart POET +fdy A+ bx) Fy] 
= — 1p + * $92) (1 +8) (PA)? 
+ FM Met MEM) AAA DBL eR LE SI ARIT EOLA a 
+ fim, P(2d) 8, Cat MA EP, (98) 9] 


+ Lig Ga) Pe -HTE FAN) 
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+A, Dl (98) —x] 620,0, + WEUEBAR (9) +x) 9} 


x 
+ 24 5 BE (80) —x] B20, — FET EBS (3) + x] 
x 


= eG oe + Hin (B) ? 


where 6 roe expresses the first line of the last expression and WG int(O) expresses the part 
below the second line. J6,,,, the interaction part of the total Hamiltonian, can be obtained 
from Jin (0) by applying the equation of motion (A.5) or (A.6) because the variables 


contained in J¢ inp ate the Heisenberg variables : 
Hin=fi MGR — MATER) + fo iB t TE Fo) 
= (Mi Mes +s My) TP o + Px) Pl p+ a (Aude +IP du) Up (1+ Bx) Pp 
x x 


(A.9) 


On the other hand, /7,,, the interaction Hamiltonian in the interaction representation, 


contains the free variables which satisfy the free equation of motion (1) or (5), then we have 


Ain=f, (Mihi, [i — Mae Pi) thi Gly + ae Ld) 


+ 


Le (May Mie MM yn) UPPa(1+ BBL — LE Guid +IAT EE A+ BE 


(A.10) 

In these form, it is easily seen that Hint (or /7;,:) cosists of the negative of the 
interaction Lagrangian —Zj, (or —Zim), plus direct couplings, normal dependent and 
independent. The former corresponds to the first line of (A.9) or (A.10) and write 
Hi (or /Zj.) in this paper, and the latter cerresponds to the second line of (A.9) or 
(A.10) and write HH (or Ait). Comparing (A.9) and (A.10), ¢¢ zs clearly seen 
that 361, and Hi, have the same sign but Hi ard He have just the opposite sign. 
These circumstances exist quite generally tn every interacting system usually considered. 


Appendix B. The case of thé interaction of the meson with 


the electromagnetic field 


In the case of the interacting meson and electromagnetic fields, the (?-formalism 
corresponds completely to the wave formalism as shown in I, and the difference such as 
the direct coupling does not appear. We discuss this point briefly. 

_ In the /3-formalism, the Lagrangian of the interacting system is given by 


£=—$(B +x)9 (A.11) 


where 0, =0,—7A,. Considering that the equation of motion for Heisenberg variables 
is ; 


+ dias lial 
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(80 +x) p=0, (A.12) 


and there are the correspondences similar to (28), the Lagrangian (A.11) is translated 


into the following forms in the wave formalism : 
gi tee > 2 . : 2 
Lime — (0, Oye +x wa) —ie(w*d,uw—d,u%u)A,—eurtuA,A,  (A.13) 


for the scalar meson, and 
Lim —( PAF, + 20% 
ore Ess Tea che py bey Uy : (A-14) 


for the vector meson, where 
gi ==fi ti ee eee 
Fi, =f, —1¢(A,v,—A,0,) is 
These are just the same Lagrangians as usually adopted. 
As can be seen from the analysis done in I, the 4-vertex is produced by the 0-func- 
tion term of the Green function. In the case of the interacting meson and nucleon 
system, this term produces the normal independent direct couplings. This correspondence 


is easily understood if we write the Feynman diagrams (Fig. 2). 


‘ 
\ EF: ioe ae 
*, > or 
| caiman Oe ON ee a - 
4 \ meson line 
/ er ae/ Ne 


‘ 
4-vertex direct coupling nucleon line 


(A.15) 


Pigee2. 


Then the only difference of the circumstance is that the 4-vertex is included also in 
the wave formalism while the normal independent direct couplings are not included 
usually in the wave formalism as such terms are meaningless. Indeed, when they 
introduced the interaction from the analogy of the Proca field to the Maxwell field in the 


earlier meson theory these direct. couplings were contained in the interaction”. 
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We can solve exactly the eigenvalue problem of the kagome Ising net with 2=4. The transition 
temperature lies a little below than that of the square lattice. Its value is determined by 17¢=3 +2V 3 
and it teaches us that it is not determined only by the number of nearest neighbors. In the case of 
antiferromagnetism, especially, the kagomé lattice which does not fit to antiferromagnetic arrangement 
is disorderd at all temperature and possesses a finite zero point entropy just as in the case of the triangular 


lattice and the result runs as follows: 


2 


S7(0) iernee : ; : 
; -=> j \ log!21—4(cosw, + cosw. + cos(@;+- 2) ) | dw; - do. = 0.50183 


R — 24n2 Jo Jo 


$1. Introduction 


After the problem of plane square lattice was solved exactly by Onsager’, the honey- 
comb ‘and triangular lattices were treated by several authors”. The exact values of transi- 
tion temperature for these three typical lattices indicate an interesting rule which is given 
by the simple relation: ch2Z,=sec7/¢ in terms of the nearest neighbors number: 2. 
It is interesting to know whether it be determined solely by the nearest neighbors number 
or not. Recently, the same problem for the kagomé lattice was treated by I. Syozi”. 
The kagome lattice consists exclusively of equivalent lattice points and equivalent bonds 
and the number of nearest neighbors is four. Therefore it is equivalent to the square 
lattice in these points. The method of “ star-triangle-transformation ”’ that detives the 
partition function of the kagomé lattice from that of the honeycomb lattice was established 
by I. Syozi. The conclusion he drew out from his ‘method. reveals us clearly that the 
transition temperature is not determined by the nearest neighbors number only. On the 
other hand, the kagomé lattice leads us to another more interesting problem ; “the case 
of antiferromagnetism.”” In the case of antiferromagnetism, the only one net — triangular 
Ising net—has a peculiarity among three types of lattices that were already treated. Be- 
cause the triangular Ising net does not fit to an antiferromagnetic .arrangement and is 
disorderd at all temperature. Moreover, it was shown and evaluated by G. H. Wannier® 
that the zero point entropy remains finite. These circumstances lead us to treat the anti- 
ferromagnetic system of the kagome Ising net. Because the kagomé lattice does not fit 
to an antiferromagnetic arrangement just as that of the triangular lattice. 

We shall try to solve directly the eigenvalue problem of the kagome lattice by a 
different method from Syozi’s and discuss the case of antiferromagnetism, 


APATIY WW XO PE 
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§2. Eigenvalue problem of Kagomé-lattice and representation 
of its operator 
Let us call “‘Kagomé” the lattice shown in Fig. 1. Separating the points with 
double suffix in Fig. 1, we are to deal with the lattice shown in Fig. 2, in order to be 
able to apply the matrix method of the crystal statistics. We can obtain the kagomé 
lattice from that of Fig. 2, when the interaction shown by the double-connected-line tends 


to infinite which causes the spins of atoms on both side in coincide. For such a lattice, 
we can write down the operator [7 of the eigenvalue problem as follows. 


V=V.-V, 
ae Q) 
V, == (2 sh 21) 2n,L (sy a Sesgiter = ) L* (Cy 3 Cy ees Con) LCS) Sg SoS Fee San—ySom2) 


: ; : 
x pEMGt C+ Con), 


Vi= (2 sh 27) 21 L (889+ $9834 ++) L*(Cy +C, t+ Com) 52 (5053 +5455 + +++Son5)) 


x pL Gt Cote + Con). (3) 


Fig. 1. Kagomé lattice: The interaction parameter Fig. 2. The atoms with double suffix in Fig. 1 are 
of neighboring atoms is given by /. separated into the two atoms which locate 
The number of one row’s atoms is 2/7. in the both ends-of double connected line. 
The interaction parameter with double con- 
nected line is given by /. 


The operator 1”;, of the kagomé lattice can be obtained as the limiting case of interaction : 


Z tending to infinite. 
V,=lim 1/(2ch 27)” + V,V,. (4) 
ipo 
In fact, the factor containing / in the operator V behaves as a 0-function that becomes 


either 1 or 0 according to the signs of the spins on the both ends of double-connected- 


interaction, That is; 
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ete oe . 882 = lim (ch 1+ 5,55 sh /) /2ch [= (1+ 5459) /2. 


1x0 2ch f i> 
Now let us introduce /,, g,, as follows : 
yk OF OF rea Gras 
aa Of tas C4 GCx) > 
[Pi Pals =20n, [2 Qa]. = 20, [Pir Qe]e=0. 
Inversely s,5,,1, C, can be expressed by ,, @,. 
S541 = — IP pt Yrs SonS4=tP19onC, 
Cy=1h,4r, G= Cont heed 
The operator V of (1) is represented in terms of 7,, g, as follows: 
Vi4=(2sh 212 (Pog + Pago ++ FA igon) tL* ( As9 + Pogo t ++: +fanJ2n) 
xe Ebi thalst Penden) fL* (Digit Paget -- tPongan) (5) 
Vr (2 sh 2L) 222 Patt Pata FPiten) AL Pitt Paget --- + Pandan) 
x 6M Pada t Poet «FE Patan) gL" Pigs foe 4 «+ Panam) (6) 


where Vy. correspond to the space of even function with C=1 and that of odd function 
with C=—1, respectively. 

We shall consider the “ shift-operator” that shifts the indices of Z,, g, The shift 
operator: O is defined by 


OFS ORR ke 
O49j;02 =Gj41 (F252n), OxgmOZ = Fg, (f=2zx). (7) 


Let us write for simplicity’s sake. 
Qn 
>) A595 = 4, 
j=1 


Pp P25-1925-1 =A, | pa P25923 =A, (8) 


Then the operator [7 becomes by (5), (6) and (7) : 
(the fore factors of V7 being neglected) 


ae ue ie. sale OPUS a ae O,.é oD, (9) 
Vs ais er it No Op es Oi gts, . (10) 


Here 17,4 and [44 are similar to each other except for the difference of the factors 


iA —iIN : ; ' . . ; 
é and ¢~"™, In view’ of: this point, we introduce a second shift operator: S by 
definitions as follows, 
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a. DP; Se fis a Se fips wee ria, 
(7 = 2n), (11) 


SagqjSz' = 95 +1 


A, of (8) remains inyariant under the transformation by the operator S and /, changes 
to I, and vice versa. 


In fact 
Sa ee > (3 Ais) Sz = pS P5495 3 2195= Ao. (12) 
as j=} j= 
Similarly 
i iS =A; Sala Sen Ae 


Thus (9), (10) become as follow. 
Vx = GARY atone ee ES gee S Og 
Vue Ozte- F800), AMO T1g-HM OC) pf lB SV Sy. (13) 


By (12), S, are commutable with the operators of ¢*4°, 
Now, we shall try to obtain rhe 4-n-dimensional representations due to Kaufman 
and Onsager”. Introducing the 4-n-basis: 7, by the following definition : 


Pr= 1)2y—1 


Gr = exw 
in general, we can get the representations of any operators J/, /V of the same kind as 
V on these 4-n-basis of 7, according to the theory of Nambu and Kaufman. 


M — R(M)= {m;;}, 


operator representation ( a 4) 
N—> R(NV )= {n;;} 
in correspondence with 
MyM = ys! 12:50 js 
j=1 
; (15) 
NaN = a W505 
EL 
‘and for the product of MZ and VV 
MN —> R(MN)=R(N) RM) = {m3} (7 


in correspondence with 


MNy.NOM = MS nas) Mo =>) 135 (du MyNi) 
j=l ba = 


Ln 


Qn 
<= wy (> Nigga) GR 
k=l 9 


t 
' 
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Therefore the 4-n-dimensional representations of our operators become as follows, respectively. 


a 
a 
a 
R ann) = a ih S 
ai), 
a, I 
ay | 
Rest) — ay | | 
| 
a | > 
as 
a 
R (eu) = . 
@)) > 


ni 
ay | 


1 
0 
| 0 
0 


ch2f\+2ish2lZs 0 
+7 sh 25> ch 2 0 | 
0 ch'2Z Fish 2 
One hors eae 


| ch 2/ ish 2i* 020 

sh2/ ch2/ 0 0. 
0 
i 


0 0 1 
0 0 0 


0) 0) 0 
1 0 0 || 
Qanche 27 i sh 211| 
0 


Also the representation of our shift operators; Ox is 


R(Oz) = 


R(Sz) as 


oA aon Olek Oisciel inert 
Oe eS ciesinee 
Hatobadueasndagshsoe tA SB. 
ABO Occeeesiers Ov =4 
CED AON SN rises (0) 
(() Es Oi Won sasc us: 0 
Weajnd Gace erate bk Cah 
+D-0 O +r: Ora G: 


J1 000] (0 0 
}o 00 1) io Oo 
| || B=| 
0°02, 058 00 
| 
0000), 01 
}o 0 1 oj (00 
1000 11 ‘0 0 
0000 es 
eon )O4 


a7 shod cee 


(el) eye) 


(16) 


(17) 


(48) 


(19) 


(20) 


Thus R(e*'"%), Re") and R(e~“**) are diagonal hyper matrices which have elements 


formed by the small 4-dimensional matrices. 


And also, R(O.), R(Sz) are periodic 


hyper matrices which have elements formed by small 4-dimensional matrices, respectively. 


According to Kaufman, such a periodic hyper matrices can be transformed at once to a 


diagonal hyper matrices. Let us indicate by R(Ox), R(S,) for the diagonal hyper 
matrices transformed from R(Oz), R(S.). 


EFA B Gs We 
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That is 
om 1 where 
a a | {| 
Ox: j29 © ol Hl -1) 0900 
ra | | 
(0 .)= Fe Ae megans OOS Or Lal Soh sr OD Or ese 
(Os Ons | Oa=| |. Oa=H “|| @) 
| OOS 40. lO 0-1-0 
ries | ee ! 
nt I, |, Sz 0 0] OOO 
Similarly 
aA 4 | 0 | | £-! 
Se | van oe ee y 
PS es PI PW OO E01) ORO Ora 
(Sz) oh SU paetie | Spe) =) (22) 
443). HE 0-050: 1.0: 0:05) 
% Ese il | 
where 
Soe Saag ets é. = Seat . 


Still, both R(O.) and R(S,), as we see in (19), (20) are periodic hyper matrices 
which have elements formed by the 4-dimensional matrices, respectively. Therefore, for 


the transformations : 
R(Ox) —> R(O5), 
eS ees 
there are similarity transformation-matrices as follows : 
R(0,)=R(Oz) R( Og) RU s)s 
R (Sz) =R(U 4) R(S2)R“(03), (23) 


where R(U/,,) are hyper matrices having elements formed by the constant multiple of 


4-dimensional unit matrices. That is 


1; Oso O15 Poco ee ea 

bie (GE iS aiaeia Sle oe (Ghee 1 

OW Sete are Talal. Seale csr sfannsee™ i 
R(Uz) = ee arr A Meee, Scher ay eieVelos et ete T,,=iy ; 

Onqyrrrcecsrnnnee Canals | 1 


This R(U..) are evidently commutative with (16), (17) and (18), respectively. And 

the commutativity of R(Ox) and R(S.) become evident from the commutativity of O,, 
and S,s by (21), (22) and (23). Now let S, be the matrices S,, and S> multiplied 
1/2 


by 271” and €), respectively. 


{ 
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That is 
e+ 1D | 
CF OF 7. OSy 
0 0 ru! 
iS Ea a E2551 — 18) = Se 0 +. 
Yrb>rt Ir rt , étl2 0 0 0 > 
|| es 
|| 0 Cri 0 
| 54 | (24) 
emi) | 
| ay) | 
R S* —=|| ; S | 
RCSL) | —o 
| Sra H 


Thus, using S,° instead of S,. and S72, we may reproduce our relations in the next 
form: (25) of the same character as before. That is; (see (16), (17), (18), (21) 


and (24)) 


Sia 5,.=a, (25) 


SS ay Si =a 5 
. After all, the matrices of the eigenvalue problem to be solve become as follows. 
This gives us 
R( V.) sink Vis Vos) ae {R (SP Vo) oe 


Thus our eigenvalue problem has been simplified the whole operator being reduced to the 
product of the half numbers of operators. Similar considerations may be applied to the. 
case of the honeycomb and triangular lattices. Now we may proceed to solve the eigen- 


value problem of the reduced operator : 
R(SEV o3,) =R(o) B (Ox) RO) RCOZ!) 
x R(e"") R(O)R CaP Poy GOs wae (Soap (26) 


The products of the matrices of (26) can be calculated by (16), (17), (21) and (24). 
The results are following: (here, suffix: 7 is neglected. Y stands for ch 2/, V for sh 2/ 
and C for ch 2Z, etc.) 


pH })= 


RRS AE NG F 6s 


pit 


Wis oe ey $ cm , on ‘ 
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—C*S#SSE  ageisewe sce _icasecg-in 
—C*S*S NEI? +1C#2S XEN? ay eae: ar ote: bee 
—C*S*CYE'? 2icwcyee #2 CL E-1/2 a _ ee a 
POMS Kee —iC*#S*S Vee 
SIC Se = C*S*S E18 IC*S*CIO2 — C#CERIP 
Pato ES XS CES*S XE 4GCHSHC KEN? 4 SMC yee 
a ee GCS aC tS SVE SE SV Ene 
R(S°Vs) = 
: za Oe ly —10 *S*Ce? —CRS* Se? ICS En 
hy Oa: 0 Wy A se ON Se ETS SV ie nl? 
+S”? SVS SO Stee eS OYE OES eC yee 
i hog oat Ot is ST Gs —i1S SE? ae Gea a 
Heres *C Ae EE CXS ICS NG cn CRSP SXE OP 
PIGS Se Pa Y SV? —1CP CVE"? — CS *CVelr 


§ 3. Solution of eigenvalue problem 


‘The secular eq. derived from (27) becomes a reciprocal equation : 


RAL A PAT AT A=0 
so that 


0) 


(at7)e2chraa— 9 4,/(f)— Ue 2) =2Z>0. (28) 


The coefficients 1”, I’ calculated by (27) become 
1, =4C*S*SX cos 0+ 4C*S*CY cos 0+ 4C*S*S cos w eee) 
T,=2 {SX 2CPCSY— ChCX— SMCIN— 20 SYX— 208 SUC 

aC S425 CSY cos 20+ 20% SSX cos 20+ 20S * cos 20}, 

(30) 


‘where 
(Ce ert) =2 cos w. 


That is 


The transition temperature is defined by 7=1 in (28). 
21,+ [,+2=0. (31) - 
We must treat the limiting case of the interaction energy tending to infinity. Therefore 
the equation determining the transition temperature is 
4AC*S*S coswt+4C*S *C cos o— Te SE Ried CS Gad Ia Se et OMe Weal ind test 
+ 25 ES: cos 20+ 2C SS? cos 2w=0. 
Thus we obtain the transition temperature with 7” —> 0c (w—> 0) as follows : 


M3423. (32) 
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This figure is to be compared with 342° 2 for the square lattice with the same 
number 4 of nearest neighbours. 
Now let us evaluate the partition function. Our secular equation 1s ofa reciprocal 


form and the roots may be written as 7,, 1/4, 2,, 1/A_, respectively. Using the formula : 


[toa (2 ch +—2 cos w') dw’! =27r , (33) 


0 


(7+ +7,-) is written as follows. 


¥r4(W) +7,-(@) pans ie ¥ log{ Ai 4 - — 2 cos-w' do’, 
27 : ) , 


Ty) tA i 


where 7, and 7, correspond to plus and minus in (28), respectively. 


Thus 


(ee eye) =|" >) log( 2. ae . — 2 cos w' de! 


27 J0 t=+, 


eae [ log(— 17, — 21, cos w! —4 cos*w! + 2) do’ 
27 J0 
1 (2x : : : ; 

cera log (— 1',—21 \cos w' do’, (34) 
27 J0 


(where, —4cos’w’ and 2 are neglected in limiting case of /-»00) Therefore the partition 


function : 4, per atom becomes as follows from (34), restoring the fore factors of (2), 


(3), @), 
62 log A, = lim {8x log(2 sh 22) — 8x at? ch /) + 73S og(— [',—21 cos wv’) du}. 
l>0 27 r=i1J 0 
(35) 


Substituting /', /', of (29), (30) im (35), we can obtain the partition function of the 
kagome lattice. Our result is 


ea 3 : | , |, fog feh'2 + 2ch°2Z sh®2Z + sh'2Z + 3ch22L 
7“ J 0 0 


— (2ch 2Z sh'2L + 2ch?2Z sh? 2Z) (cos w, + cos W + cos(w,+ W)) |dw,do., (36) 
where 
ef = ater ae 


2 2 


S$ 4. Discussion of antiferromagnetism 


There still remains for us to analyze the antiferromagnetism of our kagomé lattice 
which does not fit to an antiferromagnetic arrangement as we indicated in our introduction, 


The antiferromagnetic system of the triangular lattice was discussed by G. H. Wannier in 
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1950. According to his result, the system is disordered at all temperature and has no 
Curie point. specially the system has a finite value of zero point entropy ; 


; 2 aa |} : 

50) S- | log (2 cos w) dw = 0.3383 . 
gt 0 

In this section, we shall try to discuss the system of the antiferromagnetic kagomé lattice 

in comparison with that of the triangular lattice of G. H. Wannier. Firstly let us make 


qualitative discussions. Later we shall give the exact computation. 


Qualitative Discussion 


In the case of the so-called antiferromagnetism, any conceivable arrangements of spins 
in the kagomé lattice possess still a great many bonds of unequal pairs in the ground 
state as in that of the triangular lattice. One of examples for such arrangements in the 
ground state of the triangular lattice was shown by G. H. Wannier. (see Fig. 3) It 
consists of rows of positive spins alternating with rows of negative spins as shown by 


Fig. 3. In our kagomé lattice, an example of arrangements is shown by Fig. 4. It also 


consists 

Fig. 3 Triangular lattice: One example of the Fig. 4 A simple arrangement of minimum energy 
arrangements of minimum energy after G. H. in the kagomé lattice. This arrangement is 
Wannier. in correspondence with that of Fig. 3. 


of rows of positive spins alternating with rows of negative spins. In these arrangements — 
of the ground state, one of three directions of the lattice consists of rows of equal pair 
bonds and the other two directions consist of rows of unequal pair bonds. Now let us 
put —/ the interaction of equal pair bond and / that of unequal pair bond. Then, in 
the ground state, the binding energies of the triangular and kagomé lattices become a8 
follows, respectively. (where, />0 in ferromagnetic case, /< 0 in antiferromagnetic 


case. ZN /2 is the total number of bonds.) 
Pi) = 1] 227337} 4+1/2:ZN(—1/3-/) =1/6-ZN/=Nf 
| E,,(0) =1/6-ZN/=2/3N/. 
In the case of the ferromagnetism, these are equal to 
E,(0) =1/2:-ZN(—J) = —-3N/ 
E,(0)=1/2-ZN(—/) =—2N/. 


(/ <0) 


(J > 0) 
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In the antiferromagnetic case, therefore, the binding energy of the kagome lattice is just 
one-third of the binding energy of its ferromagnetic case in the ground stase as in that 
of the triangular-lattice. In spite of such a coincidence in the binding energies of triangular 
and kagomé lattices, the entropy of the kagome lattice at absolute zero is larger than 
that of the triangular lattice. Nextly let us consider about it. Such an arrangement as 
shown by Fig. 3 and Fig. 4 is not likely to be ever realized because there are arrange- 
ments of much higher weight. In the system of the triangular lattice, one of examples 
that have much higher weight in the ground state was given by G. H. Wannier. (see 
Fig. 5) It consists of rows of alternate spins and each row may be laid independently. 
But the entropy of the arrangement is still zero because the weight is proportional to 


N'? only. In the system of our kagome lattice, however, such an afrangements as 


Fig. 5 An arrangent of minimum energy having Fig. 6 An arrangement of minimum energy having 


medium high weight shown by G. H. medium high weight in the kagomé lattice. 
Wannier. Each rows of alternating spins Each rows of alternating spins may be laid 
may be laid independently. independently. Moreover there are the free 


spins of /V/3. 


consists of rows of alternate spins which may be laid independently each other is not 
similar as that of the triangular-lattice. (see Fig. 6) This arrangement has much higher 
weight because each one of encircled spins. which locate among the two rows of alternate 
spins can reverse independently the sign without changing the energy. Thus we obtain a 
weight of 2%/°. But this is not yet the full weight because there is a large amount of 
“contingent freedom”? which was called so by G. H. Wannier. Since the encircled spins 
can be varied independently, it will occur quite often that the two neighboring encircled 
spins have equal sign. Thus the non-encircled central-spin among the two neighboring 
encircled spins may be chosen at-random at one out of four positions without changing 


the binding energy. Hence there are another V/6 free spins added to the original number 
of /V/3. Thus we have 


S.(0)/R > (1/3 4+ 1/6) log 2=1/2-log 2 = 0.3466 


from the consideration of an arrangement of Fig. 6 for the zero point entropy. 


Now the arrangement of Fig. 6 shows that it corresponds to the division into the 


three sublattices of diamond as shown by Fig. 7. (these three sublattices are distinguished 


by @, ©, 4, respectively.) An arbitrary lattice point which belongs to one sublattice 
is encircled by four lattice points which belong to the other two sublattices. Thus the 


4 


se i 


phy 
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atrangement of Fig. 6 shows that all lattice points which belong to one sublattice may be 
free independently each other if the other two sublattices have an arrangement of minimum 
energy. Now, as the triangular lattice is divided into three triangular sublattices, the 
kagome lattice is also divided into three kagomé sub- 


lattices. (see Fig. 8). It forms the sublattices which 


is different from the three diamond sublattices as shown 


by Fig. 7. Thus all lattice points which belong to one 


kagomé sublattice may be free independently each other if 


the other two sublattices have an arrangement of mini- 
mum energy as shown by Fig. 9. Therefore there are 


the free spins of /V/3 which belong to one sublattice. 
Fig. 7 Kagomé lattice is divided into 


In this arrangement too, there are the ordered he 
g ? h xa Sous the three diamond sublattices. 


Fig. 8 Kagomé lattice is divided into the three Fig. 9 An arrangement of minimum energy having 


kagomé sublattices by the different method finite entropy. There are the free spins of 
V/3 which belong to one kagomé sublattice. 


The lattice points of 2/V/3 which belong to 
the other two sublattices form the ordered 
hexagons of 1/9-4V. These hexagons in- 
dividually have cyclic freedom. 


from Fig. 7. 


of which have independent cyclic freedom. Thus we obtain a weight of grea: 
Moreover there are the contingent freedom of 6//V just as discussed in the arrangement 


Sat, Fir 6. Therefore the zero point entropy becomes as follows, 


Cate rape 11 : : 
S,(0 R>(+24— log 2=-— log 2 =; 0.4236 . 
H(O)/ Bi0,°9 <) Sore ts 


Thus the qualitative discussion shows us that the zero point entropy of the kagomé lattice 


has larger value than that of the triangular lattice. The exact value of this entropy will 


be derived below. 


Calculation of the Thermal Properties 
Now let us put for brevity, 


Dera ka [w}]=cos w,+ 0s W.+ cos (@,+@,)- 


Then the partition function ; (36) becomes 


S: J. [tes 4] 7 (Xo+ 1eX?4 2102424) — (XI K-10] | 
0 Jo A, 


poe ela aaes 
08 Dan? 
x do,dy. (37) 
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The energy per atom is given by the formula 
L,= —J 0 log 4,/dL, Lf fe des (38) 
Applying the formula (38) to (37), we find for the binding energy Ey 


( bal —0'a yh dx | 
ers a ) 67-6 1 V (@—26) —26(a +b) x+F ae VI — 4" 


The integral is a complete elliptic integral of the first kind. One can find the next 
formula in handbooks. 
2K( / (OTA) ) 
f at | Fs (a—7) (Bd) 
8 Vv (u—x) (S—2) (7-4) ee ie V (u— ry (P—8) 


(39) 


This gives in our case 


( / 473 42(a/6) 
! any! af. Ke 
Ia J=1(5) =e za. ‘s (a/b)? +2V3 +2 (a/b) - SS an 
1b Ono (a/b)? +2V3+2(0/0)—3 
where 
a=[XP+18X* 4.214% 24], 2 b= 4 XA XT] 
and 
a= 0a : jh 09 
OL aL 


The curves which illustrate formula (40) ate plotted in Fig. 10. 
To obtain the entropy at absolute zero, we return to (37). The binding energy 
E,,(0) in the ground state is 


,(0) = . Be Gee Ae log 4,/0L) 


—J 2a (2a 

IL>-0 247” ae 

yy Ale SE) a) 
1/4(21.X%"*)—(X~*)[o] 


=(2/3)7. (41) 


Away 


Therefore 
£,,(0 Z 4 2 
2 = —2 yeT=—21. (42) 
3 3} E/\)| ) 4 6. 8 10 19-1/|Z 
Remembering that Fig. 10 Energy-vs.-temperature plot for kagomé 
: e Ising net. Ferromagnetic and _anti- 
Peongiee Le 1 Seer y : ; 
og 4,= — 4S A (43) ferromagnetic coupling. The dotted 
kd i Aer 


curves are that of triangular Ising net. 


ASe be 


= hal 
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we obtain the next expression from (42) and (43) at absolute zero. 


| So BORG ee < 
Imneslaoes =e RN) Se Ee S,(0) 
aces ad LT + } ; L + pts (44) 


. af 9 
Drawing out Pe log Y~* from the integral of (37), we get 


1 ays 1 Qa (2a0 . r 
log pie == =, log V+ | | log “f . (X*°4+ 18144 21424X") 


2477J0 Jo 
— (V'—X741—X") (ol | LON LOPE (45) 
Remembering that Y~'/* equals e~°'°”, we obtain at absolute zero 
; 2 1 2o0 (2a - 
lim pg re | \ loo( 21—4| w))du,du.,. 
bo eat ee : Sear og( [w])d@o,du, (46) 


Comparing (44) with (46), we thus get the exact value of zero point entropy. 


(0) fie = eal i logl 21 —4 (cos w,+cos w,+ cos (W,+ 2) ) |do,do, (47) 
PEs 0 


+ 0.50183. 
In conclusion, we should like to express our sincerest thanks to Prof. Kodi Husimi, 
Mr. Itiro Syozi for their kind interest in this work. 
Appendix 1 


The complete partition function of the anisotropic kagome lattice which have the 


‘different interaction’ parameters: Z,, 7, and L, for the three directions of the lattice is 


obtained readily by generalizing our treatments in § 2, § 3. The result becomes as follows. 


Af 
log (A,/2) ars: 


4. 2ch2Z,ch2Zch2,sh2L,sh2L,sh2L, + ch°2L, + ch°2Ly+ ch°2L, 


J : | “log : {ch*2Z, ch’2Z, ch’2L, + sh’2Z, sh'2L, sh'2L, 


0 0 


--2ch2Z,sh2LZ,sh2 sh, 2L, cos w,—2ch2 Lsh2L,sh2Z,sh2L, cos W» 


— 2ch2L.sh2L,sh2/,sh2L, cos(w,+ W) —2ch2L,ch2L,sh°2L, cos o 
—2ch2L,ch2L,sh?2L, cos w)— 2ch2L,ch2 Lsh*2 L,cos(w, + @2)} dodo, 


Append ix I 


The partition function of the kagome lattice can be transformed from that of the 


triangular lattice which have been already treated. 
Now let us consider the diced lattice as shown in Fig. 11. Let its interaction para- 


meter be Z*. By summing at first over the spin variables with respect to the vertices 


iP 


K. Kano and S. Naya 


having three nearest neighbor atoms, we arrive at the partition function of the triangular 


lattice (Star triangle transformation), with an interaction parameter /°; in fine - 


9 as vid pA Ser err ese rrr) 
= ol Hoe + fo fig) =2(ch*L* -ch3L*) 4.03 (py be + Bobs + ety) 


po=+1 


Then there holds the relation between the partition function of 


the diced lattice f,(Z*) and that of the triangular lattice /,(7’). 


On the other hand, the diced lattice is evident the dual net of 
our kagomé lattice. (see Fig. 12). 


where 


e=2ch 2L*—1. 


Fu L*) = B8(ch 3L* «ch L*)"*-7,(). 


Fig. 11 Diced-lattice 


Then the partition function of the kagome lattice is connected to 


that of the diced lattice by 
f(L) =5 (sh 22)* f,(L*), 


where 
Shee /eesheoys ale 


Thus we have 


ful L) = 289 (eChL sh LY” -f,(L), 


e?? =2 coth 2Z—1. 


The transition temperature of the kagomé lattice is given by ¢*/°=342V 3, correspond- 


ing to ¢'”’=3 of the triangular lattice, which is coincide with (32). 


1) 
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Ill. Uncertainty relations and ground states 


On the ground that there exists an intimate correlation between the uncertainty relation and the 
ground state of a quantum-mechanical system, we present here variants of the usual uncertainty relation 
and a method of determining the ground states for a number of systems. Strangely enough, the 
arguments may be applied also to excited states. 


§1. The harmonic oscillator 


The Heisenberg uncertainty relation in its usual form, in natural units 


+0 + 00 | {2 
{ #\pitdx-| ese Pesan (1-1) 
—« 2 |x 4 


lies in a deep connection with the eigenvalue problem of a harmonic oscillator. For, if 
we put the Hamiltonian of the oscillator with its angular frequency 1 in the form 


H=—(1/2m)d?/dx? + (m/2) x’, 


then we know that the expectation value of // for any state function ¢(1) is greater 


than the lowest eigenvalue 1/2, that is the zero point energy ; 


1 be 
2mJ— 


The condition for this inequality to hold irrespective of (positive) values of 7z is just the 


standard uncertainty relation (1-1). 
As for the proof of the inequality (1-2) one writes down, after H. Weyl, the 


Baie |" |p lide = =| | ple. (1-2) 
ax 2 J-@ 2 J-@ 


trivial inequality 


oo ay Mie de SIO, (1-3) 
ve 


Jd 


then expands the square 


dy 
x. 


J 


and finally resorts to a partial integration in’ the middle integral. Once the inequality 


‘d x*+ m\ lB te 4 ne | a \pldx = 0, 
. (, ste 
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(1-2) has been proved, then it establishes not only a lower bound 1/2 for the possible 
eigenvalues of the oscillator, but also confirms that the lower bound 1/2 is actually an 
eigenvalue. For the corresponding equality holds for a function ¢, obeying the first order 


différential equation 
ah, / dz + mxp,= 0, (1-4) 
which immediately integrates itself to 
: hy, x exp(--mx"/2), (1:5) 


the well-known ground state function. 
It is a notable fact that there exists an inequality, analogous to (1-3), which leads 


to the excited states. Consider the inequality 


r+ co! h (2 
wibgees. + mx) dx > 0, (1-6) 
Hi 


J col a | 


where it is necessary for g/ to vanish as x at the origin, because of the singular character 
of the integrand. This becomes 


h 2 f\2 2 5 
(4 | ae + (—+ + malt ar+ \( ie + mx) l\p|-ax = 0, 
55 ar Jp emer 


J \ae| J 


y\2 
| oe ax - \(Ca+ m) |g e+ \( at nox — 2m)| |x = 0, 
1 (\aybP m { 3 
aD ia: bee 22h ‘dy > 2h b\*v. : 
reall Ae raed ase isa Soe 


Computed for any function with a node at the origin, the energy expectation value of 
the harmonic oscillator is always greater than 3/2. The corrésponding uncertainty relation 


runs 


ap 
[7 


ie 


9 e 
* 


dx | Ell lee eater (2). (1-8) 


The inequality becomes an equality for the eigenfunction ¢, defined by 


ad, /dx + (—1/*+mx)¢,=0, (1-9) 
that is 
dh, oc x” exp(—7mx?/2). (1-10) 


In the same way we can derive the second excited state of the oscillator. We consider 


r= 


v —oO 


the inequality 


#4(-_1 ale +x) b dx 20; 
X—U ae 


ax x+4a 


and adjust the parameter ~ in such a way that in the resulting potential energy the 
. 9 o\ — . . . 
singular part oc (4°—u")~" evanesces out. “We get in this way u=(27)7~"?. For any 
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function ¢ with two nodes at x= + (2m)~"?, we have 


2 [lPhacs ( 
2m | ax | : 


_ The corresponding uncertainty relation cannot be obtained in the manner described above, 
since ¢ should depend on the parameter 7. 


lyse 2{ |gh|Petx. 


It is fairly obvious how to invent inequalities which lead higher excited states. 

One might object against the inequality (1-7) for an arbitrary wave function # with 
a sole condition of vanishing at the origin. For, under that condition, the function p 
may have as a component the ground state wave function ¢, and the energy expectation 
value may well lie below the first excited level. Nevertheless the inequality is valid, as 
can be seen by an example: ¢ cc 1° exp(—wzr?/2) is a linear combination of ¢, and 4), 
the energy expectation value for this ¢/ is easily found to be 11/6, which is larger than 
3/2. In fact we find that the mixing weights of ¢ and ¢, in this function is 1: 2, 
so that the energy is (1/3) (1/2) + (2/3) (5/2)=11/6. A node at the origin does 
not exclude the intervention of the ground state, but makes the excited states appear with 
sufficiently large weights. 


§2. The hydrogen atom 


We now attempt to formulate the corresponding theory for the hydrogen atom 


problem. Let us start from the inequality : 
|igrad $+Z grad r-¢|?du = 0 (2-1) 


that is 


||grad p “ato +Z | (arad r-grad|g|?)dv+ 2° | (grad r)?|p|2de = 0, 


Since we have 
(grad 7)°=1, AP Lee, (2-2) 
the inequality becomes on a partial integration 


+ {lerad pido —\~ |v ee — <I Ipjiae. (2-3) 
2 r . 


On the left we find the Hamiltonian of the hydrogen atom with a nuclear charge 7 talh 
in atomic units. The lower bound —7Z?/2 is actually reached by the ground state wave 


function 


fy x exp(—Z7), (2:4) 
being the unique solution of the system of first order differential, equations 


grad f +Z grad 1-=0. (2-5) 
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Since the parameter Z is arbitrary in the inequality (2-3), it entails a sort of un- 


certainty relation 


[grad plo [pide > (J hive). (2-6) 


Let us write Z and U for the expectation values x the kinetic energy and the repulsive 
Coulomb energy for a unit charge. Then (2-6) may be expressed as 
27 = OF (2-7) 

When this relation is known a priori, it is easy to derive from it the ground state energy. 
For the energy 

E=T—ZU > (2 =Z0= 0/240 -Z) 2 2 (2-8) 
will attain its minimum value 

Ly=—Z°/2 
for 

Gj 3° KH 20g Ze eee 


One sees that the virial theorem is verified for the ground state. 
The lowest Z-states can be obtained in the following manner: let us envisage the 
inequality 


[igead ¢ — $+ grad r-$lhdo > 0, (2-9) 
a 


for a wave function ¢ with a nodal plane x=0. @ is the unit vector directed along the 
positive +-axis, the coefhicients —1 and 7/2 are so chosen that the. resulting inequality 
becomes to be of the desited type. (2-9) can be transformed by a partial integration 
into : 


1 ° He, 9 Z, 2 ° 
J flared pPato— |< Ipltdo > —2" ppv, (2-10) 
2; rv 8 


Thus the lowest energy of the states with a nodal plane is given by 


—Z°/8=— (Z/2)?/2, (2-11) 


and the corresponding eigenfunction is of the type 


cc x exp(—%/2) (2-12) 
obtained as the solution of the system of differential equations 
grad f — (é/x) b+ (2/2) grad r-=0. (2-13) 


The nodal plane may be any plane through the origin and among the infinite variety of 
such functions three may be chosen as a linear basis. 


_ From (2,10) owing to the arbitrariness of Z we get the uncertainty relation 
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| |grad |*d/v- | | Prater > 4 (re ra “de (2-14) 


and (2-7) is replaced by 
; T= 3" 
and again the virial theorem is seen to hold: 
GaeApan 20 =—22)4, T= 728, B= TZU = 2°] 8: 
We now proceed to get the lowest d-states. It is not difficult to see ae an 
appropriate inequality is given a 


Zz 
| |grad fait _ es b+ soeee an ay = (2-15) 


to be computed for a wave function with two mutually orthogonal nodal planes +1=0, 
y=0. For such functions we have 


1 P ia ee sey pA 
— d fy|? U— L aka SS eS | h\? : . 
| lgrad oh |" \ Fi |< ; ( é ys adv (2-16) 
The lowest energy 
—(2/3)°/2 (2-17) 


is attained by functions of the type 
i oc ay exp(—Zr/3), (2-18) 


from which the complete set of 3¢-functions can be obtained by rotations of the coordinate 


system. 
In general the lowest /-states can be determined from the initial inequality 


~ Z ° 
j igrad p — 122 + © grad + -|*dv > 0, (2-19) 
EN BEN J+1 


where @,’s are unit vectors on the 2zy-plane around the origin, each making an angle 
(u—1)7/f with the x-axis and r,=(s'-é,) is the orthogonal. projection of the radius 


vector ?* on to the unit vector ¢,. It gives*rise to the following inequality 
=| lgrad Pdo— | =I9 “ty > >-i(< | Is|2ao, (2-20) 


provided that we have the equality 


(44-4) =0, of Y3(ty-b5) bx) (ba %) Ca 1) = 0. (2:21) 
(ai) 1 ,%8 


This equation is equivalent to 


Z ‘ 
54 Il (4,40) =0, (2-22) 
o=1 


178 K. Husimi and M. Otuka 


so that we have to prove the product Il (4,7) is a harmonic function, particularly a 


harmonic function in the +y-plane. Tatodanag the polar coordinates », ¢ in the plane, 


the product becomes 
2 
' [1 cos(g—(4—1) 2/2). 
ol 


The cosine product is a periodic function of y with period 27// and is odd or even 
according as / is even or odd, so that it is fairly obvious that the cosine product is pro- 


portional to sin /y, if 7 is even, and to cos /y, if / is odd. Exact formulae are* 


Ba (— ) U2! cos 10,1. ¢ odds 
Hees (¢- kas 8 = yf (2-23) 


(—)'"2'~ sin /g, 7: even. 


That »'cos/g or ¢' sin /y is harmonic needs no comments. 
In this way we have found a lowest /-state in the form 
gh oc II (é,-)exp{—Zr/(L+1)} (2-24) 
with the energy 
— {2/U¢+1)}*/2, (2-25) 


the lower bound of the energy expectation value for wave functions with / symmetrically 
arranged nodal planes. 
The 2s state wave function emerges from the consideration of inequalities of the type: 


J lara p+ —< +2) grad r-|"dv = 0. 
PSG) 


One finds immediately that the parameter a should be chosen to be equal to 2/Z, if one 
wants to have a pure Coulomb field. —(1/2)(7/2)° is the lower bound of the energy 


* A simple proof of these formulae has kindly been aforded us by Mr. Masamoto Otuka: Let © be 


a complex variable and consider the equation 


i=1 
gt etl P= J] (g—e2t (@-ka/1)) 
k=0 


—1 11 : 
= et(P-kx/l). JT (2e-4 (Phx / 1) — et (?—kx/1)) 
k=0 k=0 


t—1 
Set LP) ]2) TT (get (Phx /t) et (P-kx] t)), 
h=0\ « 


Then, if z=—1, we have 


OY wy se . t-1 
(—1) 4 —2282? Set Pet (t-1) n/2( _) ¢ 22 II cos(y—Ar]/), 
&=0 


. 4 - t - ra 
ett? (—)be- tl? —¢-é (0-1) x/2(_) I-19 T cos(y—Art/?). 
k=0 : 
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expectation value for functions with the spherical nodal surface v=2/Z and is realized for 
the function 


Pog OC (v—2/Z)exp(—Zr/2). 
In this way any eigenstate of the hydrogen-like problem can be obtained by invention of 
suitably chosen inequalities. 

§3. The rotating oscillator 


We can slightly generalize the inequality of the foregoing section. Let us consider 
with 4 >0 


\ |grad + grad(—Alog r+ Cr) -|\?dv = 0. . (3-1) 
This becomes 
Es a 7. MAS Pe AA CN) 1g oe 4 
: [grad Bele’ | | ee —ErDC Wes ~<{ Ib ldo. (3-2) 
Thus the energy expectation value of an electron within a central field: the Coulomb 
attraction 
ey 


plus the inverse cube force repulsive potential 


A(A+1) /2r, (3-3) 
is always greater than 
= Z*/ 241)’, (3-4) 
this minimum value being attained by the ground state wave function 
gy cc exp {—Zr/(2+1)}. G-5) 


Such a system is designated by A. Sommerfeld” as rotating oscillator. 

It is by no means necessary to impose the condition 4 >0 so far as it concerns with 
the inequality (3-2) for any function ¢ which makes the left-hand side of (3-2) con-. 
vergent. In the critical case A=—1/2 the ground state wave function ¢ makes the 
energy expectation value indefinite. Too strong an attractive inverse cube force potential 


(A(A+1) <—1/4) cannot be included in our scheme. 
Let us write the inequality (3-2) in the following form with obvious abbreviations : 


PT AAG) Uy 2 (441) CU C 2.0, (3+ 2a) 


The left-hand side is a quadratic expression in C and 2 and we can derive the correspond- 
ing uncertainty relation : 


OT 2,f4(U_»—U2,). Bre, 
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This implies the less strict inequality 
2T = Gs,/4 (3+6a) 
and also previous inequality (2-7), since (3-6) may be written 
2T—U2, = (4T—U_.,)*/8T. (3 -6b) 


Hence for the ground state of hydrogen-like atom we have U/_,=2Z? as much as U_,=Z. 
We may regard the repulsive potential (3-3) with A=/ as a centrifugai potential 
for an /-state. The expectation value of the energy of the hydrogen atom for an /state 


=R(r) V4, ¢) is 


(Neer ie) eS 


if Y, is normalized according to ||VY;|*¢du=42. Thus the left-hand side of (3-2) 
evaluated for a spherically symmetric wave function Y=A(r7) is equal to the above ex- 


r 2r7 Y 


pectation value and we are led to conclude that the lowest /state of the hydrogen atom 
is 
Ry(r)¥; ce rt exp{—Zr/(+1)} “Vy (3-7) 
where /X,, is obtained as solution of the first order differential equation 
dR/dr+(—l/r+Z/(l4+1))R=0, (3*8) 
and the corresponding eigenvalue is | 
—Z°/(¢+1)’. (3:9) 


If we start from the inequality (D > 0) 
[ lered ¢+-grad(—Alog r+ 2 Dr?) gledo > 0, (3-10) 
we are led to 
1 5 AOR tie 
1 f Igrad ¢ dv {A “ ay Agiue “to > (24 )a| platen (3-11) 


This shows that the ground state energy of an electron in the central field 
A(A+1)/27°+ (1/2) Dr? (3-12) 
is 
= (2443) D/2 3 (3-13) 
(in units where z=1, 4=1) and the cortesponding wave function is 
fo r* exp(—Dr*/2). (3-14) 


Or, alternatively, the lowest /-state of an isotropic harmonic oscillator in three dimensions 
is given by 
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L,= (1+ 3/2)D, fo oc 7’ exp(—Dr?/2)-Y;,. (3-15) 


The formula may also be applied to the problem of an electron within a uniform magnetic 


field. 


The uncertainty relation derived from (3-11) runs 


oT> U_s(U,U_s— 3/4) at pees 1 Os; 


A 1) ea Fe RGU i 1 Cars, 


§ 4. Applications of the uncertainty relations 


We first establish a theorem. on the many center problem. Let the energy of the 
electron in the field of many point charges 7,(¢=1, 2,---) be 


B= Pees) (4-1) 


where 


Veoh ot 
|jn—7,| - 


and 2; stands for the position of the z-th charge Z; The uncertainty relation (2-7) 
applies to each and every charge: 


Die es 1g 2 sx) 
We have then, for a suitably chosen system of weight factors ~; (>) ~:=1, ~; > 0), 
B=>\( PTZ) 
21/2 -pUi-Z0,) 
= 1/2-p(Oi—-Z/Pi)?— Si Z [2 bs 
Se Zap. 


The lower bound thus obtained will be maximum for 


Dem 4if > Zp 


Thus we have established 
E+ (4)/2, (4-2) 
or, in words, the energy of the many center problem is always greater than the lowest 
energy of one center problem, where all the charges Z; coalesce to a single charge (S ray 
As a second application of our uncertainty relation we consider the helium-like atom. 
The energy expectation value is of the form 
E=T,4+ Ty--ZU0,— ZU 24 Uy (4-3) 


where the subscripts refer to the first and the second electron, and 
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*dv,due 


I"; 


ai “al 


is the interaction energy of the two electrons. Our uncertainty relation (2-7) may also 
be applied to U,,, if the position of the second electron is regarded as a parameter and 


a due account is paid for the “linearity” of our original inequality (2-3). Thus either 
2 pews or Lig Oe (4-4) 


Now we take for ¢(",, 9.) a product of hydrogenic wave functions of an effective charge 


¢, as a trial function in the sense of the variation principle. Then 

DT ee eee a) ae nee 
and we get an wp/fer bound 

E< C-22+6=(€-Z41/2)?= (Z-1/2)’, 
the optimum value being 

hee (Z—1/2)’ (4-5) 

with the effective charge ; er? 
C=Z—1/2. (4-6) 


Our screening constant 1/2 comes out too large, as compared with the usually accepted 
value, because of our admittedly rough estimation of U,,. Our uncertainty relation is 
not precise enough to be able to predict the electron affinity of the hydrogen (Z7=1), 
although this still makes the effective charge € positive. 

Since our inequality is established for an attractive Coulomb field, it is natural that 
it is far from an equality when applied to the repulsive case. It is highly desirable to 
improve our inequality in this respect, just as we have done for wave functions with nodal 
surfaces. 


§5. The general observation 


By good fortune we have been able in $§ 1, 2 and 3 to devise appropriate inequalities, 
which lead to the physically interesting potentials. Apart from the chance successes, the 


essential points of our foregoing considerations will be the following : 
“cc Let 


qh Cc exp (—%) *y (501): 


be a essentially positive and bounded function satisfying appropriate boundary conditions. 
Then it represents the ground state of a particle immersed within the potential given by 


V== (1/2) { (grad Y)°— dy} (= dp,/2¢), igh (O2) 


and the corresponding ground state energy is zero.” 5 


For the proof we consider the inequality 
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i |grad ¢ + grad 9, -¢)|*dv > 0, (5-3) 


which, on a partial integration, reduces to 
1 f 9 rae 9 
=| lerad to + [7 |peae > o. (5-4) 


The left-hand side is the energy expectation value of the particle in the potential 17, for 
which we have established the lower limit zero. This limit is reached by the wave func- 
tion ¢,, from which we have started. 

It will be a non-sense, if one tries to obtain a ¢, (or ¢,) satisfying the eq. (5-2) 
for a potential I’, a priori given. It amounts to solve the Schrédinger equation in the 
ordinary manner. It is here proposed to reverse the whole attitude; the solution is first 
given and the corresponding problem is established a fortiori. Practical applications of 
this idea will be given in later sections. 

Mathematically the above theorem, though simple and rather trivial, has a remarkable 
consequence. The ground state wave function #,, which can be given arbitrary except the 
general conditions imposed above, determines the whole set of the excited states uniquely. 

It is often stated that the complete set of orthogonal functions and the associated 
eigenvalues determines a Hamiltonian operator. But this is so only when one deals with 
Hermite operators in their abstract and widest sense. If the Hamiltonian should be a 
second order differential operator of the standard form, then our theorem assetts it is. 
completely determined by its ground state function only. Likewise an arbitrarily given 


wave function ¢, with a nodal surface represents an excited state (but has the lowest 


‘energy among functions with the same nodal surface) and the corresponding potential is 


uniquely determined. 

Thus it is not in general possible to prescribe the ground and excited states in- 
dependently. Nevertheless examples will be given, in which the ground state and the 
first excited state with a common potential are given a priori. This is done by introduc- 
ing a sufficient number of undetermined parameters into the functions. 

Now confining ourselves to the one-dimensional case, we ascertain the following theorem : 

“If there exists.the eigenstate wave function ¢, with % nodes (£=0, 1, 2,---) for 
an one-particle Schrodinger equation, with a potential of finite depth, then its energy 
eigenvalue £, is always higher (or lower) than that of the eigenfunction with less (or 
more) number of nodes. Based on the lemma that, on account of the above general 
consideration, the energy eigenvalue is lower than the energy expection value for any wave 
function ¢ satisfying appropriate boundary conditions and vanishing at the £ points ¢{”, 
E(,..., € which represent the 2 nodes of ¢, respectively, a proof will be given below. 
i) Case £=0. It is obvious from the lemma that £, is the lowest of all. 

ii) Case =1. Linearly combining ¢, with 9; (j=2 or 3, 4,..-) we consider the 
wave function ¢ vanishing at ¢%, ie. the node of ¢,: 


P=ahyt of; (343) 
b(E) =0=ag,(E”) +50,(E”), (5-6) 
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and the normalization condition is 
la|?+ |o|?=1. (5:7) 


(a) If a=0 (6=1), ¢ becomes identical with 9; So £,< F; from the lemma. 
(This is the case when the potential is symmetrical and /' is odd.) 
(6) If 0< || <1, then the energy expectation value for ¢ is 


B= \ahh,+ oe; < 4; 
where the last inequality holds from (i) and (5-7). On the other hand 4, < & from 
the lemma, thus 4, < £;. 


(c) The case 6=0 is forbidden, since ¢, vanishes nowhere. 


iii) Case £=2. In a similar way, we consider 
p=ah,+b¢,+c¢, (F=3 or 4, 5,---) (5-8) 


under the conditions 


PEP) =0=ad,(F) +O6,EP) +0656"), (5-9) 
J (EP) =0=ag,(6P) +6 (EP) +0482), (5-10) 

and 
lalt-+ [oP + [cf?=1. (5-11) 


(a) If a=éd=0 (c=1), the proof is done in the same way as in the case (ii @). 
(6) If 0< |c| <1, the energy expectation value is 
B= al’, + |OPE,+ lel2B, < Ly 
with the help of (i), (ii) and (5-11). It follows that Z,< Hj, since the lemma 
assures L7< EL. 
(c) The case c=O never occurs. If it did, the wave function ¢ would have the 
same nodes as the eigenfunction #, (but the former is not identical with the latter be- 


cause of linear independence of the eigenfunctions). Then, from the lemma, its energy 


expectation value / would be by n> means lower than the eigenvalue Z,, while the direct 
calculation shows 


E=\al’Ey+ (6/24, 
and 

J pecige si Coie 
~ from (ii). 


iv) The proof can be easily extended for any value of /. 


$6. One-dimensional examples: Double minima. Band edges. 


First we want to invent a potential with symmetrical double minima. The correspond- 


ing ground state wave function will, we may suppose, have symmetrical double maxima. 
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Accordingly we put 


fy oc (a°+2°)* exp(— 27/2). 
The formula (5-2) leads to the following potential 


(a) = “+ AK 14 20°) _ 2b(4=1)e? 
C+ x (a 4-47)" 
and the ground state energy is 


E,=1/24+28. 


(6-1) 


(6-2) 


(6-3) 


The calculations we have experienced in deriving the above potential suggest that a potential 


of the same analytical form results from the following odd function 
gf, oc x(a°+.41°)' exp(—2°/2), 


which in fact leads to the ec ee 


eae ee ve 
Vee oe (@+2°)° 
and the energy 
L,=3/24 21. 


(6:4) 


(6-5) 


(6-6) 


Now we adjust our parameters £ and / in such a way that the two potentials 7, and V, 


coincide with each other : 
h(2k—1+42a*) =/(2/4+1+2a°), 
h(k—1) =1(Z—1). 

Aart from the trivial case /=/=0, we get #--(=1;. that 4s 
pet pay/2, fs —py/2e 


B= {2(1+2°)}—. 


where 


In this we have a potential with double minima 


a, 1A—f)U—F) + (1—*)a* 
2B(a+2°) — 2(a*+a*)* 


V(4)= 


(6-7) 
(6-8) 


(6-9) 


for which the grozid and the first excited states are given by the simple expressions : 


Lij=3/2+8, ho o (Cae ee exp(—2°*/2), 


By=5/2—B, $y 2 4 (a 44°)" exp(—2*/2): 


In the limit a —> co (2 — 0) we get simply the harmonic oscillator. 
case a—> 0 (ff -> 1/2) we have again the analytically soluble case : 


V=2?/24+3/8x" 


with A : 
Lig== 235, 0 pe |Pe exp(—1*/2), 


E=2, gh, o© sgn(x)-|x{""” exp(—2°/2). 


(6-10) 


In the other extreme 
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=t 
3 ° 3 


Fig. 1. Double minimum potential (6.9) and its ground , 


The positive and negative domains are analytically 
Our potential (6-9) for different 


values of the parameter a (or /7) and the corresponding levels are illustrated in Fig. 1. 


In this case there occurs a degeneration. 


disconnected and our eigenfunctions are quite artificial. 


Further we have checked the validity of the first order perturbation calculation starting 
from the harmonic case (/7=0), the trend of the ground state energy being compared 


with the exact one (6-10) in Fig. 2. 


fertk rb, 


15 
he 


co Qe 


Oh 0.4 CS OO OD NOM 


0 3°: 25- 0585] SS 


Fig. 2. Ground state energy as function of para- 
meter (6.10): Exact and calculated yalues as 
first order perturbation. 


Secondly we have constructed an example 
of the band theory. As well known, the 
lower edge of a band is represented by a 
periodic wave function with the same period 
as that of the potential and the upper edge 
by a periodic wave function with the double 


With this 


circumstance in mind we tentatively put 


period, alternating its sign. 


dhoc (A+ cos x)*exp(u cos 7), 
d,<cos(x/2)+(A+cos x)*exp(u cos x). 
(6-11) 


give rise to the 
potentials of the following form : 


VS a : 3 o 
(A+cos x)? A+cos x 


+c¢cos *— vu" cos” x. 


These wave functions 


(6-12) 


The conditions for the equality of the 
coefhicients a, 0 and c for the two potentials 


uniquely determine our parameters A, 2, 2: 
A= 3744 
A=1 / 4a—1, 


H=1/4, 
(6-13) 
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~3 fo) 3 2} (e} 3 


and first excited levels for different values of parameter a. 


(the other possible case A=1 is abandoned because of the infinity appearing in the 
potential.) The only remaining parameter « is restricted by the condition A > 1, ice. 


0<u<1/8. (6-14) 
Our conclusion is this: in the periodic potential given by 


: Wa ve tinction 


Potential 


Fig. 3. Periodic potential (6-15) with a=1/16, its band edges 
and cotresponding wave functions. 
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pgs 3 (1-1) i 140050} + 


~ 64a\ 8a 4u, 
-1 9 ° 
es | PAA coe +} page cos ng: cos 4, (6-15) 
16 \ 4a 4 2 


the edges of the first band are represented as follows : 
Bee 3_( -=)} \ 
ae . p : 


> «y3/4 
fo i 1 + cos | exp(a cos x), 
4a 


Lea 1 ; 
Og ope SO his 6-16 
ae ee («+7 ( ) 


1/4 
,0ccos {-- 1+cos x} exp(« cos 7), 
2 \4a 


and the band width is 
E,— E,=1/8—«. / 


/ 


The potential, the band edges and the wave functions are illustrated in Fig. 3, for-a=1/16, 


§ 7, The Coulomb repulsion + the harmonic attraction 


in three dimensions 


The only problem of two bodies which can be reduced to the one body problem is 
the case of two electrons immersed in a common harmonic potential with an interaction 
depending only on their distance 7,,. Suggested from an approximate solution of the 
helium problem we put as our starting wave function (with c > 0) 


f, & exp{—o(7P +77) /2} -A-#eryy). (7-1) 


Then the corresponding potential derived from the formula (5-2) extended for the six- 
dimensional space is 


V=—404+ 0°/2+ (¢P +727) + 2¢/rp— (20—w)/(1+er,). FED 


If the parameter c is put equal to “w/2, then the interaction turns out to be purely 
Coulombian, but the charge will be rigidly connected with the strength of the harmonic 
- binding. If we start, instead of (7-1), from a closely akin wave function of the form 


Poocexp {— w(7 +74") /2} -A+er.) A+e'7,2), 


the corresponding potential is again of the quite similar analytical form as (7-2) and 
the interaction becomes purely Coulombian by suitable choice of the parameters ¢ and c’. 
The charge constant is again rigidly connected with w, but the relation is different from 
the above. By augmenting linear factors in the wave function we can invent a large class 
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of potentials which consist of the harmonic binding and the Oohisets repulsion. The 


curious fact is that the charge constant can take only discrete values if w is given a priori. 
(A sort of quantization ?) 


§8. The shift operators in the hydrogen atom problem 


We have seen in § 2 that the ground state ¢, of the hydrogen atom is characterized 
by the property of being annihilated under the operation 


Vas O/ OV AZ 0r OX. t= 1323). (8-1) 
Along with this we also have to deal with its adjoint 
Vi == —90/dx,4+-Z dr/dx;. (8-2) 


The calculations involved in transforming from (2-1) to (2-3) show the validity of the 


operator equation 


PV = —48-22/r 4+ 7? =2H4+-2", (8-3) 


where // is the Hamiltonian of the hydrogen atom. We now develop an operator calculus 
for V; and Vt. ; 
The components of the vector operator VW ate mutually commutative ; so are also the 


components of V7’. This is a well known fact of differential geometry. But we have 


[7;,V.J=—22 ¥r/dxj9x,=[V 1, Vi]. f (8-4) 
By virtue of this commutation relation we can compute the commutator with the 
Hamiltonian : 
(A, 7.j\= (1/2) 4 (73, Vi.) 03=—2Z >) Or /dx,0x;-V; (8-5) 
j j 
LA, PiJ= 0/2) D5 (0, ViJ=4+Z DV} 0'r/dx;04,. (8-6) 
j j 


Now we have the relation (2:2), so that 


3} 0° /ax,04;-0r/0xj;=0. (8-7) 
j 


On account of this, we see from (8-5) that // and /, are effectively commutative for 
any spherically symmetric function S=S(/) : $ 
Thus, if the function S represents an s-eigenfunction, we can derive from it the complete 


set of three f-states with the same energy upon application of the vector operator V: 
S—V,S oc Py. (8-8) 


For the ground 1s-state this operation leads of course to the null result. Inversely we 
‘can conclude from (8-6) that the s-state is obtained from the /-states by the scalar 
product 2 Us Se 

De PV ade (8-9) 
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We can in quite an analogous way work out shift operators which engender q-states 


from f-states. But this vectorial generalization of Schrédinger-Infeld ladder method® will 
be given elsewhere in collaboration with Mr. H. Arita. 


References 


H. Weyl, Gruppentheorie und Quantenmechanthk, see appendix. 


1) 

2) A. Sommerfeld, Atomban und Spekérallinien WI, p. 152, et seq. The original work is due to 
, EE. Eues. 

3) . Schrédinger, Proc. Roy. Irish. Acad. 46 (1940), 6. 


L. Infeld, Phys. Rev. 59 (1941), 737, 
T. Inui, Prog. Theor. Phys. 5 (1948), 168, 244. 


lia 


ie)41 


Progress of Theoretical Physics, Vol. 10, No. 2, August 1953 


On Gauge Invariance in Electrodynamics and the 


Self-energy Problem of the Photon 


Osamu HARA and Hisaichiro OKONOGI 


Institute of Theoretical Physics, Nagoya University 
(Received June 5, 1953) 


The physical meaning implied in the gauge invariance of electrodynamics is analyzed using the 
Hamiltonian formalism (§ 2). The self-energy. of the photon is calculated as a limit of diminish- 
ing the rest mass to zero of the self-energy of a neutral vector quantum with small rest mass (§ 3). 

The inevitability of introducing the methed of renormalizing the light velocity as proposed in our 
previous paper is concluded from these results (§ 4). 


§ 1. Introduction and summary 


Although the gauge invariance in electrodynamics and the self-energy problem of the 
photon have been discussed by many authors, the situation has not been fully cleared. 
For example, satisfactory answer has not been given to questions such as what is the 
consequence of the gauge invariance, why the interaction of the electromagnetic field must 
be introduced in a gauge invariant way, or how this requirement is related to the self- 
energy problem of the photon. 

The first aim of the present paper is to try to throw light on these problems, and 
the physical meaning implied in the gauge invariance of electrodynamics is analyzed in 
§ 2 using the Hamiltonian formalism. 

The second aim is to supplement our previous discussion on the self-energy problem 
of the photon. In the paper “A New Attempt on the Self-energy Problem of the 
Photon’? ®, one of the authors proposed the method of renormalizing the light velocity 
for the self-energy problem of the photon. The inevitability of introducing such an unfami- 
+ method however was not elucidated there, and room of wondering whether it is not 
instead of attempting such a drastic approach, to amalgamate the self-energy into 
of the photon in such a way that the resulting rest mass just 
Such a weak point of the theory came mainly from 


possible, 
the presumed rest mass 
vanishes seems not to be ruled out. 
an insufficiency of the discussion on the gauge invariance of electrodynamics. Indeed the 
a very characteristic feature of the electromagnetic field*), and its 


gauge invariance is 
self-energy problem of the photon, for 


investigation affords a powerful measure also in the 
which purpose the result of §2 can be utilized. In § 3, the self-energy of the photon 


is calculated as a limit of diminishing the rest mass to zero of the self-energy of a neu- 


*) We restrict our attention to fields with spin less than 3/2, 
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tral vector quantum with small rest mass. Contrary to general believing, the result is 
obtained in a non-zero and still gauge invariant form. This result, when combined with 


those of § 2, enables us to conclude the inevitability of introducing our method. 


§2. Gauge invariance in electrodynamics 


The physical meaning implied in the gauge invariance of electrodynamics is discussed in 
this section. In order to simplify the discussion, we restrict our attention to the case of 
classical theory, since the situation is not altered essentially in quantum electrodynamics. 


Electrodynamics is invatiant under the gauge transformation 
Ao 2 i uA, 
Ais 20; 


As will be seen easily by expanding 4 into Fourier series, (2-1) is a transformation 


(2-1) 


which, conserving transverse waves, alters the homogeneous parts of the longitudinal and 
scalar components of the electromagnetic field. Therefore, the fact that electrodynamics is 
invariant under gauge transformations is another expression of the requirement that -all 
physically significant results must not depend upon these parts of the electromagnetic 
field. 

It is instructive to write the system in the Hamiltonian form to understand why 


such a situation occurs. The interacting system of charged particles and the electromagnetic 
field can be described by equations of motion”? ; 


OH /09,= py, 0H /Op.=¢n (particles) , 
07f/09,= ge dH/Ap,=9, (transverse waves), 


AH/8ge=—fo, 0H/Afs=Io 
(longitudinal waves), (2+2) 


OH /Big= bo, BH /8b,= As 
where /7 is the Hamiltonian of the total system, and (fs, gz), (far Qs)s ( for Go) and 
(45; @) ate canonical variables describing charged particles and the transverse, longitudinal, . 


and scalar components of the electromagnetic field respectively. - Performing a canonical 
transformation generated by the modulus function 


S= Sik A (hy 3 1) P,— DS iked he 3 OB, 


‘ (2:3 
ena Gaby + ae QPr»+ >| Gakot aS Ge ) 


with A(A, ; 2) satisfying 


A(R 5 t) +h eA (Ky 3 2) =0, 


* . . . . os . . . ; 
) Notations in this section are the same with those in Heitler’s book (Quantum Theory of Radia- 
tion), and natural unit is used throughout. 
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these variables are transformed into 


Pi Pes Dk —> Vs 

Px ie Pr (tp mre Dd» 

Po => fo: Cer) Ga—ihgh (4, st), (2 -4) 
and 

6, — bo, We > 6. theAt KZ; 2). 


In terms of A,, (2-4) is equivalent to 
Ay > A,—9,A, -{.).2=0. 
This is nothing but the gauge transformation (2-1). Therefore, the homogeneous parts 
of the longitudinal and scalar components of the electromagnetic field lie within the 
« 
arbitrariness of describing the electromagnetic field which is allowed by the canonical 
transformation. This is even the case when the electromagnetic field is treated as external, 
where a suitable canonical transformation applied to the particles system just reproduces 


the gauge transformation. To see this, taking again the classical case, the motion of a 
charged particle in an external electromagnetic field is described by the Hamiltonian 


H=e b+ Vim? + (p—cA)y*. (2-5) 
Performing a canonical transformation generated by the modulus function 
W=— X,p;—eA(X;, 2), (2-6) 
these variables are transformed into 
tf le OAT Os, 
pi —— pi te 01/Ox;, (2-7) 
and 


Ny ae 


Written in terms of new variables, therefore, (2-5) takes the form 


H=e(b—901/0!) + Vm? + (p—cA +cd0h/dx)’, 


which is completely identical with the result of applying a gauge transformation to the 


external electromagnetic field A,. 
The above discussion can be brought into a form more suitable to practical use, if 


we decompose the electromagnetic field into the transverse, longitudinal and scalar com- 
ponents ; 


A,=1, (ty, 0/dx,)A— (0/dx, + myn, 0/A-x,) V+ 2UL,, 


. . . . y y re . *) 
where 7’, is an arbitrary time-like unit vector and dl, A’ and YI, satisfy 


*) We consider the case of free field only, since the interaction reprsentation is used mainly in 


actual calculations. 
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K4=0, 
Ca'= 0, 
(w= 0. 


Under the gauge transformation (2-1) they transform as 


and 


A 


Re Hb y's 


Ae aoe (Ads 


and 


9. Ms 


Therefore, 1—A’ and 2, remain gauge invariant, and the gauge invariance of the theory 
is made explicit if we can express all physical quantities with 1—’ and Y, only. (Ac- 
tually, terms containing J— dA’ do not appear, since in this decomposed form Lorentz con- 
dition takes the form J—A’=0.) Written in this form, therefore, the requirement of 
gauge invariance is equivalent to saying that terms containing 9/l’/dx, should vanish from 


all physically significant results. 


§3. The self-energy of the photon 


Next we calculate the self-energy of the photon. This quantity has been a typical 
example of the mathematical ambiguity of quantum electrodynamics. The ambiguity, 
however, can be reduced by attributing small rest mass to the photon, which enable us 
to use its rest system in the actual calculation. The continuous approach of such field to 
the electromagnetic field in the limit of diminishing’ the rest mass to zero has already 
been shown by Glauber”. According to him, the neutral vector field with rest mass /& is 
described by a vector A, (x) and a scalar B(x) satisfying the equations of motion 


(G-/4) A, (x) =0 
(A-) B(x) =0 


and the commutation relations 


(3:1) 


(4, (2). ae) ered (x—2') 


[B(2), BW’) =14 2-2’). (3-2) 


The Schrodinger equation and the Lorentz condition are given by 


j OP [ol/do(x) =—j,(2) Ay (a) Ul (3-3) 
and 
2) + pB(x) —| d(x—27')j, (2")do,/| P| a|=0 (3-4) 


respectively. 
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(The notations are the same as those of Schwinger” unless otherwise noted.) (3-1) and 
(3-2) approach to the usual equations of motion and the commutation relations of 
quantum electrodynamics in the limit of ~—> 0, while B(x) disappears from the interac- 
tion Hamiltonian density and from the supplementary condition. Therefore, B (x) field 
becomes entirely irrelevant to the interaction between our field and the electron field, and 
in this sense we can say that A,,(%) is reduced to the ordinary electromagnetic field in 
the limit of 4 — 0. 

It is convenient first to calculate the induced current 07,(1%). 07,,(%) is obtained by 
taking the expectation value 7,(%) of ‘the current vector opetator in the Heisenberg 
representation at the vacuum state of the electron. Since the interaction Hamiltonian 
density is —7,(x)A,(+), the transformation function transforming variables in the 


Heisenberg representation into those in the interaction representation is given by 
S[ol=1+(—d] ja) An) (42) 


+f | Hult VAy Aa) Ay) (de!) (dats B-5) 


Therefore, remembering that the vacuum expectation value of 7, (4°) vanishes, it is found 


that 0/,(a) is given by 
Ue=i{ Cin) AC wl2?)de") G-6) 


. . - Jf . of 
in the ¢? approximation, where { ), means an expectation value at the vacuum state 


the electron. The explicit form of ([7.(%),/,(4")])> was calculated by Schwinger to be 
(Fu (4) Fu(2") Wyo= Ge?/2) SP [S° (4 a) SCE 2)1v 


=— SY (4-2 \7,S(4—2) ris (3-7) 
where | 
S(*4) =(7 0/dx—2) 4 (4), S® (x) = (70/d4—2) 4 (4), (3-8) 
A(x) = \. foe O( pi +x jel p) (dp), 
ia (3-9) 
and 


=| mary. 


Substituting (3-8) and (3-9) into (3-7), (3:6) is written in the form 


| Guy () AEE (dd), (3-10) 
27) 6 


Oj, (4) = 
where 
ee : SP| (trpi—*) 1p (t7Po—*)7,} (8 (p2) —€ ( Ai)) 
Go = 5 an eee {Sot Gi 
OPE OE pet tere re “) (dp,) (dp) (de!) (311) 
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Rewriting (3-11) using the relation 


a O( Vp +x. +x’ —fp,) G4 on +x ae 
KP reR LS ay Sp +2 VP 


where 7? means space components of /,, 


1 es a byt Pah) (2!) 
Cw) = ome |__| (SAL GAH) G9) 7) 


A # Sys 
— Sp} Gru GPA) ome 


Die x. aD _(dx'y, (3-12) 
Spe ra Spe +x 


with (p,=p,iv/p’+2-), and p,*=(p, —iVp t+). 
Referring to the rest system hereafter, we take /, as (0,0,0,z). Thus, performing 


integrations over space components of 2’, (3-12) becomes 


G v Ib as pp" —* Z —x)7y lg t(— Po" + Py—ho)(20—76/) 
py (h) = Zo [Spire ru lrP j 
— Spl PD ra P* A Fy eta HOC 7 
om Psi as (3-13) 
DpD+x 


"Since the spur calculation yields 


1/4 SP (tpi. -*) 7. Po D7} = (Arn (D2) v= (Pid oC Po) t+ (fi Po t®) Our; 
it is readily seen that (3-13) vanishes for wv. For p=v, the calculation must be 
done separately for each value of # and v. After a simple calculation we find 


1 ap 


9 9 eee Sek Wo et & Zs 3) 
Pre—2/4 Vp re 


2p te +e) 
Ga 

0. (H=u=4), 
and G,,,(#) takes the form 


CE —2iA x 


0 

0 
(3-14) 

z 

0 


Or OVsOr 


0 
1 
0 
0 


CIRO me. nie 


in this rest system, where 4 is a divergent coefficient given by 


by edd wine 1 P 
A=a\ ees Er ; ———— dp. SRar5: 
o\ 3 ey VS IP ee z (3-15) 


The transformation to the original coordinate system can be performed at once according to 


Gites Se rly al Crna as 
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where ; 
We wrote the coefficients of Lorentz-transformation as ay, The explicit form of 
@,y is easily found to be 


—14+(2/K)*, kiky/K?, Rik, /K? —ik,/p 
ie Rye / 14+ (4/K)* hike K? —ike/ pp 
: kik, / Ie hk /K? 14 (4,/K)? tk, /p | ane) 
th, / pe ikeo/ ph iks/ ps —th,/ ps 
with 
K= Vx{ki—x). 


Performing this transformation, 
i ky / pe, Ryko/ fe, hyks/ pe, Ryky/ pe 
hyo 2, T+ he / Roks/ Le, Rofes/ pe 
Ryks[ pe, Rok, [PLR EW yh ie 
Ryks/p, — Rohs/p, Rees, LR E/E 
Substituting (3-17) into (3-10), we finally find that 0/,(x) is given by 
We CA 1 , 
i} ae Oey, ke z, ) sa C24 2 
= A/(27)*- (A, (4) —4°0,0,4,(#)). (3-18) 
It is satisfactory that this result is just of the form required from the discussion of 


§1 (note that the equation of motion for /’(x) is given by ({]—x’)A’(x)=0 instead 
of [ |/’(v) =0), and further satisfies the conservation law of charge 


Gy(*) =—7A (3-27) 


30), (a) /Ax,=0. (3-19) 


(The second term of (3-18) which plays an. important role to secure the gauge invari- 
ance and the conservation equation of charge of 0/,(2) is missed in ordinary calculations. 
This is due to a careless dropping of some odd functions appearing in the course of the 
integrations, but such a procedure would not be safe unless sufficient ground exist for the 
symmetry of integrating variables.) . 

We are now in place to discuss the self-energy caused by the interaction between 
O7,.(%) and A,(x). To such divergence problem the method of renormalization has 
gained brilliant success. This method has its base in that, when we distinguish fictitious 
bare quanta and interacting physical ones, the infinite self-energy can be condensed into 
the effect of altering the structure constants of quanta such as mass or charge. There- 
fore, in order that the renormalization method is successful, it must be shown firstly 
that variables describing physical quanta should satisfy the same type of equations of 
motion and commutation relations as those of bare ones which differ from them only in 
the numerical values of the structure constants, and secondly that divergent terms just 
vanish when calculation is made referring to the Hamiltonian written in terms of field 


variables describing physical quanta. 
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Returning to our problem, field variables describing physical quanta in free space are 
given by taking the expectation value of A,(x)* at the vacuum state of the electron. 


Therefore, its equation of motion is given by 


(O-#'/) (Ap) p= — 97.2). (3-20) 


The equation (3-20) shows that the induced current can never be interpreted as giving 
an alteration to the rest mass of the bare quanta, so long as it is of the form (3-18). 
In order that such an interpretation is possible, 37, (2) must be of the form (const.) x A, (%), 
which is in violent contradiction to the requirement of the gauge invariance of 0/,(+). 
Therefore, the condition of the gauge invariance imposes a severe restriction to the 
physical interpretation of the self energy, and so long as the whole scheme is formu- 
lated in a gauge invariant form, the ensuing self-energy can never be interpreted as giving 
an alteration to the rest mass of the quanta. Thus, we are faced with a serious difficulty 
in confronting with energy which is hard to interpret. The most natural way out of this 
situation seems to renormalize the light velocity as proposed in our previous paper. Indeed, 


as was shown there, the propagation velocity of the physical photon is altered from that 


of the bare one zf 0/,(7)=0, and difficulties concerning with the self-energy problem of 
the photon can be solved very naturally if we reformulate Lorentz transformation using 


this altered. value of the light velocity. 


§4. Conclusion 


Summarizing the results of § 2 and § 3, we may conclude that 

i) the condition of the gauge invariance does not require that the induced current 
itself should vanish. It rather requires that terms containing 9/l’/dx%, should vanish in 
the induced current, } 

ii) indeed a natural calculation yields a non-vanishing induced current with the 
required form, . 

iii) the self-energy due to the induced current of this form can never be interpreted 
as given rest mass to the photon, 

iv) the situation can be understood consistently if we adopt the idea of renormali- 
zing the light velocity. 

Thus, it seems to us an inevitable course, so long as the induced current survives 
non-zero, to have to resort to the method of renormalizing the light velocity, although 
it seems strange at first sight. 

In conclusion, the authors wish to express their sincere gratitudes to Prof. S. Sakata 
for his interest taken in this work. 
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The eects of excited states of nucleons upon static nuclear potential in symmetrical pseudoscalar 
meson theory ate investigated. An additional interaction Hamiltonian is introduced, according to which - 
a nucleon can make a transition from its ground states to the excited one of both spin and isotopic 
spin 3/2, or vice versa. The fourth order perturbation contribution of this Hamiltonian is calculated 
in the non relativistic and static approximations for nucleons. The effects of excited states prove to be 
very large. The derived nuclear potential contains generally a very strong attractive central force and 
a very small tensor force of various signs, both of which have very high singularities at the origin. 
The most interesting feature is that the effects are much larger for charge triplet states than for. charge 
singlet states. The derived nuclear potentials are summarized in the final section with the interesting 
five qualitative conclusions. The quantitative investigations of the potentials here derived will be given 


in detail in the subsequent paper (part II). 


§ 1. Introduction and the method for treatment of excited states 


As the result of various investigations, the type of meson field seems to have been 
determined as pseudoscalar. As to the coupling of meson field with the nucleon, however, 
it is not decided whether the pseudoscalar type interaction or the pseudovector one should 
be preferred. Although the pseudoscalar interaction is favorable for renormalization technique, 
the nuclear potential derived from pseudoscalar interaction only seems to be inconsistent 
with empirical facts. It is to be noted; however, that these results are only obtained from 
ordinary perturbation calculation and the existence of excited states of nucleon is not taken 
into account at all. Indeed, we wish to show in this paper that the existence of excited 
states of nucleons seems to modify the situations generally for both types of interactions. 

How to estimate the effects of excited states upon static nuclear potential is the 
essential point of this paper. An exact treatment of excited states would be a very 
difficult problem and the conventional perturbation method will certainly be inadequate for 
this purpose. In this paper, we do not enter into these basic problems further, but adopt 
the following approximate treatment of the excited states of nucleons rather phenomeno- 
logically. According to the present meson theory a nucleon can make transition between 
various states accompanied by the emission or absorption of one meson, as the result of 
the state of a nucleon interacting with its self-field is described as 
es composed of bare nucleons and several mesons. The 
however, very bad in meson theory because 


which, for example, 
the superposition of various stat 


convergency of these asymptotic expansions is, 
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of the possible existence of the nucleon excited states as well as the largeness of the 
interaction constant. We consider in this paper that the perturbation expansion will be 
significant sufficiently if we include in the above expansion such states that are composed 
of the nucleons in their excited states and several mesons emitted. Thus a nucleon interact- 
ing with its self-field can make the virtual transition to excited states accompanied by one 
meson emission. Indeed, one of the authors (M.S.)” has showed under the same idea 
that the anomalous magnetic moment of nucleons can be explained by the inclusion of 
the virtual transition to the excited state with spin and isotopic spin 3 /2. The recent 
experiments on pion-nucleon scattering can readily be understood in the same line ; a nucleon 
can make virtual transition to excited’states accompanied by the absorption of the incident 
pion and therefore resonance phenomenon will appear. In this case also, the excited state 
is required to have spin and isotopic spin 3/2. Thus a nucleon interacting with its self- 
field can make virtual transition to. its excited states with the emission of a virtual pion 
ot with the absorption of a pion from the external field. As a summary we believe after 
these considerations that at least a good approximation can be attained by perturbation 
calculations if we include the above virtual transitions in the perturbation expansions in 
addition to the usual ones. Thus the effect of nucleon excited states on the interaction 
of two nucleons can be calculated as the fourth order effect in perturbation calculations 
that comes from the processes of two-meson exchange accompanied by the transitions of 
nucleons through excited states. 

It must be noted here that, in the p.s. coupling of nucleon with the p.s. meson field, 


because of the inclusion of 7, in the interaction Hamiltonian, the contribution from two- 


meson exchange processes to the nuclear potential (fourth order potential) is rather dominant - 


compared with the one from one-meson exchange processes (second order potential). That 
is in the (p.s., p.s.) theory, the two-meson exchange interaction is large compared with 
the one-meson exchange one. In the (p.s., p.v.) theory the circumstances are found to 
be quite similar. According to the considerations of nucleon excited states mentioned above 
the leading effect of excited states arises from two meson exchange interactions. It is ex- 
pected, therefore, that in pseudoscalar meson theory nucleon excited states may contribute 
very much to nucleon interactions, which will be shown to be the case in the subsequent 
paragraphs. 

In order to take account of the above .new virtual states we have only to add a new 
interaction Hamiltonian, which causes the virtual transitions to excited states accompanied 
by the emission or absorption of one meson. A nucleon in its excited state is considered 
to be described to obey the same equation of motion as an elementary particle of spin 3/2 
and, for the convenience -of calculations, Rarita-Schwinger formalism” is adopted. The 
possible four charge states of excited nucleon are all taken into account and only the charge 
independence hypothesis is imposed. Thus it is assumed that in the free Hamiltonian, 


besides ordinary terms, an additional free Hamiltonian of spin and isotopic. spin 3/2 field 


is inserted. In the interaction Hamiltonian, in addition to the usual coupling term, those 
which describe the transition of ordinary nucleon to the excited states of spin and isotopic 


: ; ; Ss ' 
spin 3/2 accompanied by the emission or absorption of a meson are added with some 


vy ¥ 
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coupling constant. These interaction terms are treated as the small perturbation in the 
calculations of various processes. The examination of pion-nucleon scattering and 7—pion 
production processes was carried out by Minami et al.” in the same line. According to 
their calculations the agreement with the experimental data is improved compared with 
other approaches carried out previously on the same problem. As to 7—pion production 
process, because it seems to be necessary to take into account the effect of anomalous 
magnetic moment of nucleon more adequately, the results of S. Minami et al. is considered 
to be satisfactory from the approximate nature of our investigations. 

Basing upon these considerations the static nuclear potential is analyzed by the pertur- 
bation calculation to the fourth order in nonrelativistic approximation. Nucleons are 
considered to be infinitely heavy and at rest neglecting nucleon recoils entirely. This static 
approximation is, however, inadequate in p.s. coupling theory. In order to avoid this 
difficulty the p.s. interaction Hamiltonian is transformed into the equivalent sum of scalar 
pair coupling term and p.v. coupling one by means of the canonical transformation used 


4),5) 


by Dyson. After this transformation the static approximation becomes also possible in 
p-s. coupling case. In p.v. coupling case, the static approximation is adequate. On the 
other hand, in the interaction Hamiltonian term that describes the transition of a nucleon 
from the ground state to the excited one (or the inverse process), one must insert 7, of 
1 according to whether the excited state has the same or different parity as the ground 
state of a nucleon. According to the calculations by Minami et al.» the latter gives better 
agreement with the experiment than the former. Further the phenomenological treatment 
of anomalous magnetic moments of nucleons” also favours the latter case, since, if 7, is 
inserted, it would be improper to have the image that a nucleon makes transition from 
the ground state to the excited one with the emission of a pion, because the coupling 
with the negative energy state would become dominant. From these reasons we assume 
in this paper that the intrinsic parity of the excited state is different from that of the 
ground state and hence the interaction Hamiltonian contains no 7, factor. Nucleons can 
thus be in a good approximation treated as at rest also for this term, simplifying practical 
calculations exceedingly. 

By means.of these formulations one can immediately calculate the interaction energy 
between two nucleons at rest. In our calculations three important techniques are employed. 
First of them is the method to treat the four charge states of the excited nucleon and is 
explained in Appendix I. Secondly, because it is impossible to use the so called sum rule 
with respect to the spin 3/2 field, in obtaining various matrix elements corresponding to 
the processes through excited states, we adopt the procedure explained in Appendix IL. 
It is shown there that the matrix element, calculated practically in each case and summed 
over four intermediate spin states, can be replaced by the equivalent quantity containing 


Pauli spin matrix only. Finally, because of the appearance of mass difference between 


excited and ground «state, it is generally impossible to carry out integrations exactly. 
Therefore we employ the approximate method in the integration with respect to virtual 


meson momenta. Here it is to be remarked that the above relatively small mass difference 


(about two times the pion mass) must not be neglected even if we employ the assumption 
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of infinitely heavy nucleons, because otherwise the important virtual processes characteristic 
of the effects of excited states cannot be taken into account. 

The present analysis is based on the presumption that the method of calculations 
adopted here is a good approximation for the forthcoming exact theoretical treatment. 
The- nearest way to judge the validity of our picture is to compare the theoretical results 
with empirical facts. We will thereafter investigate various other processes in order to 
clarify and justify our picture. ; 

In the following sections our calculations are given in detail. The fundamental 
formulation for the analysis will be given in §2. In §3 and § 4 the derivation of nuclear 
potential ‘will be performed for p.s. and p.v. couplings respectively. In the final section 
only the qualitative conclusions are given. The quantitative results are given in detail in 


the subsequent paper (Part II). 


§ 2. General formulation 


The unperturbed (free) Hamiltonian density //, is the sum of the energy density 
of nucleon field, pion field, and spin 3/2 field which describes the excited states of nucleon : 


—_ o 3 =" 
Hy=he[b(7:0:+2)¢]+ (1/2) Slee Vet0;0.0;U e+ LU aU) 
+he[P, (7:8:+4) i (1/3) Try 0; T.— (1/3) Arp ee 
a2 (1/3) Bene O—A)iry Te] ’ (2: 1) 


where ¢, Y, and U,, V, represent the spin 1/2-—, spin 3/2-, and pion-field quantities, 
respectively. x==My,c/h, A=Mc/h, and p=m,,c/h, where M,, M, and m,, are the rest 
masses of a ground state nucleon, an excited state one, and a pion, respectively. 


The interaction energy density of the pion and the ground state nucleon is 


fey stafUa. or (8/P)Pirsy pte (OU 2/9X,), (2-2) 


_according to whether the pion is coupled to the nucleon through p.s. or p.v. coupling, 
respectively. For p.s. coupling, in crder to carry out the calculations in the static ap- 
proximation for nucleons, we make so called Dyson transformation which transforms p-s. 
coupling term into, up to the second order ‘in the coupling constant, scalar pair coupling 
term and equivalent p.v. coupling term: 


(f?/2xhc) PPUL U7. (2x) Ps feat. (0U,/dx,) m5 (2-3) 


which are sufficient for our calculation up to the fourth order. The first term in (2-3) 
permits the simultaneous emission or absorption of two pions, the physical meaning of 
which will be discussed later in § 3, while the second one is the well known equivalent 
p-v. coupling term. 

As for the interaction term which describes the transitions of a nucleon to or from 
its excited states, we assume the following form with the phenomenological coupling constant 
(> having the dimension of the charge : 
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(G/p) Py To (BU 4/dx,) + (G/L) PT o* ¥ (AU a/3x,), (2-4) 


in Ne 7, and its hermite conjugate 7’,* are the 4-2 matrices determined ftom the 
requirement that the nuclear interactions caused by (2-4) satisfy the requirement of 
charge independence and play the role of T-spin in the conventional formulation. Thus 
the pion field can be treated symmetrically, simplifying the analysis exceedingly. The 
practical representations of matrix 77’s are as follows: 


1 Ouro ¢ —2t 0 
Tee DE Oe 8 Rae oad Spee are Quart in 3. 
—1/V3 0 ‘ 7/73 0 
0 1 0 z 
0 0 5 
ie 
Tee BARS Fe 05 |: 2-5 
0 —2/Vv3 Ce, 
0 0 


Y, and « in (2-4) must accordingly be considered to have the following four and two 


components : 
ptt 
ees uy 
q = & i ie 
i vo > el : ; (2-6) 


where the superscripts in /, refer to the charge values while P and WV in ¢ do to the 
proton and neutron, respectively. The form of the interaction Hamiltonian, when the 
meson field is expressed as the sum of charged and neutral fields, is given in Appendix 
I, together with the proof that the charge independence of nucleon-nucleon interaction can 
be attained by choice of the coupling term (2-4) with (2-5) and (2-6). 


R In order to evaluate the matrix elements, free field solutions of Rarita-Schwinger field 
will be needed. The equations for free Rarita-Schwinger field are 
(ide FAY = 9 ’ Ty Py.=0 y 0, %,=0. (2-7) 


Four independent solutions of these equations belonging to the positive energy eigenvalue 


E. and momentum p and corresponding to four different spin orientations are given as 


follows :* 
{P Opateg,, 0}, {F.P;=leg-, oF, 
VipeGn\n desks po repent pe , ect 
(ete f pees an ae We us ’ an 5 Me q 
pape) yeas) cae see E rents ae Be ts of. |. aia 
12 } | V3 €, p- a ME 3f 35 ONT P,, ( ) 
where 


* S. Kusaka, Phys. Rev. 69 (1940), 61. There are certain misprints in Kusaka’s paper. Our eq. (2-8) 


is correct, 


204 T. Matsumoto, T. Hamada and M. Sugawara 


E= Vv (Me)? +{pc)’, 


: 1 2 1 —1 | Fs Lee 
Taal SSeS ——=, OF; @=)— =) ’ , @ = WED sLts 
Cases ieee =175 V2 p 
Me + 
Gi. eS ees ae 0 ob ete EOI 
v (Me? + £)* + (pc) per VF 
0) 
0 
(eg = ee af. ne 2 Me+Ek } _ gter- 10k, 
V (Me? +E)? + (pc)? 0 J 
Se: 


5 . : ; + \ > 
in which the normalization $}| FO*" Pal =0,; is used. 
bed . . 
If one omits such terms that vanish in the approximation for a nucleon to be at 


rest, the interaction Hamiltonian density is given as 

H'=H,+ Hj+H;, 

H,= (f/2x) $ajte(OU6/0x,), ot (g/#)$o;tah(OU 4/025), 

Hy= (f2/2xhc) fbU 2, 

H,=(G/p) (Bj Te) BU 2/82; + (G/p) GT Ej) BU 6/345. (2-9) 
The static nuclear potential 1”(9°) can be calculated as the expectation value of the above 


interaction for the state of two nucleons at rest which are apart from each other by the 
distance 7” in the usual fourth order perturbation calculation as follows : 


Vory=3: GN |p as (é| 77’ |IL) (11] A" |1) (1| 27 |2) ; 
z i Ay 1 (Ay = £4) (Z;— Fi) 
(a| 7" |TIL) (111| 77’ |IL) {1E| A7’|1) (| A’ |2) 
imam (A, — Ey) (E:— En) (Zi Em) 


(2-10) 
where 
H=| Hbx ‘ 


In order to evaluate the above matrix element, meson field quantities are expanded as 


usual, 
U.(#)=(1/VV) x cVh/2a,,(a® + at) etkn, {2544} #5 


O,=C WaT +k’, 


. : ( eee : : 
in which aj or aj?* are the operators that absorb or emit a meson with wave number 


vector A respectively. On the other hand, the nucleon field quantities become, according 
to our assumption of nucleon at rest, 
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b (aya; () = Do (@w—a), 
B (ae) (0) =33 3 (w— a0), 
(F(a) $ (oe) = SIL, 0(ae— a0). (2-12) 


Concerning the treatment of matrix element // jy some techniques are necessary as was 
mentioned in §1. In Appendix II they are given in details and the necessary quantities 
are all calculated. After these preparations we perform the practical calculation of nuclear 
potential in the subsequent section. 


§ 3. Calculation of auclear potential for p.s. coupling 


Each of the interaction terms in (2-9) gives the characteristic contribution to the 
nuclear potential. If calculated up to the fourth order in the coupling’ constant, keeping 
in mind the fact that //, itself is of the second order, one obtains contributions to nuclear 
potential from three terms in (2-10) as follows: 

By the second order perturbation calculation (the first term in (2-10)), (a) the 
second order perturbation contributions from //,—-This gives the well known second order 
nuclear. potential (Graph a). 

(b) the second order perturbation contributions from /7,—This gives the leading 
term in the foutth order nuclear potential which has been obtained by many authors 
(Graph b). 

By the third order perturbation calculations (the second term in (2*10)),- (ce) the 
third order perturbation contributions from /7, and //, —This gives one of the most 
important parts in the fourth order nuclear potential due to the existence of excited states 
(Graph c). 

(b’) the third order perturbation contributions from /7, and H,—This gives the next 
higher order correction to the fourth order potential (b) and it will be proven later that 
this term is also correctly given by our calculations (Graph bX: 

By the fourth order perturbation calculation (the third term in (2-10)), (d) the 
fourth order perturbation contributions from A/,—This term, being the most complicated 
one in the evaluation, gives the other part of the most important contributions to the 
fourth order nuclear potential due to the excited states (Graph d). 

(c!) the fourth order perturbation contributions from A/, add /7,--This gives, as is 
shown later, the next higher order correction to the fourth order potential (c) and it 
will be proven later that this term is also correctly given by our calculations (Graph ol 

(b’’) the fourth order perturbation contributions from //, only. This term is, as 
is seen later, the still higher correction to the fourth order potential (b) (Graph bs 
These terms ate derived successively in the following subsections. 

(a) . The second order potential due to FH, 

The possible intermediate states are represented diagramatically in Fig. 1. Note that 

the diagrams in this paper are not Dyson-Feynman graphs. They only visualize the sequences 
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of possible virtual processes in perturbation calcula- 
tions. For instance, Fig. a, shows that the nucleon 
1 emits a pion of wave number vector ke which 
is subsequently absorbed by the nucleon 2. 
Noting that the energy / of the system in 
initial, intermediate, and final states is the sum of 


nucleon rest energies and the total energy of pions, 


) (2) (1) (2) 


we readily obtain 


AO ae ee a: 


a ia (o™ ‘K) (0 -k) poten 


2 2 
Woo k 


ay a 


Fig. 1. The virtual processes which 
give the second order nuclear potential 
due to //,. 


G1) 


where P=@?—H# is the relative coordinate of two nucleons. Putting pr= 7, 


(4) = (an, Ay(aL Mex ) (0-20) 


47hc ) Ca 
i E (69.0%) 
3 


x 


SONS tee pee 
gto Sees) ae ‘| ’ (3-2) 
3 : x 


Lig x 


epee ae! (6 oC) (6® -9) /x?) Kg (o® . o®). 


Ser. yet 
Hs ne ies ea 
Kk, Poa c ¢ ea i 
(1) (2). () (2) 
by bo 


Fig. 2. The virtual processes which 
give the second order nuclear potential 
due to A. 


This is just the well known second order nuclear 
potential from the symmetrical pseudoscalar coupling 
theory. The main purpose of this paper is to 
estimate the modification of (3-2) up to the - 
fourth order calculations when the effects of excited 
states are taken into account. 
(b) Lhe second order potential due to Hy, 

Next we calculate the second order’ potential 
due to /75, in which case the possible intermediate 
states are represented by the diagrams in Fig. 2. 
If one sums up the contributions from these virtual 


processes, the result is 


/ Q 2 —é(heit ke) 
Vn (Gz ‘) BE aE {I ONGC SB ees 
2x 4he (27)° WU, Wo (, + >) 
+exchange term in (1) and (2), (3:<3)) 


oa Viet (G=1,2), 


where the numerical factor 3 comes from the summation with respect to the isotopic spin 


index uv, and the factor 2 comes ftom the two possible ways in which two pions of wave 


vector Jt, and ft, are absorbed. 


Though this term is derived here from the second order perturbation calculation, 
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V,() is of the fourth order in coupling constant since the pair term is already of the 
second order. Thus this term should be called “the fourth order nuclear potential ” 
according to the conventional language. The calculations of the fourth order nuclear 
potential in the pseudoscalar theory with pseudoscalar coupling were performed previously 
by Lévy,” Nakabayashi and Sato,.’ and several others. The results of their analysis agree, 
as for the leading term, with ours exactly under the same approximation made here. The 
next higher order term will be obtained in subsection (b’). By using the integral re- 
presentation of the Hankel functions of an imaginary argument,” 


* Lai 2) f 2eN" cos kr dk 
eA = = aed eee ne Bea see : 
or) (1/2) ( r- ) | (eee Bee) 


0 


eq. (3-3) can easily be put into the form 
V4(4) =— (m0) (f° /4ehc)*(m,/2M,)’ (6/7) (1/2) K, (24). (3-5) 


The contribution of this term must not be neglected near the range of nuclear forces since 
it is of larger order of magnitude by /°/4m%c~10 than the second order one, eq. (3-2). 
This dominant attractive force of shorter range seems to improve the agreement of the 
theory with the experiment since it enlarges the attractive central force which is somewhat 
weak compared with the tensor one in eq. (3-2). Indeed, Lévy, Martin and Verlet’?*. 
obtained satisfactory results on the low energy two nucleon system by assuming the hard 
core inside. 

Now, in order to examine the physical meaning of pair term /Z, according to the 
program mentioned in°§ 2, we compare our second order perturbation calculation with the 
more detailed fourth order one due to Lévy.” In the Lévy’s calculations, eq. (323); of 


(3-5) is just the contributions from such virtual processes as is shown in Fig. 3. 


(ap) (2) (i) (2) 


Fig. 3. The virtual processes which give the main contribution to the fourth 


order nuclear potential in p.s.—p.s. theory. 


Comparing with that of ours, and noting that the graph 0, includes two possible ways in 
which two pions are absorbed, one could suppose reasonably that the contribution from 


* In view of the recent clarifications of certain mistakes involved in Lévy’s calculation, their conclusions 
It seems, however, that nothing definite can be said in this 


have become most doubtful, see reference 11. sai 
“fnite self-energy terms” might better the situation. An 


connection since those important effects of the 
investigation in this line has recently been made by Jastrow (private communication), 
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graph J, obtained by us is exactly equal to the one by Levy from graphs 0, + 0,. Actually, 
if one assumes the p.s. coupling of the form i/¢y,taUa, the matrix element for the 
process in which a nucleon pair is created virtually and then one of the pair nucleons 


annihilates with the initial nucleon together can be given by 
ak See ae ) (gh 27s ,) Fillets U// (Z;—£4), G 5 6) 
I 


where ¢f; is some negative energy Dirac spinor and #,; and 4’, are positive energy ones of 
initial and final nucleons. Here the minus sign, which comes from the exchange character 
of nucleon creation and annihilation operators, is important. If we neglect meson energy 
compared to the nucleon one in &; and / and assume nonrelativistic approximation, ‘it 
can be shown easily that ;—A,= —2M,c = — 2hiex, and PCT 7301) (hit, 0) © (¢,94). 
Therefore, in this approximation (3-6) can be replaced effectively by 
(f?/2xkc) (bh) (te Ve)? = (f° /2xhe) (ff) Oa’, (3-7) 

which is just the pair term //, itself. Thus one can conclude as follows; in the non- 
relativistic approximation, the simultaneous emission or absorption processes of two pions 
induced by the pair term is nothing but the virtual processes in which a pair of nucleons 
is first created and then one of the pair nucleons annihilates together with the one initially 
present and totally two (one in each transition) pions are emitted or absorbed. 

It is to be remarked here that the virtual processes which include two nucleon pairs 


at the same time are not included in the pair term approximation. Those graphs which 
contribute to the next higher order terms to |’,(x) (of order (/°/47hc)?(s72,/2M,)*) 
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Fig. 4. The typical virtual processes which are noi included in the present 
pair term approximation. 


are shown in Fig. 4. However, it is also to be remarked that the pair term neglects the 
energy of the virtual meson compared to the one of nucleon pair as was mentioned before 


the equation (3-7), and that this neglect also produces some correction terms of the order 
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(f°/47hc)?(m,./2M,)*. It is quite easy to show that the correction terms of the order 
(f?/47hic)*(m./2M,)* to ’,(#) arising from the above pair term approximation exactly 
cancel out the contributions from the graphs in Fig. 4. This exact cancellation is natural 
since the transformed pair term does not give the above terms entirely. Thus the next 
higher term of the order (f/°/47%c)°(m,/2M,)* to 1,(*) is correctly given by the 
contributions in subsection (b’). The similar cancellation will be mentioned in subsection 
(c’). 
(c) The third order potential due to H, and H, 

Now we examine the nuclear potential calculated by the third order perturbation 
analysis due to /7, and //,. This gives the-main contribution to nuclear potential due to 
the processes in which only one of the 


two nucleons give rise to the transition 


to excited state virtually, and thus con-— es ce - 

. Pee ‘ 
tributes an important part in nuclear eee pie =a 

» : - p ak << ’ 
potential due to excited states which is \ ies fab 
x ais ose es 

the main purpose of this paper. The fe 
ossible virtual processes are represented 
2 . ae a) Oy) ty Oe ta) 


by three diagrams in Fig. 5 and the ones ‘ 
Cy Co 5 


obtained by the interchange of particles 
(1) and (2) from the former. In the 
diagrams hereafter the vertical double 
lines represent the nucleons in excited states. By using eqs. (229), (2210) (251 8)s 
and (2-12) one obtains the following terms cortesponding to diagrams ¢,, ¢s, and: €3, 


Fig. 5. The virtual processes which give the third 
order nuclear potential due to Ay and /73. 


respectively, 
Fa) EF 2 si.gu, CO TEV Je) EI) some 
(Tee A W; Oo 0; + 0s) (G+ 0;) 

+exchange term in (1) and (2), (3-8) 
en Eps 
Aewiineoe pe 4S (aR) 01 Wo G+ 04) (G+ 02) 

+exchange term in (1) and (2), (3-8)’ 

Poe Fi Cee he {jae ae, (72* T2) U1. ke) (H1® - Key) sais 
(8 oyhc ) (Tae x, ee C25) ies 


W, (+ Wg) (G+ Os) 
+exchange term in (1) and (2), (3-8)” 


where g is defined by tcqg= Me— Mc, ie. heg is the mass difference between excited 


state nucleon and ground state one. Summing up these terms, one obtains the third 


ordér potential corresponding to diagram ¢ ; 
| V(1) = Vote Voot Ve 


a. - 2 a (TPT, eH | CIT * Fey) EO ey) fe 
me Nahe Ae. (aay WO» 
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aI 
Aemreeri Sec  j 
(9g+,)(@+0.)  (9+o,) (9+) (g+ 5) (@,+s) 
+exchange term in (1) and (2H 
In this expression it is required to evaluate the factor (11*.k,) (11 -k,). As is shown 
in Appendix II, by comparing the matrix elements between various initial and final spin 
states of nucleon, the factor (J7*-k,) (JT®-k,) can be replaced exactly by the operator 
(k, Kk.) — (1/3) (K-56) (k,-6®). Thus 

C1 * -Bes) UT «Be, > (ki, Ky) — (1/3) (ho: 6) (Ke,-6) (3-9) 

= (2/3) (k,-k,) — (7/3) (6 -[Ky x K,]). (3-10) 
Since the term (0®-[/,x K,]), however, has no contribution to the integration in 1”,(%), 


one can replace effectively as follows ; 
(11®*.k,) dT -K,) 2/3 (Kh, K.). (3-11) 


If further replacements of wave vector hi, and /¢, by the gradient operators are performed, 


V’.(") becomes 


V0) = (f/2xhe) (G2/18) (1/3) Onl CPG 1”) Inver 


where 
Q=TP*TP +4 TP*T2 , (3-12) 
G, (Y, r’) = 1 \| ak, dk, gil pikar! 
Zi W, Wo 


1 1 1 
(g+,) (9+ s) (g+0,;) (@,+0.)  (g+@.) (@,+ Ws) 
The isotopic spin factor QO 


<0 


Open LO PLS Ie (GS Ce ene (3-13) 


is evaluated as shown in Appendix I, 


As for G°(7, 7’), the angle part integration can be performed easily as follows ; 


\J eae Cre ey Glia Ca) 


(270) 7 WO, Wg 
4 C( 2,dk,kodky 
Gaye |) ir) sin er Very 9). (3-24) 
R & 102 
00 


Now, concerning the radial part integration, however, the exact evaluation is not possible 
generally because of the appearance of an extra parameter g in the energy denominators 
such as g+w. In order to avoid this difficulty, we adopt the following approximation, 


1/(¢+ wv) =(1/o)o/(9g+0)> (1/0) a(r). (3-15) 


That is, since the most effective contribution to the integral of (3-14) comes from the 
neighbourhood of the first maximum point of sindy, k=7a/2r, the ‘factor wo/(qto), 


which varies very slowly with £, can be approximated by a function a(7) that is obtained 
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from the factor w/(g+w) by the substitution £= (2/2) (1/r). By means of this ap- 
proximation, the radial part integration of (3-14) can be performed straightforwardly. 
The function a(7), though it depends really on the relative distance » under consideration, 
changes very slowly with 7 in the domain co>7>1/2 (Cf. Table I); and, therefore, 
can be treated as a constant when one perform the differentiation such as (V-V’). As 


the result of this approximation G,(9*, 2°’) can be evaluated wa 


ES OCR CIE a ea a(r)+a(r)|V-V' gtr pawn 
Gr r= LAO) +a1O-P) 


The substitution of these expression into (3-12) gives (v= ms 


Herm (oney( Me EW Ge) Loren tlie ba hen 


2M, 4rthe 4the p= 
(3-16) 
Table I. The values of the function @(7)=w/(g+@) 
x=pr | 0.5 | 1.0 | 15 | 2.0 3.0 
a(r) 0.62 | 0.48 | 0.41 | 0.38 0.36 


This term represents rather strong central repulsive force of short range, which will be — 


discussed later. 


(b’) The third order potential due to H, and A, 
This term is derived in the same way as /”,(%) and is a next higher term to the 
fourth order one 1’,(x). The possible virtual processes are given by the six diagrams in 
Fig. 6. Summing up all the contributions from these diagrams, one obtains a central 


repulsive force in the analogous way as OES! ; 


Vint) = Ota a 2M, Ngee <a yo segs cane es (3-17) 


As was discussed by two of the authors in the other paper, the term 1;,(4) thus derived 
11) 


is exactly in agreement with the one from other fourth order calculation. 
(d) The fourth order potential due to FH, 
Next we evaluate the fourth order nuclear potential due to the intetaction Hamiltonian 


H,, which is obtained through the virtual processes in which both nucleons undergo 


- o e 
Sona, - 7) 


“Ee <a “fs Rstexctace diagrams in (1) and (2)) 
w @ (2) (2) 


- Fig. 6. The virtual processes which give the third order nuclear potential due to interaction 


Hamiltonian 74, and Ab. 
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transitions to excited states. The possible processes to be considered are represented by 
six diagrams in Fig. 7 and the ones obtained by the interchange of particles (1) and (2). 
The contributions from diagrams @, and @, are written down straightforwardly as 


before ; 


(1) nara) (2) () (2) (1) (2) = ) (A) (2) 
qd, dy ds ds ds a, 
Fig. 7. The virtual processes which give the fourth order nuclear potential due to interaction 
Hamiltonian 73. 


(CONSE | J 
Try == 
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we ate, TTY TOP TMM) RYT R- Te) I) gy 
1 03(W; + Op) (9 +0) (9+) 


+exchange term in (1) and (2), (3-18) 
Geet 1 
V(r) =—( 
a) Lt ) 4hc (27)° 


ether +Ke2)+ 


zs [fcr (T2* TOT O*T2) IT * Te) II -ie,) IT * eg) IT + Fey) 
1, 0,(@,+ Ws) (9 +,)° 
+-exchange term in (1) and (2). (3-19) 
The contributions from other diagrams can be written down in an analogous way and it 
is readily seen that the terms corresponding to d, and d, are of the same form except 
energy denominators as (3-18) and the ones corresponding to d, and d, are as (3-19). 
In the integrand of (3-18) and (3-19) the numerators are treated by the replacement 


of (3 +9); 
C* Ke, IT « Bee) UT©* - Be) IT -Fe,) 
—>1/9[3 (dy -Iea)? + (6 -He,) (6 ea) (6 He, (6 -Ky)], (3-20 
CE *. Fey) U1 shea) 1 * Ke) (LK) 
—1/9[3 (hy, - hy)? + (6 +e) (0 - key) (0 Be.) (6 -F,)], (3-21) 
in which the terms of no contribution to the integral are omitted. As before, performing 


the replacement of 4, k, by the gradient operators, it follows that 


Ven) =— (1/2he) (G/p)"LOLV, B') G(r, ) + OF, PYG, PY yr gy 
. (3+22) 


aa JANE) Ie) 2 KET) TAL) PR 
O= TTP TOTP, OC HTT PT ONTO, (3-23) 


oid eal 
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IV, 0')=1, 9[3, 0-9")? 4 (6-P) (6-2) (6.7) (6®-P)], (3-24) 
L'V, B') =1/9[3. 0-9")? 4. (6 .V) (6-9) (g®-D") (c®.7) 15 (3-25) 
CATT y= \ TE Soa rare 
(27° WO; Ws 
1 if 
x + ~ | : 3 +26 
(q+ oe (9+ os) (+02) g(g+,) (9+ er) oe 
Ge d fen y! = \) dk, aie, thar ikorl 
( ae oF he \ W; Wy tse 


(— ‘) 1 ik 
A ; [pio ee 
2 | (9+0,)°?(@,+ 05) (¢+ o,)?(29+0,4+ 0.) 
oD, ig : 1 
(9+ 0) (9+ @2) {29 +0, +02) (9 +2)" (29 +0, + ,) 
il 
+ : | ; B27 
Granta +o,) oe 


The integrations of G(7, 2) and G’(a,7’) can be performed by means of the 
analogous approximations to (3-15) ; 


1 pera w, 1 1 1 
= —>—al(r), > a(r), 
qtr, O, Gta w; G+ Ws Wo 
1 = 1 W,+ Ws rig 1 a(r). (3-28) 


29+ 0,4 W, O,+0, 294+0,;4+ 0, O,+05— 


Using these approximations one obtains immediately, 


Gtr, rym, ff te ae ates 2 (11 ate, 
qg 7 


(27)° ORO OMOe w+ Ws 


(3-29) 
where the first term can be integrated by the method in Appendix III and the second 


term gives directly the usual Yukawa potential. Therefore, 


CHD = /1 es Bauer). Firtr’) +e Vk (7) +e7 “FO |, 
4y(27)? rr! 
(3-30) 
in which 
a 4p & sin kr ap= 2 kK, Wa 3-31) 
F(ir)= an (2+ pe) 8? r L as ns ( 


where K(x) is defined by eq. (3-4). As to G'(r, rv’), the same approximations yield 


Gl ka", r’) Sane , | (4 dk, gk gikkar! 1 
(27)* W; Ws WO, + Ws 
x= K ee : 2)¢ "(1 +a) — *_a(1—a) |. (3-32) 
2 Of, a8 wo W, @ | 
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Further integrations are carried out in Appendix III, and the result is 


st ie 


G'(r, 7”) ah : | Po+ra— ies eH) ee tio) t= 5 


4u(2my? rr 
(3-33) 
Noting that G(a, 9’) and G’(7, 1”) become the functions of only 7 and 7’, the dif- 
ferential operators /(V7, 7’) and /'’(V,V") are written down as follows ; 


i 2 O° 9! 
AY Aa ee tae 
( ) r? oror' 0r"0r’? ° 


(6 7) (a9!) (6®-7)(o-P') 


4 2 \. : 2 a3 3 
ao es o pat is 4 i 7 = -(o% )-g®)( - : 2 J me : = rae : 2) 
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1 ‘A 2 on i 3° 1 3° 
SOO.) os _— — 5 3-34 
3 ( ) m( r? oror' vr orodr’ vr  oror' ) ( ) 
(0-7) (6 P) (6 PGP) 
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+260) Sif g 0 seehs 1 2 se 1 3° a 
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where, in the right hand sides, 7’ has been equated with 7 after the differentiation have 
been performed. As can be seen from these expressions the calculations of /(V, 7’) G(r, 7’) 
and /'(V,V')G(r,7r') yield many higher order derivatives of /(7) or K,(pr), which, 
however, can be reduced to the. exptessions including only the functions A,(1) and K,(+) 
but not their derivatives at all, by means of the recurrence formula’ with respect to 


differentiation of K,,(1) ; 
tha, @) +r a) == 1K Coe A ai eas (3-35) 


Carrying out all of these tedious and elementary calculations and equating 7’ to 7 finally, 
one obtains as the final result (v=y1”) ; 
t 
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Ta O+9){-(44-4 )Kax) A) 
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where the factor (6-06) multiplied by S,, is already put equal to 1. In these ex- 


pressions the isotopic spin matrices Q and Q” are, as are calculated in Appendix I; 


40 56 


Oe OS for isotopic spin triplet, 
9 9 
q= , Qa for isotopic spin singlet. (3-40) 


And the spin factor (6-0) takes the well known eigenvalue ; 
a Ong 0a el for spin triplet, 
= 3 for spin singlet. (3-31) 


The term 1”,(7) thus obtained is another part of the contributions to the nuclear 
potential due to the excited states, that is due to the interaction in which both nucleons 
pass through the excited states. 

(c!) The fourth order potential due to H, and 7; 

The possible virtual processes are represented by the twelve diagrams in Fig. 8. and 
the same number of diagrams obtained from them by the interchange of particles (1) and 
(2). The contributions from these diagrams are readily seen to be of the order (12,/214,)° 
(f?/4hc) (G?/4zhc) and therefore the next higher order terms to 1”,(%) which is of 
the order (17,/2MM,) (f°/47%c) (G*/4mhc). Again these corrections prove to be very 
large compared to I’,(%) quite the same way as |’,,(7) compared with V,(4). We 
will consistently consider up to the contributions /’,, (x) (which will be calculated below), 


because we took into account up to /,,(1) before. Quite the same way as before, one 


can immediately obtain 
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Fig. 8. The virtual process which give the fourth order nuclear potential due to 
interaction Hamiltonian 47; and 73. 
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By the replacement (3-9), one obtains, dropping the terms which contribute nothing to 
the above integral, 


(9° -K,) (6 «Fiy) IPO* Hey) I Ke) > (Ki Ben)? 
~ (1/3) (6 -B,) (6 Fe.) (6° Ie) (6% -Ie,), 
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— (1/3) (6 -Ky) (6 -,) (6 -Te,) (6 - He). (3-43) 
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Now we must make the similar approximations as (3-15) in the energy denominators 
1/D and 1/D’; 

1/(g+0,)>1/o,-a(r), 1/(g+ Wy) 1/w-a(r), 

1/(¢+ 0,4) =1/(@,+ 0.) +(e, 4+0,)/(9+0,;+ @:)>1/(@,+ 02) -6(r), 

(3-44) 

where a(r) is defined before and 4(7) is a function of 7 which is obtained from 
(@;+ 5) /(9+0,+ 0.2) by the substitution 4,=/,= (7/2) (1/7), which is again a slowly 
varying function of 7 and is assumed to be treated as a constant when performing the 


differentiation with respect to 7. The other calculations are quite similar as those in 
subsection (d) and the result is as follows (v=yp) ; 
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Tae ; 1 5 Sn aes Pea ( 1 lL \ 9K 
sere Kn) =2(— Sees 2)e Ky (4) -2 aS oa ) K, (4) 


+a £5) P'{2(— eee ze “*K; (x) +2( [ Eek a) 


2 2 8 12 6 \ 2 3-48 
— #42) f{ 3 + 64184 6), I]. eas 
q : ; 
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where the isotopic spin factor ? and P’ have the following values, as is calculated in 
Appendix I; 
PEO TO*TS =13/6, PSO TP*TO =8/3, for isotopic spin triplet, 
iB = Oat eo" = 8 , for isotopic spin singlet. 
(3-49) 


Thus the required quantities are all derived except the next one. The effect on nuclear 
potential due to the excited states of nucleons is represented by the sum of V, (2) aot 
and I”7,(%). The purpose of this paper is to investigate quantitatively how these terms 
modify the usual nuclear potential /7,(7) +1%(7) + V5/(4) + V(x), which, however, 
will be discussed in detail in the following paper (Part II). 
(b’) The fourth order potential due to H, only 

It is readily seen that these terms are of the order (f°/47hc)*(m,/2M,)* and thus 
the highest contributions to the usual fourth order nuclear potential in p.s.—p.s. theory 
and have the same form as the usual fourth order potentials due to p.v. coupling, which 


will be given in the next section. 


§4. Calculation of nuclear potential for p.v. coupling 


For this type of coupling, the static nuclear potential can be obtained more easily 
and unambiguouly than for p.s. coupling. The second and fourth order potentials due to 


p-v. coupling in (2-2) have been derived by many authors and the results are given in 


the following ; 


The second order potential : 


Vi (4) = (1,0 fs ) 7). 7® |=. G).g@) + ys 
F ( ) 4tthe ( ) 3 ( ) x 


+<-S,(1+ age >) : As (4:1) 


a a 


The fourth order potential" : 


(x)= (112)( &E 


4ihc 


JEG -2%) 0,(2) + (6-6) U4 (x) + S.Uo(2)], 


(4-2) 


whete* 


Ua) =———|(-+ 3 )Ki(a2) +(24 2% xeon}, (4.3) 


Ae 
OG %) =" ea K, (24) +(54+ 4) K,(2x)} ‘ (4-4) 
Le =—2.{2 x20) ++ )K2n} (4.5) 


* The two mistakes in the eqs. (28) and (29) in Taketani, Machida and Onuma’s paper (Prog. Theor. 
Phys. 7 (1952), 45) are corrected in our eqs. (4-3) and (4-4), 
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The contributions of excited states of nucleons to nuclear potential consist of two 
parts, one of which will be denoted by I/,(1) and is due to the virtual processes in 
which only one of the nucleons passes thrcugh the excited states and the other of which 
will be denoted by 1”,(7) and is due to the virtual processes in which both of the nucleons 
pass through the excited states. It is readily seen that //,(2) can be obtained from 
Vu(#) in (3-45) only by the replacement of the factor (it_/2M,)* (f° /4thc) by 
(g°/4zhc)* and. 17,(%) is quite the same as was calculated in (3-36). Thus we can 
readily write down them : 

Vi (4) =— (mn, CO) g"/4rhe) (G?/42hc)[U, (2) + (6-6) 0, (4) + SU (x) ], 

ACE) 
where U/,(7), U,(x), and U,(x) are given by (3-46), (3-47), and (3-48). 
Vat) == (Mn) (C°/4thc) [Ry (4) + (69-6 Roa) + SpRi(4)] (4-7) 


where R,(1), K,(x), and R,(v) are given by (3-37), (3-38), and (3-39). 


$5. Qualitative conclusions 


In the preceding two sections the nuclear potentials are derived for p.s. and p.v. 


couplings respectively. We will summarize them below. For the p.s. coupling : 


V, (x) =Vi(%) + Vi (a) + Vs (4%) +V gn (4) + Vee) + Ver (4) + V4) 
= (1,02) (- ie ) Mt NERD sho Naat 


4ihc 2M, 


ie S(a+ “ + =) e*|- (Cs hee coe ax} ( i y ° = K,(2z) 


2 pn ie) ha Woe (1+ mii te ee 
+ (m,0)( Ga bo ema: 


Mtn \*e 72h) Ye Og) U4 (4) + SU 7(4) | 
c See ee) ee er -(4) + (69-6) U, eS aN 
Pe oe amie Nerals 
: eas foes se 
Cay ee i (2s ee a?-+ a) — (1+ eae >)e ze 
+ Onn2)( 4thic ( 4rthe ) 2M,/ 3 ( x ewig eae 


se Slee h ae th —)G a ta )(0, (xz) + (6-0) U.(4) + SiU3(*)] 
4AThC THC . 
— (11m) EYER (2) + (6? 8°) RAC) + SRN]. 6-1) 


For the p.v. ae 
V (4) = EDGE SAL St aie 


MTEy AOS 3 3 ) 1 | 
2 @)., ¢@)) 2 =e —Si(1 te wee eer: 
mec (— ee +20)| (6.0) ok 75 By ot aie 
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2 
o 


- (tity) (— = yee 2) U4 (x) + (6-6) U5 (4) + Sp U7(4) ] 


4nthe 
NR. 2)( S )( oe IO) + (a-0) Ufa) +SU; (x)] 
ip 
si (mnc*)( & VIR, (1) + (6-6) R, (x) + SoR,(4) ] - (5-2) 
The : 


The rather complicated expressions of A’s and U’s are not given here again. It is only 
noted that they all behave like exp(—2x) for large x and like 2~° or x~° for very 
small +. Thus we can conclude that the nuclear potential due to the excited states have 
approximately the same force range as the usual fourth order ones, and the more strong 
singularities than the usual fourth order potentials. By investigating the functions Us 
and #’s, which are all characteristic of terms due to the virtual processes through the 
excited states, it can be shown that the terms containing the factor /g are at least several 
times larger than all the remaining terms in each of 

the (/’s and A’s. These main terms are the contribu- 

tions from the processes involving the virtual states in [| ---7~ 

which either or both nucleons are raised up to the 

excited states with no meson present, the typical diagrams a 

of which are represented in Fig. 9. Thus we obtain aaa ety 
another important conclusion that the virtual processes 

in which one or two of the nucleons pass through the Fig. 9. The typical two diagrams 


: : : i ke the main contributio 
excited states without meson accompanied make the _ oa ge ee ‘pene = 
to the nuclear potential due to the 


1 tributi i i : 
main contributions to nuclear potential due to excited pte ey 


states, and that, therefore, a resonance scattering pheno- 


menon may be expected to occur for sufficiently high energy nucleon scatterings. We can 
give, therefore, approximately 


1 9 1 1 2 
EO crm pele —+ at aes nae Sa 
bo x x Eo Ke 


Looe . 4 10 12 6 
Uw 2 #40) P penl a aye 
oiemarrins coer a +e 


1 9 9 
ht) 14a) Pl SoS) ae eyes yews (5-3) 
Ys a 


=) ib 9 4 10 a 
Rew tb Bgo( Hy Oye 6pm, 
54. 9 x x x “* 


e 1 ty dee at 5 g 
R(2)~—3_ + “0( ett Se (5-4) 


9 “3 epee a 


Furthermore we must take from pion-nucleon scattering data 


ee 
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Bigs t/2; (5:25) 
and from eq. (3-15) for r=1 


, aw1/2. G6) se 
Thus it is seen that (/; is 14 or 27-times larger than R; (for each 7=1, 2, 3) except 
for the factor P and Q and qualitatively the A’’s can be neglected entirely compared with 
U’s. Remembering that the terms containing (’s, or the ones containing (/’s, are due to 
the virtual processes in which both, or either, nucleons pass through the excited states, 
respectively, we can conclude that the effects of the virtual processes in which both nucleons 
pass through the excited states are much smaller than the effects of the ones in which 


only one nucleon passes through the excited state if the coupling constants are chosen so 
that 


(f:/4rhc) (m1,/2M,)° > (G2/4thc), and g2/4ahcZGi/4nhc, (5-8) 


which ate very natural from theoretical considerations. 
From eqs. (3-40) and (3-49), 


P=0, Q=8, for isotopic spin singlet, 
Pr OwS, for isotopic spin triplet. (5-8) 


It is concluded, therefore, that the effect of nucleon isobars is very large only for charge 
triplet states; for charge singlet states it is much smaller. Thus the effect upon deuteron 
problems will rather be small; but the effect upon proton-proton scatterings would be much 
larger. The details will be discussed in the subsequent paper (Part II). 

Finally we will summarize in the following several qualitative conclusions thus far 


obtained : 


(i) The nuclear potential due to excited states have approximately the same force 
range as the usual fourth order ones, which is due to the circumstances that the effects 
of excited states are calculated in our paper as the fourth order perturbation, and have 
more strong singularities (~7~") than the usual ones of the same order (~7* or 77”). 

(ii) The main contributions due to excited states come from the virtual processes 
in which one or the two of the nucleons can be raised up to their excited states with no 
mesons present and therefore a resonance scattering may be expected to occur for sufficiently 
high energy nucleon-nucleon scatterings. 

(iii) If the coupling constants are chosen reasonably, the contributions of virtual 
processes in which both nucleons pass through excited states are much smaller than that 
of virtual processes in which only one of nucleons passes through excited states. 

(iv) The above contributions vanish identically for charge singlet states owing to 
the identically vanishment of the isotopic spin factor. Thus the effect of nucleon isobars 
is very large only for charge triplet states; it is much smaller for charge singlet states. 

(v) The nuclear potential due to nucleon isobars consist of a very large central 
attractive force for all states and a very small tensor force of various sign. 
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discussions. One of them (T.H.) is also indebted to the Yukawa Yomiuri Fellowship 


for its financial aids. 


Appendix I 
The method of treating the isotopic spin matrix T, 


We assumed in (2-4) the new interaction Hamiltonian 


(G/p) Ey Te$(0Ua/dx,) +complex conjugate, (A-1) 
where 
te 
ae et ne Ma (A-2) 
P 
and 
1 Ore abe? oe t ee 0 
—/1v 0 i/ V3 7 _|2/V3 0 
foltetrep teres teleye cea 
0 1 0 eat 0 0 = 
(A-3) 


We will investigate here various properties of these three matrices and their hermite 


conjugates. From eq. (A-3) and their conjugates 


Tee. 1 0 —1/V3 0 | coal z 10) if 7/3. 0 |. 


Os eo Ose 0 -1/V3 0. —2 
a) O22 yeas toe gO NO |. (A-4) 
Seth 0 S20 deems 2) Vea 
it can be derived by direct multiplications that 
flys = TS" el fase ES (A:5) 
A 3-0-1 3 
and 
PT =TPT=— 2.3] ae |-- > sn 
3 Oh 3 
TTR Teta 2a es jaa 271» 
3 1.0 3 
TeT=—TeT=— 2 i] 0 s-- 2 47, (A-6) 
3 UN aay 
which are to be compared with the usual relations among T,’s: 
een Pe ts ema | yes (A-5)! 
Til Se hy Ty SALE etc (A-6)/ 


The value of Q, in (3-12) can readily be obtained by eq. (A-5) and is given by 


oO 
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ante ee other isotopic spin matrices appearing in the calculations, 7O* 7 T2*7®, 
6 NTORTR TW*TO-O-2) Tye? 2.0 

t Prin la le Le te ty, ated LO PTO re, can be modified by eqs. (A-5), 
(A-6) and are given by: 


O = POLIT Te 255 16 iss ‘8 (2% 4) ; 
9 
FS FORT OTO*T® —- = 4 = (c.7), 


Nae ohare ae ae fs 
pe 7 ET Ons 4 a Se ey 
2) 


Pe Pi TE*TP =4- 02), (A-7) 


whose values are readily obtained as: 


For isotopic triplet ((<°?-r©) =1) : 


Os , =: 2S é (oe 16 ey ponent =f (A:8) 
9 9 > 3 
For isotopic singlet ((¢°?-7) =—3) : 
q= = ; P=s> P’=0, (A-9) 


thus guarantying that nuclear interaction induced by (A-1) does really satisfy the charge 


independence requirement. 
If we introduce the usual complex meson fields, using the relations 


Ga (Ue 3U ji 2 and OF S(U410,) 7 2, (A-10) 


we obtain from (A-1) 


1 0 0 0) 
Pea 0 Us| pO Wg | OO 
pL 0 0 Oxy Be. fe sO 
tO) 0 0) 1 
0 0 
aU* eG eh Ne 7 Ow 3 0 OU; 
h ND aD, Wat) ee ie oes Compe Cony. 
xWY are + yp pb 0 LL A2 3 p ax, ie) Pp onj 
0 0) 
(A-11) 
or* 
= ; * SP nae Oy a ey OOS 
Vz E L(t tp haha te) BL (Stet Be ta) 
2 i | v, Or V3 a, Ny ax, i V3 uw WE | Px ax, 
Gg we Wine ; Clore : 
be (Fe v Ge a C by) el + Comp. Conj. (A; i ae 


* The choice of Minami et. a/. of reference 3) (see their eq. (4-5) or (4-6)) is unfortunately mistaken. 
Only our expression (A-1) or (A-2) does satisfy the charge independence requirement. 
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Appendix Ii 
The cvaluation of the matrix element 
We will verify the replacement of (3-9), namely 
CIT* ©.) U1 + ke, ) > (Key heg) — (1/3) (Keg) (6+ Ke). (A+ 13) 
By definition in (2-12), 
H,=(¥ ;), H*=($¥,), (A-14) 
and the four independent solutions for Yj for a rest nucleon are from eq. (2-8) 


SP =P = 
GO Ci Rae ee es 


fs 
po — 


1 2 pay 1 EEE 5) 
—€, h eee b 9 Oe I De =—+_— @, by re ee? y , (A: 5 Ee 


where 


Rewriting more rigorously, we obtain 
4 » > = f 4 =a: ° > er aka 
cake : 9) U- i) => [¢ (his FS?) | [ (hy, PS) | =>) [p* (kv )] [ (ke, - f ese | , 
s=il s=1 


whose value can be evaluated using (A-+15) if we fix the two possible spin orientations 


in ¢* and y. For these four possible combinations, the following values are obtained : 


Us eat $,) = (2/3) (Ke: ke.) — (4/3) [eo x Ky]. 
= (fy eee d,) = (2/3) (k,-k,) “s (2/3) [Ke x ky]. 


PC rei P= CFEDS| —[Ky x hey ]y—i[ Ie. x Fe, ],} 


‘} 


Dh Byes) = (1/3) { [Mra Be], 0 [es x Beye b (A-16) 


If on the other hand we evaluate the expectation values of (o-K,) (6-h,) for the above 
four combinations of %, and ¢,, we obtain 


Cb eigen: 4) = (hy hy) +7 [hy x ky], , 

EG r x Py )= (Ky: K,) —7[h, x ki], , 

(Qareeee Py )=[h.x ky] +7[hex ky], , 

Cgegaite se $r)= —[hyx hy], +2 [ Ky x He], . (A-17) 


By comparing (A-16) with Ms 17), it is readily seen that the replacement in (A-13) 
is permissible. 
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Appeadix Ti 
Lhe evaluations of the integrals in G(r, 9 y arid -G! (rsa) 


In this section we will evaluate the integrals in G(s, ”’)> in eq. (3-29) and in 


G(r, Y’) in eq. (3-32). We have only to show how to carry out the following two 
integrations : 


eral eae hos Fae mean 1 ' 
Me = ‘(2n)> | = feos a ek Y e so Sp ge Ste ee ee 9) (A- 18) 
JJ WW W; Ws(, + Wy) 
ee ORS Sik skp 
l= : \| SSE pthir ibarl > bape are: : (A-19) 
C270 ons OnOe wf (a, + Ws) 
Integrating over directions of /t, and K,, one obtains 
4 1 Cf kdb bodky . . . 
i> 3 | Pas sin £,r sin kyr! : , (A-+20) 
(27%)2 rr" )J OOD OW, Os( 1+ 2) 
) 
4 1 (( £,dbbedhs 
1 Sar ee \ [ee in br sin hv! —_ eee (A-21) 
(Qn) rr ) J WO; Wo W,(@,+ @,) 
Furthermore, one has 
a AS ek | | k, dk, Rathy fe ore O1— Wr , 1 : 
(az): 9r 3.) WO, Ws WW, ke ky 


i 


es 7: 1 1 
| kh, dk, kodk, sin kyr sin by" (- . = ) ~ ) 
| Pet OOPe 


t 


|| 
| 

wv 
aie 
4 

ie) 

~ | 
a 

a 
beg 


+exchange term in 7 and x! 


° = 
et 2 : \ ki dk, sin 2,7 is ge (me wR cos ky r') 
Gx or °, 


+ exchange term in 7 and 7’, 


where the use is made of the formula, 


f 1 
| hodky sin Ror! o2(be— he) 
ge f RET Rei Amada. cams Tix we St hat eit Nile SIGN oy at 
AOE. | ae) ig ip lg —t) (bat) ey) 
pei (cosh,r’—e*”"), (A-22) 


2 


O; 


which is obtained by summing the contributions from various poles. The remaining 
integral can be carried out quite straightforwardly and finally one gets, using the definition 


of F(r) in (3-31), 
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[ys oe LNA) lta (A-23) 
4u( Qin = #7 


from which one readily obtains (3-30). As for 7s, one has 


l= 


oo oo 


: : 1 1 1 
Sai ad = \ | kh, dk Rodky sin k,r sin har! ( oa )( eae ee 
(Qt) 7 ki~—khe 7 \ Wy We OP ? 


ee (A- 24) 


where the first term can be integrated in quite the same way as /, and the second term 


can be integrated by using the formula : 


co 
kodk, sinkyr' —— 
WE 


—-—o 


“ =F Cos £75 (A: 25) 


—= joe 


thus obtaining the final results (3-33). 
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A Speculation on V-spin* 


D. C: PEASLEE 
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A specific example is exhibited to show that it is necessary to assume complete pait production of 


e ; : : ; s 
V° particles in order to understand their copious production versus slow decay in isolation. This 


“c ? 


argument can be extended to 172° as wellas /7,°. It also applies to the heavy ‘‘ /—fragments”’ recently 


observed, which do not seem to be compatible with the pair production hypothesis. 
The idea of vspin provides a convenient though not necessarily correct vehicle for the discussion. 


§ 1. Introduction and summary 


The metastable heavy particle best studied to date is the 1’,°. Its most obvious 
feature is its copious production in nuclear encounters relative to its slow decay in isolation. 
Furthermore, recent observations suggest that the J”° particles are not always produced in 
pairs. 

Additional quantum numbers can be ascribed to the nucleon (/V), 7 meson, and |’? 
particles in such a way that in isolation the 7° decays slowly while in nuclear reactions 
it is produced copiously but not necessarily in pairs. A possible quantum number of this 
type is “v-spin”: v=1/2 for V; v=0 for 7; v=3/2 for. 703 w= 1 tor Vy". Al 
strong nuclear forces are postulated to conserve 7@—spin absolutely, and those violating v— 
spin are supposedly very weak. 

The interpretation by means of v—spin can immediately be extended to include not 
only 17,° and /’,°, but also the “ / “fragments ” recently pointed out in cosmic ray stars. 
These are heavy nuclear fragments that behave as if one nucleon wete replaced by a 1,° 
particle ; they are not readily explained by the pair production hypothesis for the |”°. 

There is of course no real necessity at this point to choose the new quantum number 
of fundamental particles to behave exactly like a spin, and later data may force abandon- . 
ment of this formalism. It is sufficiently flexible to be consistent with present observations, 


however, and could readily be incorporated into a more complete theory of elementary 


particles if one should evolve. 


§2. V,°.production and decay 


Although we cannot assign too precise a value to the half-life z,, for production of 


it is at once obvious from the relatively copious production 


V.° in nuclear encounters, 
hat log(t./t,) ~10. To explain this extremely 


1 
jy gee 6 = 
and slow decay in isolation («,,~ 10 sec), t 


* Work performed under the reseatch program of the U.S. Atomic Energy Commission. 
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large ratio, the only means suggested by previous experience is to look for new eye 
numbers of 17,2 and the nuclear particles. A scheme of this sort has been proposed 
that requires the //,° particles always to be produced in pairs with some other Sa gs 
distinct in type from a nucleon (/V) or 7 meson. Recent experimental evidence” ”’”” does 
not seem to favor 100% pair production of /”,°. It may therefore be profitable to look 
for other quantum number schemes *that. forbid isolated decay while permitting copious 
single production. 

As an example, consider a very familiar type of quantum number ; namely, that 
associated with a spin, designated by w to distinguish it from isotopic spin ¢ and real spin 
s. If we assign v=1/2 to NV and v=3/2 to I’,° then the decay of an isolated V,° is 

VO >N+X (1) 

(3/2) d/2) (4, 2) 
where Y is any number of real product particles, and the total 7—spin of each group is 
indicated in parentheses. Equation (1) refers only to the real initial and ultimate final 
particles of the decay process. An arbitrarily large number and variety of virtual inter- 
mediate states may exist, but the argument is independent of these states, the details of 
which may therefore be ignored. Energy considerations immediately restrict the composition 
of eq. (1). The total energy (rest mass plus kinetic) available for XY is known to be 
on the order of 200 Mev. Hence can contain at most one 7, one or two //, a large 


number of 7, », ¢. 


We now assume that the spin wv is an absolute constant of the motion; that is, 
none of the possible interactions leading to virtual intermediate states can alter the total 
v of the system. Therefore, unless the v-spin conservation indicated in eq. (1) can be 
satisfied, the 1”,° decay is absolutely forbidden. We can now assume without difficulty 
that v=0 for v, 7, e, # and 7, resulting in stability for the 17,°. The absolute stability 
is converted to metastability by adding to the strong 7-—conserving interaction already 
assumed a weak interaction that violates 7—-spin conservation. This interaction could be 
just strong enough to induce the observed lifetime for isolated decay without having an 
observable effect in other processes. 

There is no difficulty about copious production of ]7,° in nuclear collisions: the 
_ reaction . 

: yO 

a 4 ae hi is 
conserves v—spin, where eq. (2) again refers to real initial and final particles, omitting 
all virtual intermediate states. | Interactions that conserve v-spin can be arbitrarily strong 
relative to those violating v—spin, so the experimental ratio 7,/z, can be fitted. Further- 
more, there is nothing in eq. (2) to require the production of |” particles in pairs. Of 
course, pair production is in principle possible by substituting V,° for WV on the right 
side of eq. (2) ; but the ratio of pair to single production depends on the explicit details 


of the interaction, which could presumably be varied to fit a wide range of observed ratios. 
In any case, the 1’,° are not exclusively produced in pairs, 
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. Of course, the new quantum number w need not actually have properties identical 
with a spin, which has only the recommendation that it is familiar and easy to handle. 
If further experimental facts show that wv does not. have all the properties of a spin, it 
can presumably be amended to have the properties essential to eqs. (1) and (2), while 
still fitting the additional experimental facts. For instance, if the coupling constant g in 
eq. (2) turns out to be appreciably smaller than for \V—/V scattering, we would have to 
make g depend on the v’s of the individual particles in the interaction, as well as the 
total w of the reaction. In this case, it might ultimately prove mote satisfactory to regard 
v as something other than a spin quantum number. : 

We have at this point no particular use for the spin component v,, which ought 
also to be a good quantum number. In order to keep ordinary nuclear reactions free 
from statistical weight factors of 7—spin we must assume that the neutron and proton 
both have the same v. value. If this is taken by convention to be v,=+1/2, then the 
V,=—1/2 values would be assumed by the anti-neutron and anti-proton, so that present 
experiments would show no statistical factors. This choice of 7, implies that a nucleus 


containing A nucleons must have a total 7v-spin given by A/ 2 UU, A/ 2s or hence 


v= A/2. (3) 
§ 3. ’_frag ments 


When two different hypotheses (pair production and 7~spin) are postulated to explain 
the same observation (t,/t, >1), it is natural to seek for some independent phenomenon 
against which to test them. Fortunately there has recently come to light such an inde- 
pendent fact, which we may call the |—fragments in cosmic ray stars. 

Nuclear stars in emulsions frequently eject coherent fragments of nuclear matter heavier 
than an a-—particle, like Li*, C”, etc. Occasionally one of these fragments appears to come 
to rest in the emulsion and then explode with the emission of an energy around 10° mev. 
The slowing-down time of the fragment can be estimated from its mass, charge, and track 
characteristics. This time is a lower limit for the decay time of the fragment and is 
generally on the order of 10° sec. An ordinary nuclear fragment excited to 10° Mev 
would decay in something on the order of 107’ sec. It is therefore suggested” that these 
long-delayed fragments have a /’,° particle replacing a nucleon and that the fragment 
explosion occurs. upon self-absorption of the 7,° decay products. 

This picture of the |—fragments appears at first sight to be incompatible with the 
pair production hypothesis.” On this scheme, the stability of the 1”/;° against decay into 
pt is achieved by its very weak interaction with these particles. This means, however, 
that the //,° is extremely unlikely to remain bound to any fragment of ordinary nuclear 
matter. There are no Coulomb forces on the 7,° and the specific nuclear forces are about 
the same as those felt by a neutrino. The association of a 1/,° with a heavy fragment 
would then be entirely a matter of chance, and the experimental analyses indicate that the 


observed frequency of |/—fragments is several orders of magnitude larger than expected by 


chance, 
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On the other hand, the //—fragments fit quite naturally into the 7-spin formalism. 
If a large nucleus of mass number A and v= A/2 breaks up into two fragments of spe 
numbers (A—A’) and A’, it is possible to conserve zspin by assigning total spins 
v= (A—A’)/2 and v=(A'/2+1) to the respective fragments in an obvious generaliza- 
tion of eq. (2). The fragment with v=(A'/2+1) is not normal nuclear matter as 
specified by eq. (3); it can become a normal fragment only by a transition with 4dv=1, 
which may be energetically impossible. It therefore decays very~ slowly (~107'™ sec) in 
violation of 7-spin just as the 1”,° particles themselves. This description of a | ’-fragment 
is in many respects equivalent to saying that one nucleon in the fragment is replaced by 
a I’,° particle. Furthermore, the /,° particle is expected to experience a binding force 
comparable with that of a nucleon, because of the strong interaction of a single 1,° with 


nucleons, as required for copious production by eq. (2). 


$4. The V,° 


r7o 


It also appears possible to incorporate into the present scheme anothe / particle 
with T/T» <1, test mass <1000 7,, and two-body decay into two = mesons. If we 


call this particle ]”,° and assign to it a spin of v=1, then the decay process 
Von +77 {45 


violates conservation of v-spin and can be made arbitrarily slow. The |7,° is produced 
copiously in cosmic ray encounters with nuclei by the z—conserving reactions 
X4+NoX+Ve+(\) ) (5) 
2 IV 
where Y¥=7z or JV. The ratio of pair production with |”;° to single production depends 
on the details of the interaction, which could presumably be adjusted to fit a wide range 
of experimental values. 

The actual decay operators for isolated 1° and /7,° are unknown, including in 
particular their effect on the isotopic spins involved. A priori we should expect that both 
VY’ particles decay into neutral products (7+7°, 7°+4+7°) about as often as into charged 
products. If definite experimental evidence to the contrary is found, it will always be 
_ possible to account for this by emending the decay operator and making no other changes 
in the scheme. - 


The author wishes to thank Prof, H. Yukawa for helpful comments. 
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On the Solution of the Equation 


of Motion 
Hideji Kita 
Department of Physics, Kyoto University 


June 5, 1953 


Th quantized field theories it is often useful to 
write the equations of motion in the form of integral 
equations.) There occurs no trouble when such 
integral equations are used as an initial value problem 
starting from a finite time, whereas some care must 
be taken when they are used as an- initial value 
problem starting from an infinite past cr future. In 
the latter case, strictly speaking, there is no initial 
value problem in its proper sense. In the present 
note we point out the following two pgints which 
are to be carefully treated. 

As an example let us consider the field equations 


in quantum electrodynamics : 
(7p-0/0xp+x) (x) 
=leppAp (x) o(x)=B(x), 
A () [Oxn- ra — xd («) 
= —ied (x) pA (x4)=B(a), 
[14u(x) = — Ge/2) [6 (*) ro) 
— p(x) re7 d(x) ]=Je(). / 
The field quantities ¢(), g(x) and Ay(a) are 


operators in the Heisenberg representation, that is, 
they are quantized in such a way that the equations 


(1) 


of motion 
Op () /Ot= [4, o(x)], 
Ag (x) /a¢=i [, o(*)], (2) 
GAp(a)00=2 [X, An(0), 

reduce to equations (1), where “/ is the total 


Hamiltonian of the system. Usuzlly the equations 
(1) are integrated in the form of integral equations: 


h(x) =P (x) + ja dx! S(x—3/) Bary. 
P(x) =P(x) — (aer{ dx" B(x!) S(x!—x), 


Aer == An a) (afar D(a =x’) fula’), 


where S(«) and D(x) are ordinary propagation 
functions of the free electron and the free photon 
field respectively, and ¢°(x), ¢°(x) and Ay(x) are 
the free field operators in the interaction represent: 
ation. In the above equations (3), first, we must 
Pay attention to the integrals appearing on the right 
hand side. 


over an infinite region (¢,—-co) are improper. As 


These integrals involving S(x«) or D(:r) 


has been pointed out by Glaser and Zimmermann”, 
it is necessaty from the mathematical viewpoint to 
replace them with Abel’s limiting values, 


t 
lim lim fj aerettrn, 
E>+0 t1>—o t1 


(4) 


Second, it is not generally permissible to assume 
the inhomogeneous terms to be the free field operators 
L(x), O(a) and Au%(x) in the interaction repre- 
sentation respectively. In order to demonstrate these 
circumstances we define an operator X(x) by the 


following equation: 


t => 
X@) =a) — Tim lim | air c20”| cc? x 


E>+0 fi>-—wrt 
x SC -— 2!) B(x7). (5) 


Obviously this operator (sr) satisfies the free 
equation 


(7+0/0xy +x) X (x) =0. (I) 


Moreover, by virtue of the equations (4) and the 
above mentioned meaning of integral, it can be 
shown that X(.) satisfies the equation 


OX (x) /0¢—7é [H, X(x)]=0. (ID 


Accordingly one cannot assume as A(«) the free 
field operator (x) in the interaction representation, 
because it does not satisfy the condition (II). 

There exists, however, an operator satisfying both 
the conditions (1) and (II). That is an operator 
IV (x) W* which is obtained from ¢°(x) by using 
the so-called Heisenberg-Méller’s wave matrix!) IV. 
The wave matrix has the following properties : 


HW=WHy , 
WtW=1, WWtAl, (6) 
W0,=V,, Wt¥y=0, 


where //) is the unperturbed free field Hamiltonian 
and @, is an eigenstate of //) with eigen-value /,, 
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and Y, and ¥, are eigen-states of / corresponding 
to the scattering and the bound states respectively. 
Therefore we may write down the integral equations, 


b(«) = Wp? (x) Wt 


aie ae 
+ lim lim (de/eet7 | dx!’ S(x«—-x/) B(x’), 
E->+0 t1>-—O- fy SY 


Po =WP (a) Wt 


t Pee 
— lim lim fairest? | dil B(x!) Ia x), 


E> +0 413-4 th 


Ay (x) =W Ap (x) + 


t > 
+ lim lim (aeleet/ | dx! D(x—x!) Tux’). 


E-» +0 t1>—o8 7 ? 
(7) 


The role and the meaning of the inhomogeneous terms 
of (7) are illustrated by the following simple 
example. Let us consider the system, in which 4u(x) 
is a given time-independent external field. By virtue 
of (4) the matrix element (¥Y%, (+) Y%,) -has the 
well-known time dependency, (Vo, ¢(+) V,)= 


= 
exp(--7Zn¢)¢n(“), where Y% is the true vacuum 
state and ¥,, is an eigen-state of // with eigen-value 
E,, Then the first equation of (7) gives an integral 


equation for On (2): 
e-tBnt g(x) = (Vo, W(x) Wt) 


fee 
+ lim lim eres /\ dixie) iw x 
E>+0 t1>-— Olt 


x Ap (X/)e-t B yt, (X"). (8) 


When ¥,, is a scattering state Y,, then in virtue of 
the properties of 7 the inhomogeneous term becomes 
CIV, Yo(a) WIV ,) = (Dy, P(x) Os) =e tM 5! x 


(x), which represents an incident wave. On the 
other hand, when ¥,, is a bound state, then the in- 
homogeneous term (¥%, /Vb"(x) IV*+V;,) vanishes by 
virtue of (6). Therefore the equation (8) gives 
whole equations of the stationary state problem for 
this special system in the ordinary configuration space. 
From the above example we may infer the general 
character of the inhomogeneous terms of the integral 
equations (7). Incidentally it can be seen: that the 
equation (7) must not be solved by successive appro- 
ximation method, because if it were done all the 
bound states would be swept away by virtue of the 
last relation of (6). 
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Oa the Theory of Beta-decay 


Yasutaka Tanikawa 
Department of Physics, Kobe University 


Keiiti Saeki 


Faculty of Education, Kobe University 


July 7, 1953 


A formulation of the theory of -decay can be 
given on the basis of the following postulates: (1) 
The primary interactions between nucleons, leptons 
and bosons, by which the -decay interactions are 
derived, are renormalizable.)>*) (2) The resulting 
matrix elements give rise to transitions of the Fermi 
type and the Gamow-Teller type which are of about 
same order of ratio. 

Neither Fermi’s theory nor Yukawa’s theory of 
B-decay satisfied these postulates. It was recognized 
that the Fermi direct interactions between nucleons 
and leptons, the Yukawa tensor interaction of vector 
meson and pseudovector interaction of pseudoscalar 
meson with nucleons or leptons, giving rise to the 
G—-T selection rule of B-decay, are not renormaliz- 
able. 

One of us proposed an alternative theory of p- 
decay some years ago*) and suggested that this 
theory would satisfy the above mentioned postulates, 
on one occasion. Recently, Umezawa,!) Tanaka and 
Ito®) cited and discussed our theory on almost the 
same point of view of the postulates (1) and (2) 
We have, therefore, reexamined the theory in order 
to establish a closer comparison with the recent ex- 
perimental evidence of (-decay. 

The basic idea of our theory consists in the as- 
sumption that as sources of a Bose field there exist 


yy 


a, 
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hot usual pairs of nucleons or leptons, but pairs of 
a nucleon and a lepton. The primary interactions of 
scalar or pseudoscalar charged field with nucleons and 


leptons are given by 


HH / =¢( Ve) U*+7(¢0)U+ compl. conj., (1) 


or 


BL gg ie ( Vr50) U*/ + £1 (b750) U/+ compl. conj., 
(2) 
where ¥Y, @, ¢ and ¢ are proton, neutron, electron 
and neutrino wave functions, V and U’ denotes scalar 
and pseudoscalar field respectively. These interactions 
are renormalizable. In order to secure the stability 
of nucleons, we assume that the U field particles have 
masses larger than that of nucleons, so they will pro- 
visionally be called heavy mesons.®) From (1) or 


(2), we obtain the B-decay interaction Hamiltonian 
Hy=6\\ (FOr) Opn) FO) 


x (G(9%2) OO (172) ) dridr2, (3) 


where ?=2%;—7%) is the difference of the two pait 
coordinates vectors. (G represents an interaction con- 
stant and O a y-matrix.) We have 

O=1, G=gf for a scalar interaction, 
or 


O=7;5, G=g’f’ for a pseudoscalar interaction. 


The potential function /(7) is given by 


(e-4r pe-¥/r) |r for p= AT 
or (4) 
1/2. (4742-47) |r for n>, 
with A=V p2—@? and VW=V 2-0”, and JZ be- 
ing heavy meson and nucleon mass, 0, 0/ denoting 
the differences of a nucleon and a lepton energy (in 
the unit of 4=c=1). 
Fierz-Pauli’s identity of y-matrix’) gives 
(FOp) (GOO) =1/4-(SAV+T£A+P) (©) 
with the following notations 
S=(VO) (Ge), V=(%1,0) O7,9)> 
=e, ©) (7,9): 
A=(¥7,, 9) G74, 39) 
P=(Vr50) (b7s¢), 
where 7’s are usual 7-matrices and we take, at the 


tight hand side of (5), the upper sign for O=1 and 
the lower sign for O=7;- 


Introducing (5) into (3), we obtain an expres- 
sion of -decay similar to that of Yukawa’s theory.) 
We must, however, note that space-coordinates 
dependence of sources is different from that in 
Yukawa’s theory as we see in (3). For the case of 


u>M, f(r) may be replaced by the delta-function 
Fv) =4r/(p2—M*) -6(a—12), 


then (3) reduces to an identical interaction Hamiltoni- 
an of the Fermi theory with a definite linear com- 
bination of five types of direct nucleon and lepton 
It is well known that S+V or T7+A 
combinations give rise to the Fierz interference factor 


interactions. 


of electron energy distribution and the recent experi- 
mental evidences seem to exclude the existence of 
that factor.%) 

In our theory, however, the Fierz factor can be 
cancelled out, if we assume a mixed theory of scalar 
and pseudoscalar interactions (1) and (2). With the 
condition 


i foal (6) 


and for the equal masses of scalar and pseudoscalar 
mesons, the mixed theory cancels out / and 4 
Then, only 5, 7 
and P interactions remain and they have equal 


interactions as we see from (5). 


weight. Several authors have suggested that the £- 
decay evidence seems to be in favor of this com- 
binations.!©)»11) Our theory seems to give a reason- 
ing of the selection of the (S+7+/P) B-decay 
interaction on a general standpoint of view. 

Even the Fierz interference vanishes in our mixed 
theory, but there remains another electron energy 
dependent factor which comes from the meson 
potential /(7). 
the neutron B-decay. The energy distribution function 


We can directly see this feature in 


of neutron f-decay is given by 


e(e2—m)*12(e)—e)* 
(pw2—M2+2Me)? ’ 


fe)= (7) 
where ¢, ¢) and m are the energy, the maximum 
energy and the mass of electron respectively. The 
denominator of (7) depends on the electron energy. 
The neutron B-decay evidence’), however, seems to 
exclude other energy dependence than the statistical 
Fermi’s factor in the numerator of (7), and there- 


fore we must assume 
p> M24+2Mep. (8) 
This is sufficiently satisfied by the meson mass 


pe=2000 m2. (9) 
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With this value of heavy meson mass and: neutron 


life-time 12.8 min., we obtain, assuming g=/—g/=/’, 
gi=3x 107, (10) 


We finally obtain the life-time of a heavy meson at 
rest decaying into a nucleon and a lepton 


1/tp=g24 {1— (A]/p)?}*,) (11) 
then we have 


tw=8 x 10°37 sec. (123) 


for the above defined values of constants. 
The analysis of nuclear B-decay will be published 
in near future in a latter issue of this journal. 
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On the Spin-lattice Relaxation at 
Extremely Low Temperatures 


Ko Sugihara 
Physical Institute, Nagoya Univercity 
July 9, 1953 
It may be expected that the spin-spin relaxation 


time is usually shorter than the spin-lattice relaxation 
time at least at not too high temperatures, hence the 


‘relaxation time according to A.— 


spin waves, absorbing the r.{.field, immediately come 
into equilibrium with other spin waves. 

Therefore, we can treat the spin-lattice relaxation 
in the thermal equilibrium between the spin systems. 
Recently, Kittel-Abrahams!) calculated the spin-lattice 
relaxation time introducing the macroscopic magneto- 
elastic energy. 

They obtained for nickel, r=6x107 sec. at 
390°K and t~I1sec. at 1°K. The interaction 
Hamiltonian?) between the spin waves and the 
magnetic field induced by the transverse vibration is 


H’=—gyrn 2 Si4-H(r;). @) 


Introducing the spin wave and the phonon operators, 
(1) reduces to 


We ray oe i =.= -) ‘(gy 
c MW = A= 


2 f * r 
x {e KA” (ap* Ope ra Aj b p-* +p by a i Q—KO 1-7) 


He xY (Gb ye n* — Gib y* + 4b G* —a_Kb 74) $ 


A4nnecup a v2 
_teminn [A ms (#) 
c WV 2NM x x53,9\ K 


x C127 (Cag THK At OO 4 7b Kn) 


1/2 


fay 
—£LB x ee Sif 4”. (2) 


In the above, is the number of atoms per unit 
volume, «# the sound velocity of the transverse wave, 
Ca lewa®, Cua, Crca®) the unit vector of the polari- 
zation of the transverse wave, and ay*, ay¢(bi-3*, 
bin) the creation and the destruction operators of 
the spin wave quantums (phonon quantums). At 
extremely low temperatures the operators @4*bj-3 
and @y43¢,* play the dominant role. We define the 
A. as follows ; 


r=AT/W(1Cst1]Cr),. 4T=Ts—Tr, ©) 


where 7's and Cs(7’ and C;) are the temperature 
and the heat capacity of the spin system (lattice 
system), //” the energy transferred per unit time from 
the spin system to the lattice system. JV can be 
easily obtained as follows ; 


AStus VAT exp(4uh 4/27) 


W= eS if: i 
3nB kL 71,2 Lexp( 44/47) —1]2’ 
(4) 
where ' 
Anne [up rau e 
ie eS ee » B=2s/ Se 


and A‘; the roots of energy equation BA?+ ey pH 
=4uK, 
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Using (3) and (4), r~1075 sec. at 19K. rt be 
comes larger with increasing temperature in the region 
above a certain degree. 

This tendency will be controlled by the interactions 
of the type ayan*anrbyy, and an agsicrbyey 
which are important at the higher temperatures. 

Secondarily, we investigate the interaction with 
the electric field induced by the longitudinal vibration. 
The interaction Hamiltonian is 


Hl =S\(upl2me)S;(EQ1)*P), — (6) 


where P is the average momentum of a @-electron. 

As above mentioned, we can easily carry out the 
calculation and obtain the relaxation time t~10? sec. 
at 1°K. 

Thus temperature dependency of + is the same 
as in the case of transverse vibrations. Then we can 
conclude that in the spin-lattice relaxation phenomena 
at extremely low temperatures the interaction with 
the transverse lattice waves is important. On the 
interaction between the conduction electrons and the 
spin waves"), the indirect process through the medium 
of the lattice waves is less important in comparison 
with the direct process. Recently Kondoh?) calculated 
the latter process in consideration of the dipole energies 
of the conduction electrons. 

We wish to express our sincere thanks to Pro- 
fessor K. Ariyama for kis kind guidance and Dr. S. 
Nakajima for his helpful discussions. 
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Nonlinear Pseudoscalar 
Meson Theory 


Ferdinand Cap 
Department of Theoretical Physics, 


University of Innsbruck, Austria 
July 21, 1953 
It seems to be almost sure that the field of 


- nuclear ferces is a pseudoscalar one. Japanese scientists 
haye shown!) that the second and fourth order 


potentials of the symmetric pseudoscalar meson theory 
agree very well with experimental evidences of low 
energies. For high energies, however, there exist 
some difficulties. But Jastrow has shown”), by a pure 
phenomenological treatment, that a modification of the 
potential, a “hard core”, seems to agree with facts 
also at high energies. Taketani has therefore pro- 
posed) to work with a phenomenological potential 
in the region inside and to use pseudoscalar symmetric 
meson potentials in the region outside. It seems to 
the writer that the use of mesonic potentials also 
inside would be a progress. To obtain a hard core 
or a similar modification of the meson potential for 
r<%/myc. (ty: mass of the nucleon) one has to use 
nonlinear field equations. 

This may be done, as there are several indica- 
tions”) that the field equation must be nonlinear. As 
Pauli has shown5) that nuclear forces can be obtained 
from field equations without quantization of the field, 
we can treat the nonlinear field as a classical one. 
Following the ideas of Born’s nonlinear electrody- 
namics®) one can define a mesonic excitation g7(= 
1..4) and a mesonic field /;, where 


Sr=E(Gx) YK - (1) 


The field equation, corresponding to the second Max- 
well equation should be /x%,1—/i,x=0 so that the 
well-known equation 


Tik= Vx A,e (2) 


follows (where x=70c/%, m mesonic mass, 4 the 
pseudoscalar). For the excitation gj, we put: 


01;1=*XA+@ (3) 


where © is the nucleonic source function. (For 
instance, in static approximation 0 =47:0/0xz-P*p). 
From (1), (2) and (3) we obtain finally with (gx) 
=e! (gx) 


(gx) A—#A+A, 2°, 1=2Q (4) 


or 


V1, 1, bh -WE(GR) “GL=Q,K- (5) 


If e for g~1 (for great distances-outside region) 
we obtain the usual linear theory. The function 
g(x) can be determined by experimental adaption 
or by theoretical investigations. (Relativistic invariance 
and so on). The source function Q may be the usual 
one ot may be determined by the interaction terms 
of the modified spinor theory of elementary particles 
by the author,” 
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Angular Distribution of 
the Deuteron Photodisintegration 
at Moderate Energies 


Atsushi Sugie and Shiro Yoshida* 


Department of Physics, Tokyo University 
*Vukawa Hall, Kyoto University 


July 22, 1953 


Recent experiments on the angular distribution 
of the deuteron photodsiintegration reveal the existence 
of relatively large isotropic part in the energy region 
10—20 Mev). Although the statistical errors are 
large at present, the ratio a/b is probably at least 
0.1 near 20 Mey, where « and @ are defined by 


ds]/dQ=a+bsin? 6. 


4 is almost entirely due to the electric dipole (ED) 
process 8S->3P, and this term does not change 
appreciably if we take into account the tensor force 
effects either in the deuteron ground state or in the 
8P-state? (central force in the 3/-state may be as- 


sumed negligible), « is due solely to the magnetic 
dipole (MD) process °.S->1.S if we neglect the tensor 
force effects entirely. But when the deuteron ground 
state is treated exactly including the */-stave, both 
the MD process %S->1.5, 3D->1D and the ED pro- 
cess 3-—>3P contributes to a, even if the 3/-state is 
assumed to be free. The isotropic part_suiters three 
kinds of uncertainties: (1) the potential shape within 
the force range has stronger influence on the MD 
cross section than on the ED cross section, (2) ex- 
change moment contributes to the MD cross section 
and (3) interactions in the */-state change the ED 
part of it. 

According to N. Austern®, @/4 is about 0,02 
near 20 Mev for Yukawa potential including the 
tensor force, and weak tensor force in the */-state 
does not affect this ratio very much. We calculate 
the effect of the exchange moment introduced 
phenomenologically, which was considered less 
thoroughly by NN.» Austern®). For the exchange 
moment operator, we assume”), 


Mexch= Ltn [1/2 (on —oP)eifi (wp) 
—1/2-[(¢y—ep) -Yyp| VP yes; Vne)|Pxe 


where yy is the nuclear magneton, Pp is the 
space exchange operator, gi and gs are arbitrary 


parameters and /4(7) and /a(7) are the radial functions. 


A relation between ; and g» can be obtained, for 
each assumed shape of 7; and /4, from the anomalous 
magnetic moment of the triton which is estimated 
0.26 n.m, 
function of the triton for which we make use of the 
wave-function of Pease and Feshbach.4) The second 


This calculation necessitates the wave- 


term in Mexch gives rise to the transition 3S—1D 
and 32)->1S for the deuteron photodisintegration. The 
potential shape, which determines the wave-functions 
is assumed to be Yukawa well. For the triplet state, 
the set of parameters is chosen from the table of 
Feshbach and Schwinger,5) which gives the most 
reasonable results for the deuteron ground state, the 
low energy nucleon scattering and the triton binding 
energy. Singlet effective range is assumed to be 
2.510713 sem*; 


neglected. 
Three shapes are considered for 7, and f:: 


Interactions in the 3/-state are 


i) exponential 4 (7) =fA(7) =e-*r 
ii) Yukawa f\(7) =fa() =e7*7/xr 
iii) Villars) U(r) =e-*7, A(x) = (14+ fem“ 


o. 
Ks 
Og 
rm 
ll 
Oe 
< 


x is fixed to 1,18x 10-13 cm=triplet central force 
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range (small changes in x do not’ cause a drastic 
change in the result). For i) and ii), one parameter 
remains arbitrary and these two give almost the same 
results for the same value of the parameter. For iii), 
the anomalous magnetic moment of the triton fixes 
§ to 9.3. Although a/d increases with increasing 


or 


£3, 29 for i) must be as large as 87 to make the 


fy? l ‘ 
yee | exp. (g2=10) | exp. (.¢2=87) | Villars 


: 
10 Mev | 0.023 | 0.053 | 
Me aie 

20 Mey | 0.027 | 0.100 | 
ae Es 


The ratio a/é 
/,. is the energy of the incident photon 


ratio alb=0.1 at 20 Mev, which seems rather un- 
reasonable. 

Thus we arrive at the conclusion, that the large 
isotropic part of the differential cross section at 
moderate energies can not be accounted for by the 
exchange moment alone. A singular interaction in 
the %/P-state may explain this phenomenon as was 
pointed out by N. Austern®) and we are going to 
test the singular tensor forces such as the oné obtained 
from the symmetrical fs meson theory. 

We should like to express our sincere thanks to 
Prof. T. Yamanouchi for his interest to this work, 
and to Mr. H. Horie for his valuable advices in 
calculating the anomalous magnetic moment of the 
triton. 


* When the calculation was near the end, the 
value 5") =2.03-0.23 x 10-43 cm ~—s wass 
reported by E. M. Hafner et al. (Phys. Rev. 
89 (1953), 204). This decreases the °%S—>}.S 
cross section by about 30% at 20 Mev. 
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Cloud Chamber Study of Nuclear 
Interactions im Lead and 
Carbon of Secondaries emitied 


in Cosmic Ray Penetrating Showers 


Isao Kita and Osamu Minakawa 


Department of Physics, Kobe University 


July, 23, 1953 


Nuclear events produced by shower particles of 
cosmic rays have been observed in a cloud chamber 
operated at Met. Norikura, altitude 2,840 meters. In 
the chamber were mounted three lead and four carbon 
plates each 10mm thick, as shown in Fig, 1, and 
a comparison was made for nuclear interactions 


originating in these two materials. 


< —— ——/20 Cm— ——--& 
= : 000 


Fo cm 


(CON, pam een Ip 


Fig. 1. Diagram of counter and cloud 


chamber arrangement. 
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A sextuple coincidence A=*B22C=)-—-/7 was 
required for the master pulse which triggered an 
expansion of the chamber. Trays D*, 2*, 7* and 
G* were used in hodoscope and the tray // with 


the area of about 400 cm? was located at a distance 


of 120cm from the chamber and used as an anti- 
coincidence tray against air showers. Hence the 
penetrating showers produced in the lead above the 
chamber were detected and the nuclear interactions 
of the secondaries entering the chamber were observed. 

From the analysis of about 5,000 stereo-scopic 
cloud chamber photographs obtained, the following 
results were deduced. 

(i) An estimate of the fraction of z-mesons 
among the lightly ionizing secondaries can be made by 
counting the number of secondary nuclear interactions 
prcduced by. ionizing and non-ionizing particles.}) 
Of 161 secondary nuclear events used, 49 were pro- 
duced by non-ionizing secondaries and so it followed 


that 5672 of lightly ionizing secondaries are z- 


200 


BO ak pe ey ay 6 7 


Fig. 2. Corrected integral multiplicity spectra of 


nuclear events in lead and carbon, 


mesons and majority of the remaining 44-723 are 
protons.))» ®) 

(ii) From totals of 165 nuclear events in lead 
and 89 in carbon, interaction mean free paths for 
nuclear collisions were found to be 442-40 gcm™? 
for lead and 217-30 gem for carbon. ‘The effect 
of different detection efficiencies in the both materials 
was corrected. These values are obviously too large 
because of undetectable nuclear events, and hence, if 
we take the mean free path for lead to be 142 gcm™~, 
corresponding to the geometrical cross section, and 
consider that the ratio of those for lead and carbon 
is given by the above values, the mean free path for 
carbon is determined to be 7016 gcm™~.®) 

(ii) For lead and carbon, histograms of secondary 
showers with 2 or more shower particles versus 7 


oT 
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Fig. 3. Integral angular distributions of shower 


particles of penetrating showers in lead and 
carbon, 


«ba ees i ci lal oe 


Letters to the Editor 


were plotted in Fig. 2. The contribution of electrons 
which may exist among the shower particles has 
been corrected statistically. The figures show a large 
difference between these two multiplicity spectra.) 


The multiplicity spectruin of lead decreases, exponenti- 


ally with increasing 7 but on the contrary that of 


This wili be 


If a penetrating 


carbon shows a knee at 7=2 or 3. 
explained qualitatively as foilows. 
shower produced in carbon has four or more shower 
particles, the scattered nucieon or the created meson 
had to have plural collisions in the nucleus but such 
a particle is supposed to have rather lower energy 
and has a small probability of recoiling another nucleon, 
and hence the multiplicity spectrum decreases steeply 
beyond 7=2 or 3. For penetrating showers in lead, 
on the contrary the energetic particle with a little 
change in its direction is able to make plural collisions 
several times in the nucleus and so the spectrum 
does not show a knee as in carbon. 

(iv) Finally, the integrated angular distributions 
of shower particles with respect to the shower axes 
were plotced in Fig. 3. From the figures it is seen 
that there 
angular distributions of the shower particles emitted 


is no definite difference between the 


in the secondary nuclear interactions in lead and 
carbon.®) 
which was scattered or recoiled ata large angle with 
reference to colliding particle has not so high energy 


It thus seems plausible that a particle 


and cannot repeat nucleonic collisions within the 
nucleus, so that such a particles presumably does 
not contribute to change the angular distribution. 
Inasmuch as the particles scattered at large angles 
make no plural collisions in the nuclei, the angular 
distributions of the shower particles of lead and 
carbon will not exhibit a definite difference as has 
been borne out in the present experiment. 

The details of the experiment will be published 
in Journal of Physical Society of Japan. 
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The Absoiute fatensity of 
Cosmic Rays at Geomagnetic 
Latitude 25°N 


Yoshio Kitamura and Osamu Minakawa 


Depariment of Physics, Kobe University 


July 23, 1953 


With a view to obtaining the intensities of 
cosmic rays at such low geomagnetic latitude as in 
Japan the intensities of the hard and soft components 
of Cosmic Rays have been measured by a coincidence 
methed with 6 G—M counters as telescope. 

The counter telescope was used in either sextuple 
or double coincidence with or without lead absorber 
pleced between Apart 
differences, the apparatus is essentially the same as 
that used by Greisen.}) 
ployed here are of usual type. 


counters. from minor 
The electronic circuits em- 
The counters were 


made of alminium, the internal diameter of which 


-was 2.8cm and the length was 20cm. The experi- 


ment was carried out under the thin metalic roof in 
a penthouse on the roof of Kobe University. 

In order to obtain zenith angle distribution of 
the intensities, the telescope was tilted by 0°, 25°, 
39°, and 45° to the south. 

With the apparatus described above, the following 
measurements were performed. 

(a) Sextuple coincidences with all lead absorber 
in place. The counting rate will be denoted by 
XN is proportional to the number of mesons with 
energy above 215 Mev. 

(b) Sextuple coincidences without the lead 
absorber; this rate will be denoted by V+z. The 
difference 7 between (a) and (b) is proportional to 
the number of electrons and slow mesons with energy 
above approximately 6 Mev and 23 Mev, respectively. 

(c) Double coincidences between the extreme 
counters with the same absorber as in (b). 

(d) Double coincidences between the extreme 
counters with the other inactive counters and all lead 
absorbers removed. The difference between the 
counting rate (d) and (c) will be denoted by 7’, 
representing the number of electrons with energy 
between 2.4 Mev and 23 Mev. 

These results are presented in Table I, and plotted 
in Fig. 1, where the values of log V and of log 
are represented against the corresponding values of 
log(¢/cos 0), the logarithm of the distance in g/cm* 
to the top of the atmosphere; ¢ is 1039 g/cm’, 
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Table I 
Sane a 0° Bi. 25° 39° 45° 
age 1.520.014 1.230.009 0.86-+0.009 0.710.007 
N 1.150.011 0.930.008 0.670.006 0.560.006 
1 | 0,370,018 0,.30-£0.012 0.19+0.011 0.15-£0,009 
si 0.30-£0.021 0.19-£0.019 


| 0.67 +-0.028 


computed from average atmospheric pressure during 


the period of our experiment. Fig. 1 shows that the 
lines are given by the power of cos@ and the ex- 
ponent is 2.1 for the hard component and 2.8 for 
the soft one. ‘The former value is fortuitously identical 
with that obtained by Greisen.!) 

Assuming that the directional intensity 7(@) are 
strictly proportional to the counting rate /V(@). 


(6) =const-/(6). ~ () 


For the purpose of determining the proportionality 
constant, we measured the effective length of the 
counters and found it to be 18.8¢cm, which velue 
also is just the same as that of Greisen and Nereson.2) 

Using this value and applying the geometrical 
cortections at the ends of the counters, we obtain 


for (1) 
XO) =1/2.66- (8). (2) 


Finally, substituting the yelue for (@) in the 
Table I, we have as the absolute intensity for the 
hard component at geomagnetic latitude 25°N (0.72 
+0.01) x 10-2 cm-? sec“) sterad—, 

In comparison with the absolute intensity obtained 
by Greisen®) at geomagnetic latitude greater than 


0.384 0.022 
45°N (0.83 x 10-2 cm~? sec“! sterad), 


The difference 
is considered to be due mainly to the 


ours is 13% smaller. 


latitude effect, if we assume that secular 
variation of the cosmic ray intensities 
has not occurred during the past decade. 
In this respect, the details will be dis- 
cussed in a future publication. 


1) K. Greisen, Phy. Rev. 61 (1942), 
212. 


2) K. Greisen and N. Nereson, Phys. 
Rev. 62 (1942), 233. 

3) B. Rossi, Rev. Mod. Phys. 20 
(1948), 538. 


The z-nucleon Scattering and 
the Damping Effect* 


Kazu Hasegawa and Shako Azuma 


Department of Physics, Tohoku University 


July 29, 1953 


It is well known that the convergency of the 
perturbation method for the meson theory is very 
doubtful because of large coupling constants. With 
respect to this point we shall compare the covariant 
4th order calculations of the z-nucleon scatterings 
in the symmetrical p.s. meson theory with p.s. 
coupling (to be published later) and the exact ones 
for a special process. 

Recently, D. Ito’) obtained exactly the 2-nd order 
self-energy type radiative corrections of the nucleon 
propagator S7(7) in the scalar meson theory with 
scalar coupling. This method is also applicable to 
our case: Dyson’s integral equation 


Si(D)=Sr(p)—iSe( ADP) SP) (1) 


where 


Du Th FRAY (fat ty 
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Table I. Matrix elements of the z*- and m-proton elastic scatterings 
ee ae Tents (Arh + Bik) 
: ; incident ee energy is 130 Mev. For x* at single 45°, but for > éngle independent. 
Calcu. up to the 4-th order Exact Rite ren a 
ae ; ee A B A B 
0.3 - — arta ee ee aaa ee 
Se Se tis dt aes 3 0.0507 1+0.051 —-0.0469 
= 4.2 1+0.739 —0.710 1+0.728 —0.424 
0.3 | _1—0.044 —70.046 —0.09 — 70.057 1--0.036 —20.031 —0.071— 20.038 
ead 5 = : Sa = 3 
4 4.2 1—0.61-—-20.64 —1.26—-70.79 10222022 —0,181-—70.041 
* = fF , ; i 
De* (/) es j @4é -1|(2z)4-r5[¢7( —4) e The authors wish to express their appreciation 


—K\ 75] Cp—2)?+- K 2] [2 4+22]4+8K — (2) 
can be solved exactly and we have 


Sr(P)=4/[C76+ 4K) —-2e*(A)1, =) 
using 
A+ABA+ABABA+--=(A1—B)—, (4) 


>* (P) is ilnearly divergent ; after mass and charge 
renormalizations we have 


Sz(p) =e [C1h+ K) A=BF)—pCK], 
B=331/A-f,2/8n?2 hc, 
el 
Ee p+ K*) = \ du (1—72) [log A?/ Ap? —2 K* + ue? /Ap?] , 
0 


mi) 
1 
G(P+K7)= fun log A?/Ao?, (5) 
A= (724+ K2)u—u) + KA +x2(1—-2), 
Ap? = K 21? + x2(1—x). 


The matrix elements of the z*- and ~-proton 
elastic scatterings are proportional to 7557 (/1—/41) fs 
and 7557(f1+41)75 respectively, where 7, is the 
init’al nucleon 4-momentum, 4, and 4 are the initial 
and final meson 4-momenta. 

We tabulate 75577; in Table I for B=0.3 and 
4.2 (the latter corresponds to the conventional one 
10) and the incident meson energy 130 Mev. 

For the z*-scattering there is no damping effect 
and even for a large coupling constant the calculation 
up to the 4-th order is a good approximatoin of the 
exact one. On the other hand, for the qj -scatter:ng, 
where the repetition of the 2-nd order processes 
occurs, the calculation up to the 4-th order is too 
large in magnitude compared with the exact one and 
this indicates a very large damping effect. Recently, 
G. Wentzel2) and K. A. Brueckner et al.®) discussed 
the similar subjects from the view point of the core 


term effect. 


to Prof. K. Nakabayashi for his valuable discussion. 


* The present note was read in Sendai Meeting 
of Physical Society of Japan held on Dec. 6, 
1952. 


1) D. Ito, Soryusiron-Kenkyu (Mimeographed Cir- 
cular in Japanese), 4 (1952), No. 10, 6. 

2) G. Wentzel, Phys. Rev. 6 (1952), 802. 

3) K. A. Brueckner, M. Gell-Mann and M. L. 
Goldberger, Phys. Rev. 99 (1953), 476. 

4) S.D. Drell and E. M. Henley, Phys. Rev. 88 
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Note on the Finite Nuclear Size 


Effect in Beta-decay 


Masami Yamada 


Department of Physics, Tokyo Univer. ity 


July 29, 1953 


Rose and Holmes! po’nted out that if the finite 
nuclear size is taken into account the eigenfunctions — 
of the electron on the nuclear surface take the values 
different from those for the case of point charge 
and this has a considerably large effect upon the f- 
decay. On the other hand, the author? pointed out 
recently that some arbitrariness occurs in the theory 
of 8 decay owing to the behavior of the eigenfunctions 
of the electron in the nucleus. These two effects 
are closely related. When a large cancellation of 
the terms in the corvection factor does not occur, 
the above theories)’ 2) will be sufficient. But when 


242 Letters to the Editor 


a large cancellation occurs (RaE*) is a good example), 
we must take care of small corrections, so that it is 
desirable to treat the finite nuclear size etfect synthe- 
tically, avoiding particular charge distributions. We 
consider only the first forbidden transition, because 
a large cancellation mainly takes place only in this 
case. (In the case of the higher forbidden transition 
‘the similar argument will be possible). We use the 
approximation 47<1, since this approximation seems 
unexpectedly good even when a7~0.6 (RaE")), and 
it seems very difficult to treat this problem without 
this approximation. Of course, we assume /p<1 
(p: electron momentum, o: nuclear radius) and 
neglect its second and higher powers. We have only 


to discuss the radial wave functions whose quantum” 


numbers are x=+1. 

We use the notation of Rose!) and Konopinski 
and Uhlenbeck®) except for the suffixes of wave 
functions for which x’s are applied here. First, the 
regular wave functions for the case of point charge 
are in this apptoximation written as (we are inter- 
ested only in the 1egion 7< O(¢), therefore sr<1) 


fhe V ye V(W+1)/W -p{azl2+ (W—1)7/3}, 


ghaV EVO 2, 


f{M=VF VWI -p, 


reg 


& =VFV(W-1W -pfaZ/24+ (W+1)7/3}. 


(1) 


The irregular functions are 


f= —-VPIV WD p00), 


By =V EV WW 
xp {aZ/24 (W+IA (r/o), 
fp =V PIV WEI 
xp {aZ/2+ (IV 17} (r/o), 
BV EV WED -pC 0), (2) 
where 


> Al sera H/p) \2 
f/= l2(1—2s) ~ est ZWIP (2 hp 25-2, 


(1) and (2) are suitably normalized at 7-+00. (OF 
course only the terms in (1) and (2) are insufficient 
_for 700). The wave functions in the nucleus (of 
course, regular) are easily obtained with the above 
approximation by the interaction method of Rose®) ; 
except for the normalization factors, they are 


’ j 
fr= rg 1)/3-r+7-2 2V (9!) adr’, 
= 0 ; 


ye 
g = (W4)/3-r-7 Yer de’, (3) 

where /’(7) is the potential for the electron, and we 
assume that it is a central force and | Var 


0 
(r<p) is of the order of aZr? or smaller, but no 


other assumption is necessary. These assumptions 
will be satisfied by the practical potential. 

Outside of the nucleus the potetial is the same 
as that for the case of point charge, therefore the 
practical wave functions are written as the linear 
combinations of (1) and (2), 

SiHUGg FEELS, Se=azgE+big;". (4 
(¢=1, 2) 
647s are so small that we can normalize (4) at co 
in the same manner as (1) by putting a..~a,~1. 
In the nucleus the normalized wave functions are 
Si=eifi™, Se=cage™. (5) 
Then, we can connect (4) and (5) smoothly by 
putting 
cy=—VFV(WH+IIW -p, 
a=V PV (W—1)/W -p. (6) 
After ail, the normalized wave functions in thé nucleus 
are 
fa=V PV (WHEW pLV—1) [3-17-72 
bit 
x \ r?V (9) dr“, 
Vee 
ga=—-VFPV(WHDI -p, 
fi=V LWA DB 
s=V EV (WI AWD [3-7 2 
Li 
x ( TOV AG) dy! (7) 
0 


The first forbidden coriection fectors.in question 
can be written in the following form, neglecting the 
relatively small terms which ave independent of 
election pogential and do not affect the following 
argument, 


C= (200) ) ayy)? AA +1 BAal+ || Bal? 


+2(f4g-4)*({ Bfy)-2() 4A) *({ Be}, (8) 


where A is an arbitrary operator and 2 is an ope- 
rator independent of electron energy, and the relations 


- in Vii: ‘ibis bom ai 
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between the phzses of the nuclear matrix elements”) 
have been used. Substituting (7) into (8), we get 


C=|{ 42+] | Br? 22/9 
—({ Br)*({ Br-\ rt “(W )dr/)2p°[(3IV) 


is) 
+| ( Br-3| PPV (rl) dr/2 
0 


—2(| A)*({ Br) 72/317) 


+2(fA)*(§Br2|1 PON dr’). ©) 
If we put 
jf Br-2) 7 2V dr! —a7 (20) (Br, (10) 
(9) can be written as 


C=|f A+] (Br? { 22/9+07/20-222/31V 


+ (aZ/29)?}--2({ A)*({ Br) { 72/3 +aZ/20}. 
(11) 
This is the usual form of the correction factor 
in the case of aZ<1. 
correct ; the ratio of the nuclear matrix elements in 
both sides of (10) takes in general a value different 
from —aZ/(20). 
fact, it is sufficient to regard @Z/(2p) in (11) as a 
parameter which varies in the neighborhood of the 


However, (10) is not always 


In order to take into account this 


correct value ; i.e., the two finite nuclear size effects)’ ») 
are effectively expressed by regarding a7/(2p) as a 
variable. 

In the case of RaE in which aZ is not small, 
this theory may not be precise, however, the devia- 
tion will perhaps be not so large.*) In the calculation 
of Reference 3 aZ/(2p) can be cancelled in appearance 
assuming the point charge, and according to the 
above argument this indicates that the effect of the 
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electron potential can be cancelled in appearance. 
When the approximation a7<1 is valid and the 
correction factor has the form of (9), the set of the 
correction factors (in which parameters are nuclear 
matrix. elements) taking into account the electron 
potential is completely the same as that neglecting 
the potential. Considering these circumstances, the 
“correction to the nuclear matrix element’) per- 
formed in the calculation of Reference 3 will be 
perhaps not correct, and VT1-0 (vector-+tensor, spin 
change 1-0) whcih needed this correction becomes 
more unlikely, though the unlikeliness of this as- 
sumption was emphasized there. On the other hand, 
in the case of ST1-O0 and TPO0-0 which had no 
need of this correction, the foundation becomes firmer, 
eliminating the fear that the chaige distribution 
affects the results. In conclusion, it must be noted 
once more that we have used the approximation aZ 
Ail. 

The author wishes to express his sincere thanks 
to Professor S. Nakamura, Dr. M. Umezawa, Mr. 
H. Takebe and Mr. M. Morita for their valuable 
discussions. He is also indebted to Yukawa Ycemi- 
uri Fellowship for the financial aid. 
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Correction to the Beta-decay Nuclear Matrix Elements 


Masami YAMADA 


Department of Physics, Faculty of Science, Tokyo University 


(Received July 1, 1953) 


In the traditional theory of B-decay, the radial parts of the eigenfunctions of the electron which are 
divided by 7? (/’s ar2 orbital angular momenta) are put out of the integral symbols replacing 7 by 9 
(nuclear radius), and the remaining integials are arranged as nuclear matrix elements. In the presence 
of the Coulomb field, however, some of them deviate from constants appreciably in the nucleus, and it 
is hard to put them out of the integrals. In this paper the correction factors which include these 
eigenfunctions in the integral symbols are given, and it is discussed how much di ference from the old theory 


is produced. 


§ 1. Introduction 


The correction factors which are important for fi-decay spectra were calculated 
by Konopinski and Uhlenbeck”” and others. In the calculation of them the radial parts 
of the eigenfunctions of the electron which are divided by 7(/’s are orbital angular 
momenta) are put out of the integrals symbols replacing 7 by (nuclear radius), and 
the remaining integrals are arranged as nuclear matrix elements. In the presence of the 
Coulomb field, however, some of them deviate from constants appreciably in the nucleus, 
and it is hard to put them out of the integrals. 

As an example, we consider the first forbidden transition of the scalar type. Gene- 
rally we use the notation of Konopinski and Uhlenbeck”, but the suffices of the 
electron eigenfunctions /;, and g, are not those of Rose” but quantum numbers x's. If 


we write the correction factor keeping the eigenfunctions of the electron in the integral 
symbols, 
(1/3) K2(2Fp) 4 \f Broa) P+ |S (Brite) ) I} 
+ (2/3) K(2FP) I BFa@)/1) #6 (rg) —\ Bf) *§ (Br ai)/7) } 
42(2F Py Hf Brg) /)P + Gre) (Vt 
+ (2FP) HY PrfaO/ P+ Gra@/ lt (1) 
In the derivation of expression (1), we used the relations between the phases of the 
3) These relations ate utilized in the following calculations frequent- 


g the coupling constants of the five interaction 
, but it is more familiar 


nuclear matrix elements. 
ly. We also assume the real ratios amon 
types.” Expression (1) is independent of the nuclear radius ¢ 


to rewrite it using (?: 
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If we replace /,(7) //,(p) etc. in expression (2) by unity, several nuclear matrix elements 


ate reduced to one nuclear matrix element {/2*, which appears in the article of Konopinski 
and Uhlenbeck.” 

In the next section it is shown how to obtain the accurate correction factors from 
the old correction factors given by Konopinski and Uhlenbeck” and Smith.” In § 3 the 
differences between the new and the old nuclear matrix elements are shown and in the last 


section the influence of this theory is discussed. 


§ 2. New correction factors 


In this section it is shown how to obtain the accurate correction factors from the old 


ones calculated by Konopinski and Uhlenbeck” and Smith.” For brevity, we put 
fall teal fr 


= Thy —== Tj, 
ACh eee g-2(p)/ ph 
IO] uaR a Lane 


Mrs 


se iia 3 
In(p) /e" F-2(e) /0* E ( ) 


where £ >0. We also write Z,_,, M,, and V,_, used by Konopinski and Uhlenbeck 
as Ly,, Mj_,, and Nj, As to the terms including 2%, and M#_, it is easily 
understood without detailed calculation that the following alteration is necessary : 


za A*.\B+c.c.}—> 
(=. = ){|4ro"ferys eer +\(Al)*{(B4) fipy tee}, (a) 
Mz.{{ a*-|B+e0|—> 


ted {\ca Mt_,) *| (Bm_,) ee +| (4m) al (Bm,) ID +c} (8) 
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where 4 and B# are arbitrary operators. The terms including Vj, is a little more 


complicated. First, for the squate terms the alteration is 


vis fof (gig emo ana gs 
= ja) *| (Am,) ACU ACOMY (6) 


Second, if one of the nuclear matrix elements is O,(@,7) or Q,(fa,2’) in Greuling’s 


notation” (namely ja, jfa, Aj, Ai; etc.), representing these operators by A, the altera- 
tion is 


NE, {{a*|a + c.c| Se | (AL,) “| (Brn, FOG AO) 


+ \(4a) sf (Bim,) ree tec. (7) 


The other terms appear in the mixed interaction type terms. In the first forbidden ST 
(scalar+tensor) the following term should be added to C'cp (in the same notation and 
normalization as Smith”) : 


diate (is LA) (Brm_) (fo Z rl_,) —{ LEP is3) a (Po x Pm_y) a Coe 


+ {{(re)*| (Box rm, — | (Grm)* ((Goxme) |AOnL) | (8) 
The following term should be added to C Sieur 


—ih seal (rm_,) {a x rl_,) —{(t.) * (o x 9"7_;) | See 


8 {| (rt,)* \ (6x rm,) —| (rm,) i (oxrd,) |Aioate? | | (9) 
In C',, the following alteration is necessary : 
jhyAp(2K/3) n-{\r* {80 x 1—c.e. js 


wae salt femayt | Gaxrt+ foryr| Goxrm.y} OM ae 


+{{(%) { (fa xa) + form) *{ (0 xb) | LORO” | (10) 


In Cg, the alteration is 
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In the second forbidden ST the following term should be added to C°.,: 
; IR OV tesn FANG (p) 
Ibe 5, (sap) EL {Rien | ry) Jay) Tipp} HOO 


? 
+ Moe) al Ce im) — | (Rim) *| (Tip) | AOL@) | 


tihdeke (7 )e | [Ran2)* Kea — fry. d*| (Tym LO) 


+{] aye] Pim) — fim {(Tyy Bee (12) 


where A?, etc. are not matrix elements but operators. The following term should be 


added toe “4: 


=p) ey S| {fee alee —| Rat)* | Tims) [Lae 


0 
+{[(Rid) 7, wm) — | Regma) \(% J;) ja oe =| ‘ 


aie) Kp EL {| om )* fcr ye) ss fee aes bas 


+1 aed" | Zam) | Raga fT ee, (13) 
In C*,.» the alteration is 
idyalS) S| Ry Tce \ { (1/15) K*N5 + KN} — 
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: ~ 1 = ; pie: A t )G 0 
+ thylpK (al \\ (Rjjit_2)* | (Tis) +) ls)* \¢ Thm.) | Fh) 9-20). 


i ) 


+ Keer *| (Liym.) + | Ryms)* \ CAIs) ere. | (14) 


( y) 


In C’,, the alteration is 


ee, {s) 8" \7y—ce-1 | (0/15) KANG +KNi} —_—> 


tj 
: he 1 = ; 2 ia ee 2 Fe (ONG a 
erg sre) SLA) ie)" \(Qe9 +| Gea. | (Lum) La ae ) 


oF {| (Ri * | (Lom) =" {(Aim)* | (Tad LAP ne | 


| 
SAA x (= 3) s 


1D ij 


[ {| eam o* [Tile + | Bis) | Lum } PENOKENOE 
uv v 


+ {{ caeisay*| Ligne) + | ign *| Tol) ee (13) 


We do not calculate for the higher forbidden transitions than the second forbidden, as it 


seems useless. If we put /:,=/s.=1, we obtain of course the old correction factors 


of Konopinski and Uhlenbeck and Smith. 


§ 3. Nature of the new auciear matrix elemetas 


In this section we examine the /,, and 171, of (3) to understand the difference between 
the new and the old nuclear matrix elements. However, it is very troublesome to calcu- 
late for many nuclei, and moreover the potentials for an electron in nuclei are ambiguous, 
therefore we calculate only approximately to understand the tendencies. We assume uniform 


charge distribution in nuclei which is simple and likely one. Therefore, the potential is 


a 3UL, + UZ ys 


Ree 


V(r) =e 20 20° (1 6) 
a AL: 47 > p- 


To obtain the electron eigenfunctions we use the method of Rose,” and in good approxt- 


mation we take up the first term of the iteration, namely except for constant factors 


Beek, LV) = (Wd) hear", 
0 

ke! 
alee 


Qy~r | | V(r’) =s (W+ 1) ae Le (17) 
: ‘ ) ' 
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With this approximation, from (3), (16) and (6y,) 


f4,=1, 
M 4.56 
ENA 2 se Ried (24+ 1) (2-1) p et | r Yher<p, 
A(h+2) 4(k+2) aZ 8(£42)° ep 7) 
HBEAT) OEA 3) Cp 8 (0ye 
4k(k+2) Y Ak(kL+2)\ 9 


2(4+2) 8k(4+2)* Bh(k+2)? 


‘ , 2h + 
+War 2 {2 2h+3 (2041) (2h +3)" p-,  3(2k 43) Re Lirey 
UZ y 

(18) 


where the higher power terms of (I7-+1)o/(aZ) are neglected, because in the ordinary 
energy range and not too small 7 value (IV+1)pe/(aZ) <1. Therefore, in the expres- 
sion (18) for v7, the first two terms are main, and they are independent of Z and IV” 
They ate indicated in Fig. 1. The deviations of 77,,’s from constants in the nucleus are 
mainly 7° types. Therefore, one might assert that it should belong to the 7+ 2-th forbidden 


transition, where w-th forbidden is now discussed. However, these 7° type terms are too 


1s) 
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large to class in the ~+2-th forbidden. The third terms of (18) show the energy 
dependence ; except for the factor (W-+1)e/(¢Z) they are independent of Z and IV, 
and shown in Fig. 2. The second term of the Rose’s iteration method” is nearly pro- 
portional to 7°, but it is only 0.1 even when Z7=90. 

In the present situation nuclear marix elements can not be calculated exactly, and in 
many cases they are treated as unknown parameters.” Under these circumstances, the 
above calculation will be sufficient to give the rough estimate of the differences between 
these parameters and their energy dependences. According to the above calculation, a 
nuclear matrix element including /,, is almost equal to the corresponding old one, but 
one including #,, may differ appreciably, especially when the radial part of the nuclear 
wave function has the node. Besides, a nuclear matrix element including m., may have 
energy dependence of the relative magnitude of about 0.20/(uZ) per mc’, then they will 


appear only when very large cancellation occurs. 


§ 4. Discussion 


This theory hardly affects the allowed transition and the forbidden transition whose 
spin change is one larger than the order of forbiddenness, for they have only nuclear matrix 
elements including /,, and /,,~1. In the other cases this theory may have influence. 
In the present situation nuclear matrix elements are treated as unknown parameters in 
many cases, and the above theory increases the number of these parameters. Therefore 
this theory increases the possibility of explanation. — The example will be shown in the 
subsequent paper concerning the (-spectrum of RaE. Moreover, some deviations from the 
relations of Ahrens and Feenberg” and Yamada” may appear from this origin, when. these 
relations are applied to the nuclear matrix elements including 1712. 

The author, wishes to express. his sincere glatitudes. to Professor S. Nakamura and 
Dr. M. Umezawa for their kind guidance and to Mr. M. Morita for his valuable discus- 


sions. He is also indebted to Yukawa Yomiuri Fellowship for the financial aid. 
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The B-spectrum of RaE is reinvestigated taking into eccount the finite de Broglie wave length effect 
pointed out by Rose et al. and the correction to the nuclear matrix elements pointed out by the au- 
thor, and it is shown that ‘the conclusion of Peischek and Marshak that only the assumption of 
tensor-|-pseudoscalar, spin change 0—0, parity change yes is able to explain the experimental results is 
incorrect. Taking into account the above two effects, many other assumptions can explain the experi- 
ments. The resuits are as follows: TP0-9 (tensor+-pseudoscaler end spin change 0-0), ST1-0 and 
VA1-0 fit the experiments only with the finite de Broglie wave length effect, AQ-O (inciuding APO-9) 
and VT1-0 requires both eects, but VT1-0 seems too artificial. Other cases can not fit the experi- 


ments. 
§ t. Latreduction and summary 


it has been well known long since that the spectrum of RaE deviates from the 
allowed shape, but there had been no definite theory to explain it. By the Mayer’s 
nuclear shell model it is made clear that this transition is parity change yes, and last year 
Petschek and Marshak” concluded that only the mixture of tensor and pseudoscalar in- 
teraction and spin change 0-0 (of course parity change yes) is able to explain the ex- 
periments. Some time after, however, Ahrens, Feenberg and Primakoff” insisted using 
their method” to evaluate the ratios between nuclear matrix elements that the nuclear matrix 
element {/37, in pseudoscalar type is very small and the large ratio of the coupling con- 
stants |G°/G‘|~133 is required to fit the Petschek’s and Marshak’s interpretation. 
However, this large ratio causes many awkward affairs,* and recently Ruderman” has shown 
that if the nuclear force includes a large 7, type one the relation of Ahrens, Feenberg 
and Primakoff” becomes invalid and the magnitude of (7, is of the order of other mo- 
mentum type nuclear matrix elements (\a, J8a and {7,). Accotding to his theory it is 
sufficient to take the coupling constant G,, to the same order as (G, to fit the Auile of 
-Petschek and Marshak”. On the other hand, if the nuclear force is entirely due to the 
pseudovector coupling of -mesons, the evaluation of Abrens, Feenberg and Primakoff” is 
valid, and a large pseudoscalar coupling constant is required. Therefore, if the foundation 
of the article of Petschek and Marshak were reliable and if it becomes clear that a 


First, as pointed out by Ahrens, Feenberg and Primakoff2) a new nuclear matrix element should be 


added to the old one, \fy;. The effect of this new nuclear matrix element to the f-spectrum of RaE will be 


examined by Takebe.!) Moreover, this large coupling constant destroys the allowed 
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large pseudoscalar coupling constant is unreasonable, 


we should arrive at the conclusion that 
there would exist a /y, 


type nuclear force and perhaps 7-mesons would interact with 
nucleons with pseudoscalar coupling.! 

In the theory of /-spectra the deviation from the allowed shape is represented by the 
correction factor which was calculated by Konopinski and Uhlenbeck” and othets. They 
calculated the factors arising from the eigenfunctions of the electron by developing them 
into the power series in po (f: electron momentum, (7: nuclear radius) up to the first 
terms which do not vanish when 70. However, it was pointed out by Rose, Perry and 
Dismuke” that when ~ and Z are large the above approximation is insufhicient, and the 
effect of the higher power terms of Pp is considerably large. This effect is called “ finite 
de Broglie wave length effect ” (abbreviated as F. deB. W. L. E. hereafter). Even if p 
is not so large, this effect may become important when large cancellation takes place. 
Recently the author” pointed out that the method of Konopinski and Uhlenbeck” and 
others to treat the nuclear matrix elements is rough and some alteration is necessary in a 
forbidden transition whose spin change is not larger than the order of forbiddenness. As far as 
nuclear matrix elements are treated as unknown parameters, this theory increases the num- 
ber of these parameters, and so increases adjustability of the theory. This theory is called 
C. N. M. E. (correction to the nuclear matrix elements) hereafter. 

As these new facts have been known, the theoretical reinvestigation becomes necessary. 
In fact, the conclusion of Petschek and Marshak is upset as shown in the following sections. 
ge results are as follows: TPO0-—0 (abbreviation of tensor + pseudoscalar, spin change 
1—0 and of course parity change yes), ST1—0 and VA1—0 fit the experiments only 
with F. deB. W. L. E., AO—O (including APO—0) and VT1-0 require both F. deB. 
W Lab. and_C--N,-M--E., but VIT1—0seems too artificial. Other cases can not fit | 
the experiments. 


§ 2. Caleulation 


In this section the theory is advanced taking into account only F. deB. W. L. E. 
and C. N. M. E. and neglecting all other effects. In § 3 other effects are considered, 
but they do not alter the general tendencies. We use the notation of Konopinski and: 
Uhlenbeck” and Smith.” First, we calculate the first three terms of Lip Vp Li, aneaNas 
developed into the power series in fy. These power series converge considerably well, but 
there are cases in which the first two terms vanish in the linear combination of them, and 
so the first'three terms are necessary. They are 


Ly= (145s) /2—vZp/(25-+1) + {(2s-+3) W+s/W} 
+P / (254 1)": (= 2p" — sp? +102? + 850727 + BZ? p? 4 4su2Z2p"), (1) 
N = —4Z/ (20) —1/(2s+1) + 6’/W—202? W) 
—uZp/ {(2s-+ 1)2(s-+1)} « (6p? Sup? + 302224 45222 WV? + 80°27") ,(2) 


t+ Of course the mixture of both Ps and Py couplings can be admitted. 
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L, =s(i+s)/(2W)—aZpe(1+s) 
—p/{(2s41)2W} - (P+ 259-802? — 1502? — 902 — 8802” 
4405 ZW), (3) 
Ny =—saZ/(20W) +02? 
+0/{(2s$1)P?W) + (GZp + soZp— 382? — 4subZ2W?— 40°29 gp’). (4) 
The first three terms of the power series are sufficient to take into account the F. 
deB. W. L. E. in the energy range of RaE. This fact has been assured by the 
more accurate calculation at =3c. The most important foundation of the following 


argument is almost complete vanishing of the quantity 1, 1/,— V,, which guarantees the large 


cancellations that appear in the following calculations. Namely, 
(L)M—Ny)/No=(Afiat& 2D Sa 2A) S0.0005, 


where suffices of f, etc. are the quantum numbers x's. The above quantity does not de- 
pend on the details of the wave functions, because it has the square form. If we use 
(1) and (2) we obtain 


LM, HS / C5 VS ses 


where the higher power terms in fy are neglected. The error of this equation is very 
small and quite negligible. As the wave functions with the higher orbital angular momenta 
which have the higher power terms in. 0 are neglected in the current analysis of /- 
decay, it is consistent to neglect the higher power terms in Z,, JZ,, and V,. The preci- 
sion of the table of Rose et al.” is somewhat insufficient for the following calculations. 
First, we treat in detail SY1—0 which is the most interesting now,’ and then give 
the results of the other cases briefly. We use the relations between the phases of the 
nuclear matrix elements’ and take the coupling constants as real.’ 
la) ST1-0 
The correction factor not including C. N. M. E. is 


Gs |\Pr|\?{(1/3) K°L, + (2/3) KN, +M,+2L,} 
+ Gif | Pal?Ly + | {Pax rv)? { (1/6) K°L,— (2/3) KN, + M+ 1/2) L}} 
— {{Pa*|foxa+ec.} {(1/3)KL,—M,} ] 
+ Gs Gil { [Pr*-7( fox 4 4+e.c.3 (L,— 2h) — {) Ret i[Patec.} {(1/3) KL, +. ae 


To expression (5) we apply C. N. M. E.” in which as a suitable approximation we put 
as follows : 


LiPo 


APP gp) pe” 


Jah) fr — 8k a eae 
S-x(0)/0* gee) /p* 


ri Cal ame 


Sa (6) 


Theoretical Reinvestigation of the B-spectrum of Rak 255 


The correction factor including C. N. M. E. is 
C= GI (1/3) K°L4\ (Prd) P+ (2/3) KM, | (Bry) *§ (Brinn) + ALIS (Bem) |? 
+ 2L;|§ (Pre) |"]+ Gil Z| (Ba,) |? + (1/6) K°L,|§ (Bo x vd,) |? 
— (2/3) KN, | (86 x ¥2,)*§ (PO x rm1) + Mil § (Bo x rm) |? 
+ (1/2) Lil (Ba x 92,) [2 
— (2/3) KL,§ (Bal,)*| (Bs x re) +2.N,§ (Bal,)*§ (8a x rm.) 
+26 sGi{L,\ (BL) *-if (BO rE.) — M,\ (Brmy)* i (Bo x rn) 
+ (1/3) KN,{ f(Brm,)* i§ (Bax rl,) —§ (Bri, *-é§ (Ba x rm,)} 
— (1/3) KL,§ (Brd,)*-§ (Pad,) — N,§ (Bom) *8] (Pad,)] (7) 
For simplicity, utilizing the adjustability of nuclear matrix elements we put* 
Gs\ (rl) ==(i/2)Gy\ (80x rl), 
Gs) (Bring) =— (¢/2) Gy\ (36 x m,). (8) 
- Then expression (7) becomes 
C=Gi{L,| | (Bal,) P— 0/3) KL,§ (Pad) *| (Ba x 1t,) 
+3.V,§ (Baby) *§ (Bo xm) + 1/4) KL |§ (Fox rh) [2 
— (1/2) KN, | (Bo xh) *§ (Bax rm) + (9/4) IK § (Ba rm) 


pinnae) 
We put 
((Pal):\ (fox rl,):\(Poxrm) =X: V3 1, (10) 

then .Y and V are real numbers" and except for the energy independent factor the 
correction factor becomes 

C~L,X°— (1/3) KL,XV4+3N,X+ (1/4) KL, Y*— (1/2) KN V+ (9/4)M,. (11) 
According to the relations of Ahrens and Feenberg” A’ is of the order! of 47Z/ (20) and 
much larger than unity. The largest term in (11) is of order (47/20)° and energy 
independent." Therefore, in order to obtain a strongly energy dependent correction factor 
necessary for RaE, we must cancel this large energy independent term. To do this we put 


3 WE, : (12) 


DS + 4, 
1+s 20 


and we regard the magnitude of + as of the order of unity. Then not only the o~* term 
but also p~* term vanishes. Replacing Y—y, using (1) and (2), neglecting the higher 


* Relations (8) will be not always necessary to explain the f-spectrum of RaE, 
+ We regard the relations of Ahrens and Feenberg*) as statistical ones giving only order of magnitude 


in each case. 
++ Small energy dependence allowed by C. N. M. E® is neglected in this section. It is discussed in 


§ 3 only qualitatively. 
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power terms of #/ and omitting the energy independent factor (1+ 5)/2, (11) becomes 


9 i r 6 Pree : i kK? Ao 
OL, Sok so8 — £—_—= ¢+ Sag 
Ro 3 a (1+5) (2541) I 4 
u EG er Das 3 Nf HZ) ee LIS 


eee) eet) WT o> {GAs este 
! term can not be 


If we use the formulae of Konopinski and Uhlenbeck”) and Smith,” 7 


7 i ini e is (4 e same normalization 
cancelled contrary to o~? term.' This remaining p~' term is (in the s 


as: (13) ) 


90 Z* 
2(1+s)*(2s+1)¢ 


| (2543) 1/4 =I. (14) 
As 570.79, (14) is almost proportional 
to IV. The correction factor necessary 
for RaE is shown in Fig. 1, and (14) 
has completely opposite nature. There- 
fore, (14) has obstructed to obtain the 


desired correction factor. 


If we put y=1 in (13), we obtain 
the correction factor not including C. 
N. M. E. In contrast with the Petschek’s 


and Marshak’s case”, very strongly 


in arbitrary units 


energy dependent correction factor can 
be obtained in this case. The largest 
ratio of the value of the correction 
factor at IV=1.2mc* to its value at 


SORT ah AY oan Mi re W=3mce attainable is about 10, and 
1 1.5 z 20 3 Wiact) 3.5 


it is much larger than the necessary one. 

Therefore, in this case the desired 
correction factor can be obtained with 
y=1, and so other values of y need not be considered. We use the experimental data in 


the article of Wu," and as the maximum energy we take 3.297c* indicated there for the 


Fig. 1. ST1-0, Correction factor (I) and Kurie plot 
(II). For the detail, see the text. 


tT Ie can be understood from the following consideration that p~ term should vanish when p> 
term vanishes. ~! term is en odd function of 7. A correction factor for positron emission is obtained by 
reversing the sign of 4. Therefore, if p-2 term vanished and p—} term remained as a main term, the 


correction factor could become negative, but it is positive definite by its definition. 
tion is also useful. 


When the p-? 


The following considera- 
A correction factor is obtained by squaring the matrix elements and summing them. 
term in the correction factor vanishes, the o—' terms in the matrix elements vanish. Therefore, 
the p~! term in the correction factor never remain. There are approximate expressions of correction factors for 
the case of @7<1 given by Konopinski and Uhlenbeck?) and Smith. If this approximate formula is used, the 
correction factor never becomes negative. As far as F. deB. W. L. E. is not included, the approximate formula 


is superior to the on before approximation. In fact, these approximate formulas are unexpectedly good even 
if aZ7~0.6 as Rak. 
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moment. When y=1, +=3.5 gives the suitable correction factor; this cortection factor 


and the Kurie plot are shown in Fig. 1. The Kurie plot is straight above JV/=1.2m0*. We do 


-not consider below this energy because of the difficulties of both theory (especially the screening 


effect of the atomic electrons) and experiment. 

It is necessary to show how much cancellation gives the correction factor as in Fig. 
1. For this purpose we have only to know the absolute values of the nuclear matrix elements 
to fit the decay life, and they are conveniently represented by the corrected /¢-values (in- 
dicated as /,-values hereafter); for example, the //-value for {(’ox7V/,) is defined by 

Set= (27°/G7) -log2/|\ (Po x 11,) |?. 

With the above ratio of the nuclear matrix elements this f,/-value for | (76 x 1/,) is 5.9 
x 10°. It is inferred that |[(f0x~7/,) is of the order of 4%;, so that the standard value 
of the above /,¢-value will be 10°~10°. The above value 5.9 10° is suitable. If can- 
cellation were small, the f,¢value would be 10"~10". When cancellation becomes larger, 
the /,f-value becomes smaller than 10°, and in this case other small effects have possibility 
to disturb the result. If the f,#value is of the order 510° as in ST1-—0, the result is 
stable as shown in § 3. In each following case we shall show the //-value for the G-T 
type and coordinate type nuclear matrix element (in the first forbidden it includes a 0 
and a ?). 
1b) VA1-0 

The mixture of vector and pseudovector differs from the mixture of scalar and tensor 
by the Dirac matrix £, and this effect is represented by the change of the sign of: Ae 
(neutrino energy). Corresponding to (8) we put 


Gi\(6x71,) =21iG Nh), 
G\(ox1m,) =UG,| (rm), (15) 
and corresponding to (10) we put 
{ (al,): 6§ (0) +6 (1) = Nz (1/2) :(1/2), (16) 


then we get as the correction factor the expression (11) with the reversed sign of K 
(namely with the reversed sign of VY). In the same way as ST1—O we get the correction 
factor (13) with reversed sign of A (namely with the reversed sign of y). If we put 


_y=—1 (corresponding to the omission of C. N. M. E.) and +=4.2 in (13), we get 


the correction factor and the Kurie plot almost the same as in Fig. 1. The /,t-value for 

(ox (the ones for [(Gx#7,) and [(Ox#m,) are the same) is 1.25 x 10°. 

Ic) VT1-0 
This case is considerably complicated because of the large number of the nuclear matrix 


elements. We put 
3 ((al,) 22{ (72,): 7) (0%,) 2§ Cr) HX VY: beeval 
§ (Bal,) : §(Baxrl,) : { (Pox Vr.) : Lie ey eee eae assed 
Gyi\ (vm) : Gp) (96 x rm,)=1 3. SO liz) 
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To cancel the large energy independent term we put 
X=2/(1+s)-(aZ/2p) +x, Y=y, (18) 
X1=2/(145)-(@Z/2p) +2, Vay’, 


then using (1)~(4) the correction factor becomes 


F PLE Key 2A 9 9 
C~x2—* Key— = Fok sie Asis — r+( K+ Vy 
3 (1+5) (2541) W 3 9 
SA ES AEA ad SS Fp DP) 
3(1+5) (2541) W (145)°(2s+1), 
9 ° 2 oa 4 Pte? af 1 72 A 2 Be be 
cor 2 Kegs tReet eely 
en be Ene th (1+ 5) (25+1) WwW fe 18 ) 
erate ee es PEL 4 : a rae ey ‘& (p4eZ) | 
3(1+5) (2541) W (1+5)°(2s+1)° 
ale 28 ne eiioe DSR cee pean Seige aay 85 ees ; 
S A AD Pe eR ee eee ae Se = reeee D (19) 
ue Fae 3° : se oW (1+5)°(2s4+1)* VW 


where A was used by Davidson’: 


A fs eek, +2 2 Ff, 


pyle SA ey ies 


(20) 


If we put y=y'=1 corresponding to the omission of C. N. M. E., the required correction 


factor can not be obtained. However, if we put, for example, y=y’=0.65, 1=3, 4/=1.8 


andy c==— 5) we get the correction factor and the Kurie plot shown in Pig. 2s a as 


uw 


in arbitrary units 


0.5 


0 
15 2 2.5 3 Winct 3.5 
Fig. 2. VT1-0, Correction factor (I) and Kurie 
plot (II). 


Kurie plot deviates from the straight line 
a little on account of the f’-term, but 
this small deviation can be remedied by 
the small shift (about —0.01c?) of 
the maximum energy. According to re- 
ference 9 the values y=y’=0.65 seems 
a little too small, but not necessarily 
unreasonable. However, the restriction 


to the values of many parameters is 


very sttingent and seems unlikely. The 


fit-value for {(80x1/,) is 1.1 x 10° 
and the one for | (86x 2m,) is 4.6 x 
10’, and the cancellation is considerably 
large. 
id) SA1—0 

In this case the large energy indepen- 
dent terms can not be cancelled by each 
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other as in the preceding three cases. Therefore, to get the desired correction factor we 
have to take an unnatural ratio of the nuclear matrix elements. Neglecting the scalar 


type and putting 
((oxrl,) : ((oxrl,) > {\(oxrm) 1:1: 0/Z)-4% C21.) 


we must consider that x is of the order of unity. If we put r=—0.55, we get the 
correction factor and the Kurie plot similar to those of Fig. 2, but this large C. N. M. 
E. is unlikely. The f,#value for [(0x1/,) is 8.3 x 10°. Inclusion of the scalar type 
does not change the main tendencies. 
2a) TPO-O 

We treat only the case in which {f7, is not so small as to invalidate the formulae 


of Konopinski and Uhlenbeck” and Smith” (Cf. §1). We put 
Gif (Bry) 2 Grh (Po-1l,) = Gol (EO: 1n,) SA ek. (22); 
To remove the large energy independent term we put 


eg ee Eg, (23) 


then the correction factor becomes 


Cet Kt LAF Sah ele SIE 
73 (14s) (2s+1) IV 9 
= SVL apne iy Laat). (28) 
3(1+5) (2s+1) W (1+s)*(2s+1)° 


If we put y=1 (corresponding to the neglect of C. N. M. E.) and +=—3.1 we get 
the correction factor and the Kurie plot similar to those of Fig. 1. The J.t-value for 
((fo-%) is 8.6x 10° 
2b) Ao-—-0 

The telation between AO-0 and TPO-0 1s similar to that between VA1—0 andST1-0. 
' Putting 
ZV (7x1) « § (0-74) = ((o-rm,)=X:V:1, (25) 


and using (23) we get as the correction factor the expression (24) with the reversed 
sign of K (namely with the reversed sign of 7). In this case, as in the case of VI1—0, 
the desired correction factor can not be obtained with y=—1 corresponding to the neglect 
of C. N. M. E. However, y=—0.8 and x=—1.7 supply the. cortection factor and the 
Kurie plot similar to those of Fig 1. The fot-value for ((o-72,) is 8.3 x 10° and the 
one for {(G-977,) is 5.3 10’, and the cancellation is considerably large. 
2c) APO-0 . 
There is no large interference between pseudovector and pseudoscalar uncorarnets so 
that if {fy; in pseudoscalar type is large (of the ordinary order of 7,), the desired cor- 
rection factor can not be obtained because of the large energy independent term of (P75. 
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Vv p i i i 1 ection 
However if we take { Ts 4 little smaller, there is a case 1n which the desired corr 
? ) ) 


factor can be obtained without C. N. M. E. Putting 
\ “> (2 ; ey ieee A < 
iG ithe Ga\OT IG a) oie opts leer (26) 


y= —1.65 and 1/=0.29 is this case, and the correction factor and the Kurie plot are similar 
to those of Fig. 1. However, the /,¢value for {(G-”") is 1.5% 10° and too small. 
2d) To-0 : } = 
In this case, as in the case of SA1-—0, very large C. N. M. E. is required. Putting 
((Po-rl,) : \(GO-rm,) =1 : p/ (UZ) +x, (27) 
4¥=—1.25 gives the correction factor and the Kurie plot similar to those of Fig. 1, but 
this case is very unlikely as SA1-0. The /,t-value for {(forl,) is 1.4.x 10°. 
We have examined all the linear combinations of the interaction types allowed by the 
Fierz condition, assuming the spin of RaE as 1 or 0. (Of course we take the spin of 


the final state as zero.) The existence of both Fermi and G-T type interaction is almost 


certain, so that we do not consider the single type. Of course the assumption of spin 2 
of RaE does not fit the experiments. 


§3. Calculation Il and discussion 


In this’ section we consider the effects not included in § 2. However, it is very la- 
borious to calculate for all the cases, and moreover there is ambiguity such as charge dis- 
tribution in a nucleus, so that we confine our object to ST1—0 which is the most interest- 
ing one.””’™ Tt will be shown that for ST1—0 the effects considered in this section will 
not change the general tendencies. From the calculation for ST1—0 it will be conjectured 
that these effects will not strongly affect the most other cases. 

First we consider the third forbidden transition ; this third forbidden is not the or 
dinary one but the one which has the same selection rule as the first forbidden, and is 
neglected in most cases. The /,t-value of the ordinary third forbidden transition is of the 
order 10’, so that it seems quite negligible at first sight. But this Jj #value is for the 
coordinate type nuclear matrix element, and for the velocity type nuclear matrix element 
it will be of the order 10” for RaE, and the uncorrected Jévalue may be of the order 
10". The order of the power of fo in the largest term of the third forbidden is the 
same as (13). Therefore, one might be anxious about the neglect of this term: 

For ST1—0 the additional expression to the correction factor (5) arising from the 
largest part of the third forbidden and its interference with the first forbidden is 


C!= Gil Par"? \ (1/6) KM, + (1/2) Mi} 
+ Gp{\Par*\ Po xr +c} {— (1/6) K2M,+ (1/3) KM,— (1/2) W3 
+ Gr {far | Pa +c.c.} (1/3) KN, + GoGo i{ Par | Pr+c.c.} 


(1/3) KM, + NV, } 
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+ Go| (a (Ba. 2) |? {(1/2) KM, + (9/2) MG} 

+ Gr (r(Ba-r)*\ fo x r+c.c,} {(1/6) K°V,— (2/3) KM, + (3/2) N;} 

+G7i\r(Ba-r) *\ Pa+c.c.} {— (2/3) KN} 

+ GsGp{i\rr(Pa-0)*( Pr +c.c.}{— (1/3) KN, (2/3) KM — 3M}, (28) 
in which C. N. M. E. is neglected. We put (8), (10), (12) and 


{Par’: (r(8a-r) : \foxr=up:vp:1, u=O(), v=O(2), (29) 

then with the same normalization as (13), (28) becomes 
C'~ ge Ta? + pee Apu? +- see Co je ae eee Kux 
6(1+s)° 18(2+5,)* 3(1+s) 3(14+5) 
base iat Kv? + Bees Apu" + seeeese: Kove. (30) 
2(1+5)* 2(2+5;,)* 3(1+5) 
Corresponding to the omission of CoN, M.E*.,..we. put 
2 279 3aZ 
(Sar°= p°\ fa, namely w=— yee a 31 
os y 2(1+5) i (31) 


It seems (9°(a-2") is an independent nuclear matrix element, but we put v=7 for the 
moment. Then the pure third forbidden terms in (30), namely 2? and v” terms, are 
quite negligible, but owing to the interference terms the same value of parameter 7=3.5 
as in § 2 causes a little deviation from the experiments. 2=3.7 produces the correction 
factor and the Kurie plot similar to those in Fig. 1. The fé-value for \fo x 1 increases 
to 7.7 x 10°. 

Next, we consider the finite nuclear size correction’? (abbreviated as F. N. Se-Gan 
Owing to the finite nuclear size, electron’s wave functions are changed from those in the 


pure Coulomb field, and putting (8) the correction factor for ST1—0 becomes 
C~ (144) L,X?— (1/3) KA 4+ 4) L,XV 4301 Ae) NX 
+ (1/4) K?(1+ 4”) LZ, Ve (1/2) Rta) NoY £1074) (0S AM) Y,, (32) 


where 4’° etc. represent the deviations from the case of the pure Coulomb field, and to 
match the notation the suffices of L, etc. are written as one smaller than those of Rose 


and Holmes.’” We put 


Lo Lo 
faa ee ix was a a Y= ee (33) 
14+ 4% 144% 


then the correction factor can be written as 


No\2 R : ; 
Cx G+ Boe Lax ee W+3N,X'+ FER *L,Yo— 1 RN ae 
(1+4’°) 3 4 2 
* The part causing C. N. M. E. has the factor whose form is approximately {1—(7/p)?} in the in- 
tegrand. Therefore, when C, N. M. E. is neglected, » may be replaced by 9. 
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9 


9 9 (144) (144%) — (+4)? a7 (34) 
CAG TE Ae Spe Ra Hb, | 
Bey sf 4 Gea) 


The last term of (34) is closely connected with the important quantity (14+ 47°) 
(14 4) 2,M,— (14+ 4%)? VV’, whose vanishing guarantees the large cancellation as in 
the case of no F. N. S. GC. The last term of (34) vanishes for the pure Coulomb field 
and even in the case of surface charge distribution which is the oppositely extreme case 
it can be shown by the elementary calculation that its absolute value does not exceed 
a(S Ly My— (+4) Mo < 0.0012). This value 0.3 has only small 

(14+ 4%) 2? 

effect except for the cases of very large cancellation as VI'1—0. In the practical case it 
will perhaps take the intermediate value. In fact, according to the calculation of Takebe” 
who assumed a uniform charge distribution, it is of the order 0.05 and completely negligible. 
According to the graphs of Rose and Holmes’? (for 7=83 instead of the rigorous one for 
Z=84), however, it becomes of the order 4 only in the range of the very small electron 
energy. It is probably due to the neglect of F. deB. W. L. E., or the lack of the pre- 
cision of the graphs. Therefore, we use the results of Takebe.” 

The factor (1+4%°)?/(144/°) in the beginning of (34) has only small energy 
dependence, and it diminishes the correction factor uniformly. The form in the square 
brackets of (34) is the same as (11), but owing to (33) neglect of C. N. M. E. cor- 
responds not to Y’'=1 but to VY=(14+ 4’) /(14+4”™) and X’ and Y’ have small energy 
dependence due to (1 779) (4d) alt eX rand. Y’ were completely energy indepen- 
dent, the large energy independent term could be cancelled in the same way as in § 2. 
Actually some remainder is left because of the small energy dependence of \’ and Y’, 
but this remainder is not so large. 

The numerical calculation is carried out, using the 4’° etc. calculated by Takebe® 
and including the third forbidden part explained in the beginning of this section, carrying 
out F. N. S. C. for this part too. Y=21.07 and Y=1 (not X’ and Y’) corresponding 
to the neglect of C. N. M. E. produce the correction factor and the Kurie plot almost 
the same as those of Fig. 1. Namely F. N. S. C. is almost completely compensated by 
the alteration of the ratio of the nuclear matrix elements. The /¢-value for {S02 is 
6.4 x 10° in this case. 

Even if the graphs of Rose and Holmes’ are used, we obtain the similar result except 
for the decrease of the /,/-value to about a half, provided that the last term of (34) is 
neglected. However, if we apply the values obtained from their graphs to this term, the 
Kurie plot deviates from a straight line a little, although this deviation is mostly remedied 
by the small shift of the maximum energy as was done by Petschek and Marshak”. (In 
this case the suitable maximum energy is 3.2677’) ; 

In the cases of VAi-—0 and TPO0-0, the cancellations are of the order of that of ST1— 
0, and so F. N. S. C. will be perhaps compensated by the change of the ratios of the 
nuclear matrix elements. On the other hand, when the cancellation is very large as in 
VT1-0 and A0-0, some effects may remain. 


+ eRe Bae 
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Unti ; ‘ 
til now, we have omitted the energy dependence of the nuclear matrix elements 


(including the difference between | A7, and | Amm_, in which A is an arbitrary operator. 


Cf. Reference 9). However, according to Reference 9, the 1 in (12), (18), (21), (23); 


(26) and (27) may have an energy dependence of the order of 0.2/mc°. The part 


causing this energy dependence has the similar form to the part causing C. N. M. E., so 
that it is consistent to put this energy dependence to zero when C. N. M. E. is not per 
formed. Therefore, no change is necessary in ST1—0, but in VT1—0, which is the secondly 
interesting case and in which C. N. M. E. is carried out in § 2, it is inconsistent to neglect 
this energy dependence, and the analysis of § 2 is insufficient. However, this problem is 
closely connected with the charge distribution in the nucleus which is ambiguous, and if 
we want to take into account the third forbidden effect, the number of the independent 
parameters amounts to nine, and the analysis becomes very difficult. As it does not seem so neces- 
sary to analyze the VT 1-0 case thoroughly in the present situation, let us content ourselves 
with the following qualitative conclusion: ‘“‘In the VT1—0 case the number of the para- 
metets is so large that we can fit the experiments, and strictly speaking this case can not 
be excluded. But this method is very artificial and only in the very small part of the 
parameter space the correction factor has the large energy dependence necessary to fit the ex- 
periments, and so VIT1-—0 is unlikely’. 

We have seen the magnitude of the cancellation by the fit-values. It is interesting 
to examine the f“values for | A(/;—m,) (A is an arbitrary operator) in connection with 
C.N.M. E. If we take the G—T7 type and coordinate type nuclear matrix elements as 
in § 2, they are 3.75X 10° in VT'1-0, 8x 10° in SAI—0, «1/3 x 10° in ‘T0-0; “and ) im: 
finity in the case of no C. N. M. E. Comparing with reference 9, it seems that the 
standard values of these f,Avalues are larger than 2 x 10°. Therefore, only A0—O is admis- 
sible, and VT1—0 seems very strained interpretation, and SA1-0 and: T0-—0 are excluded 
completely. 

The screening effect of the atomic electrons is somewhat- like F., IN. S.C. When 


‘cancellation is small, this effect is much smaller than F. N. S. C. above W=1.2mc. 


Therefore, it will be perhaps small and negligible even when cancellation is large. However, 
this effect may contribute advantageously to fit the experiments, for this effect is very 
small at W7=3c? (near the maximum energy) and relatively large in the low energy 
range. 

In the above discussion we have assumed that the f-spectrum of RaB is simple, but 
there is an opinion that it is complex (Cf. Reference 1). Although this opinion is 
unlikely, it seems difficult to exclude it completely in the present situation. 

In conclusion, RaE does not offer the evidence that the pseudoscalar type exists in 
the (-decay interaction. Recently it has become very probable that G-T’ type interaction 
is tensor by the experiments of electron-neutrino angular correlation” ‘Therefore, if the 
spin of RaE is one, ST1-0 is probable, and if it is zero, TPO—O is probable. It 1s desi- 
table to know the spin of RaE. Only when we know that it is zero, the possibility to 
conclude that the interaction between the nucleon and the 7-meson in pseudoscalar type 


will arise by the detailed analysis of the case of large pseudoscalar coupling constant 
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in P-decay? (Cf. § 1). After all, the admissible -decay interaction types are ST, STP, 
VT and VTP in the present situation: ST and STP is the most probable, VIP is 
probable next to them (The conclusion of Mahmoud and Konopinski’” that the vector 
and the tensor interactions are incompatible with each other seems not decisive but only 
probable), VT is the most improbable. 

The author wishes to express his sincere thanks to Professor S. Nakamura and Dr. 
M. Umezawa for their kind guidance and encouragement, to Professor M. Taketani for 
his valuable discussions, to Dr. M. E. Rose and Mr. H. Takebe who kindly acquainted 
the author with the results of their calculations before publication and to Mr. M. Morita 
for his valuable assistances. He is also indebted to Yukawa Yomiuri Fellowship for the 
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Note added in proof : 


(1) Concerning the C. N. M. E. and F. N. S. C. some progress has been made very recently. (M. 
Yamada, Prog. Theor. Phys. in this issue.) This will suggest that the above two effects have little in- 
fluence to obtain a strongly energy dependent correction factor. 

(2). Lo, Mo, Ly and Mo used in reference 1 are correct only up to the second terms of (1) ~ (4). 
(Private communication from Dr. A. G, Petschek.) 
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Tamm-Dancoff method is applied to the bound system of many particles, on the view point of the 
meson theory. The obtained results seriously modify the usual method in which the many body pro- 
blem is treated with the simple addition of the two body potential. It is shown that this modification 
has a possibility to give the nuclear saturation. 


; § 1. Introduction 


The usual attempts to resolve the difficulty on the nuclear saturation have been 
developed in the following two ways : 

(i) the modification of the two-body potential (or, two body interaction), or (ii) 
taking account of the interaction other than (i). On the point (i), it is well known 
that Majorana force leads to the nuclear saturation. However, Majorana force is not strong 
enough”, as indicated in the experiment of the low energy nucleon-nucleon scattering. The 
hard core” suggested in the high energy proton-proton scattering experiment cannot resolve 
the problem”, because it is far less effective to the neutron-proton force due to its short 
range. The situation remains unchanged, even if the tensor force is included?. These 
attempts have been all based on the assumption that the nuclear force effective in the 
nucleus is the simple addition of the two-body force. In this paper, a criticism against 
these usual methods will be given on the view point of the method developed by Tamm 
and Dancoff in the meson theory. 

Before entering this problem, we shall discuss briefly on the point (ii). It has 
already suggested” that the many body force** will play an important roll in the nucleus, 
while the concrete analysis has been left unchallenged. Another interesting trial is the 
introduction of the non-linear interaction suggested from the meson theory”. This interac- 
tion makes the nuclear force less effective in higher nuclear density, and gives the 
binding energy proportional to the mass number A. This view point, however, has the 
defect as follows; if the nuclear force is damped in the region of high nuclear density, 
the force acting on the nucleon which traverse through the heavy nucleus would be quite 
different from the one given in the lighter nucleus (the most simple case is two-body 


*) The author is indebted to Yukawa- Yomiuri Fellowship for the financial aid. 


**) It contributes to the order of magnitude (w/c) where v and ¢ are the velocity of the nucleons and the 


light, respectively. 
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collision), and the high energy experiment of the nucleon-nucleus collision indicates no such 
effect”. 

Now, we shall discuss on the usual treatment with the two-body potential. The two- 
body potential, if it is caused by the mediation of the meson field, is obtained necessarily 
in the “adiabatic”? approximation. In this approximation, two nucleous does not change 
their states during the exchange of meson. And when one applies the potential thus 
obtained to the many nucleon system, one takes only the simple addition of the two-body 
potential among the possible nucleon pairs. 

Against such a treatment of the bound system, another method with non-adiabatic 
approximation has been proposed from the view point of the meson theory”. According 
to this method, the interaction among nucleons are inseparably combined with the motion 
of nucleons in the equation of motion of the bound system, and this effect of the motion 
of nucleons during the meson exchange leads to the considerable modification of the usual 
treatment with two body potential. Although, in the deuteron problem, the modification 
does not result in any large contribution, it gives a serious effect in the problem of the 
heavy nucleus. 

When Tamm-Dancoff method is applied to the heavy nucleus problem, it is found 
that the above mentioned effect has a possibility to give the saturation property of the 
nucleus, and that the saturation property is not necessarily to be caused by the character 
of the elementary interaction itself. 


§ 2. The derivation of the equation 


In order to compare our discussion with the usual treatment of the many nucleon 
system with the two-body potential, we shall apply Tamm-Dancoff method in such approxi- 
mation that the states of the meson number only 0 and 1 are taken into account. Although 
this approximation is quite insufficient, our discussion rather concentrates on modifying the 
usual treatment with the two-body potential by the use of Tamm-Dancoff method. 


Let # be the state of the system of the nucleon number A, and let Y(0) and ¥'(1) 


be the substates of the meson number 0 and 1, respectively. Then we can express 


P=7(0) +S .0 7G). (1) 
Here, is the wave vector of the meson. The total Hamiltonian becomes as 
Tye fh 4 Hy et TSC a pe (2) 
=1 2M j=l 


fT is the Hamiltonian of the free meson field, and HY’ is the interaction of the nucleon 


with the meson field, including not only various coordinates of the nucleon but also the 


a) The z-nucleus potential is attractive as indicated in the experiment of the z-meson scattering by carbon 
nucleus”. This fact gives the energy denominator 1/w;,—J” (V0) instead of 1/w; 
in the calculation of the nuclear potential in the second order approximation, 
potential strength, in contrast with the nonlinear interaction. 


(w, is the meson energy), 
and is effective to increase the 
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operator of the meson emission and absorption. Through our discussion, the nucleon field 
is not quantized. 


We take Schrodinger equation of the system as 


Hy! = EY. G) 
And we separate this equation into those of substates of meson number 0 and 1, that is, 
“ pr “ A 
(33 PB © (0) =f) Pu) (4) 
and 
ong a \ A 
Pi ee Pie tig Bs a" ATT “\) 
(> 5M OK EW.) Pe) )P (0). (5) 


w, and Hj, are the energy and the interaction part of the meson with the wave vector 


- Ie, respectively. These equations are derived by the scalar product of the equation (3) 


with the eigenfunction of the meson field of the meson number 0 and 1. // _ indicate 
the Hermitian conjugate of //. In the equations (4) and (5), it should be noted that 
the operators appeared are all symmetric on the coordinates of each nucleon, and that one 
of Y (0) and Y(1) is necessarily antisymmetric, when the other is antisymmetric on the 
nucleon coordinate. Thus we shall not take explicitly into account Pauli principle in the 
following discussion. 

Solving eq. (5) in form and substituting its solution into eq. (4), we find 


she —E )€(0) ras SAO pee +, —E \Ax)- B10). (6) 
t= ZIM ei, t=) 7 2M / : 


In order to rewrite eq. (6), we make use of the relation 


Vy es sili ORO ar /ox (=X wai JQ /= a tenn k eee 


And noticing that /[,,(1) depends on the space coordinate of the nucleon in such a manner 


as exp(ik-1";), we can obtain the following equation : 
Sli, A,2)=~NA,): nat Ge MYST, L 
Sou (ZL) ms wD) 2 (P/M) > (2) 
+ O/H) (WB). 
Using the above equation and eq. (7), we cam express eq. (6) as 


Le eel —y! RN APN om a 
(45 BE )€ (0) SE C0/ 1) Hy @) 2) 20) 


Sl : ~é ps ae a Fer Na pi aff}: 
=U O/on) MeO (1 piped: B YH) (3 AGT, i) Y (0) 


(1/294) > (1/o,) 4. @) [2 (kp) — aed VEN w,—E |i (2) -¥(0).. 
Ke il bh 
(8) 
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The third term in the right hand of eq. (8) can be negligible compared with the first 
term, if the nuclear force is not interested in such a short range as y~1/M, that is, || 
~M. The operators H,(2) and 1/(33p7/2M+ 0,—L) can be interchanged each 
other in the same approximation as above. 


Thus, we can obtain the following equation : 
A pgaek yee Df eee ae fi rN 
E +3 (1/ox) Myla) Hn (D)/( CPE +H rE) KS aM BE ) #0). 
=I35 (1/on) Fi;,(4) +H ;,(1) ¥ (0). (9) 


In the derivation of eq. (9), wm in (Sjp;/2M+a,—L) is replaced by the mean value 
G,, when the summation S}), is taken, while this procedure is not essential in the follow- 


ing discussion. As is well known, 


S'A, 2)A;,.D) /o,.= 2 VG, L) (10) 


Ie i=l 
is the quantity which corresponds to the usual two-body potential. In eq. (10) and the 
following, self-energy parts (¢=/) are omitted. 
Now, in the eq. (9), if we neglect the term, 


AG 7 py Oe 
WED NUL tik ), (11) 


we can obtain the equation which coincide with the usual Schrodinger equation derived in 
the adiabatic approximation. In the deuteron problem, the expectation value of each term 
in eq. (11) would become as 


(31 p}/201)*~(V(1,2))~|E|~2—3 Mev. 
j= 
Accordingly, we get 
7 4 PE z 7 aw 
() (1,2) /(24_— B+ coy))~ (1 ) /@;,.=1/40 <1, (12) 


and we obtain the validity of the usual treatment zz ¢he resultant. From our view point 
we can see that the usual treatment or the derivation of eq. (12) is based on the follow- 
ing two assumptions ; 


(i) (>) 27/2M— BE) < Wp 
and (ii) (V) < Wie 


Now, returning to the eq. (5), we find that the quantity 


(IP on ) 


* 5 r one : 
) The effect of the C. M. S. motion leads to only the addition of the constant in Z and our estima- 
tion remains unchanged, 
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is the propagation function of the system during the meson exchange. The approximation 
(i) on this quantity leads to the assumption that the change of the system during the 
meson exchange is mediated by only the meson field and not by the nucleon motion. This 
assumption is an essential one in the adiabatic approximation. In heavy nuclei, however, 
(i) becomes invalid. In fact, ((1p°/2M) — E)* would become a quantity of magnitude 
~BeV, and the approximation (ii) is also rejected. 

From eq. (9), we obtain | 


ps a oa iv ey Set aris pe Pi Opes) Vir 
(nee E ye )=[1/a+> GA) MS at or &) [ws (27) ¥(0) 
(9)! 


and from this form of the equation, we can see that the second term of the denominator 
in the right hand of eq. (9)’ gives a damping character, and we can expect, as well, 
that the binding energy 4 of the system does not increase, in its absolute value, in such 
a manner as to be proportional to the square of mass number A. In the next paragraph, 
we shall give a crude estimation of / with a special model of the nucleus. 


$3. Binding energy and saturation 


The usual discussion of the nuclear saturation is quite qualitative beeause of the 
difficulty of the many body problem, and our following discussion has also such a weak 
point. 

The discussion on the nuclear saturation in the treatment with the two-body potential 
is as the following?. Let (/) be the expectation value of Hamiltonian // operated on 
an arbitrary trial function. Then, the relation should be required as 


(E) Dé, (13) 


where /:, is the lowest eigenvalue of //. If we take the state in which all nucleons in 
fy wh 
the nucleus fall into the range of the nuclear force (i.e. “collapsed state”) as a trial 


a 10) 
state, we obtain the equation 


vo) =¢A— BA’. (14) 


The first and the second term in the right hand are the kinetic and the potential energy 
of the nuclear system respectively. « and / are constants which ee on the strength 
of the nuclear force and its range. When the force is mainly of Wigner types |(Z}| 
increases as cc_A? and it results that (7) <experimental value of / beyond a certain ge 
number A. This is the well-known proof to exclude Wigner force, and the’ above discus- 
ee Bie ery the proof that a certain force leads to the eee is not 
necessarily sufficient. For an example, in the case of Majorana force, # in (14) has a 


i i { aturation character. However, the correct 
negative value, and accordingly (E) gets as j 


*) Jt should be noted # <0 in the bound system. 
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value E, of the binding energy does not necessarily lead to a saturation. In this sense, 
the positive proof on the saturation problem gives only a “ necessary ” condition. 

Now, returning to the Hamiltonian (2), we find some difficulties to treat because # 
itself appears in the calculation of the expectation value (77) with the use of a trial func- 
tion Y(0). And so we take the equation (9) and investigate what value of FE the eq. 
(9) leads by using a trial function. We shall assume ¥(0) to bea collapsed state, and 
estimate the expectation value of both side of the equation (9). .The radial dependency 
of the force is not essential in our discussion and is replaced by a square well. In this 
approximation, the commutation of the operators $}p;/2M and SjI’(zj) in (9) is out 
of the question, because the non-commutable term is effective only in the region where the 
nuclear density vanishes. 


Thus, we obtain the following equation on the expectation value : 


1 ; 
1+44V | UBB deren V), 15 
[Lad Khe ee ie) Ble (15) 
where (Zim) and (1”) are the expectation values of the kinetic and the potential energy 
respectively. Solving eq. (15) on 4, we take a physically meaningful answer and get 


E= (Lon) + (x / 2) — (Ox /2) A+[4(V) fox). (16) 
If we make use of the approximation (ii) in the preceding paragraph, we find eq. (16) 


takes a usual form of the binding energy as 
B=(Eya)—(V), a7) 


where, as is well known, (/%;:,) and (17) have the dependency on A such as A”? and 
A’, respectively. Accordingly, eq. (16) takes such a form as 


E=uAP— BA, (18) 


beyond a certain mass number A, and it is quite clear from eq. (18) that |(£)| does 
not increase ascc ”. We should emphasize, here, that the above obtained character on 
the saturation does not depend on any property of 1’, that is, its potential shape, exchange 
character and its strength. If the forces among the nucleons in the nucleus are mainly 
caused by the mediation of the meson, the mentioned fact means that the nuclear satura- 
tion depend neither on any character of the interaction of the meson with the nucleon nor 
on any type of the meson. As is seen from eq. (18), the kinetic energy increases more 
rapidly than the potential energy with A, in the collapsed state. Accordingly, in the actual 
nuclei, the nuclear radius will be lengthened so as to make the kinetic energy small. 


However, the precise estimation of the nuclear radius cannot be given in this papa because 
of the crude analysis. 
§4. Nucleon-nucleus collision 


Comparing the operator appearing in the right hand side of eq. (9)’ with the usual 
two body potential, we find a definite difference. This suggests that the force acting on 
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a nucleon traversing a nucleus would be quite different from the usual one. To investigate 
the problem in this respect will be interesting, from the view point of the objection” 
proposed against the nonlinear interaction. Though we are not able to find a definite 
answer, we shall give a brief discussion on this subject. 


The Hamiltonian of the system composed of a nucleus with mass number A and a 
incident nucleon, is 


H=H,+/p,;/2M+ A(0), (19) 


where //, is given by the eq. (2) and the index 0 indicates the quantity of the incident 
nucleon. The equation of motion is derived in same way as in § 2, and the resultant 


form can be expressed as 
, g A i ts 2 e: As : ; 
a fae Eye = 20H) o( Le acy #) e, (20) 


In order to treat the eq. (20) in the perturbation theory, we separate the operator >} //(z/) 
i, j=0 


into the following two terms, 


A A 
VES) ESV OD) =Vit Vy 
a j=! 


and assume 
A A : 5 ae e 2 
K,=S) p2/2M, >! (if) > pe /2M, oa? (0: 7) (21) 
jas j= j= 
Let y(Z,) -¥(£,’) be the state of the system in the case where the incident nucleon is 
infinitely apart from the nucleus, then we get 
(1, — Ep) 0 (E28) =[0V4/ (Ka- Es + &) (Ea): 
(:_— £,)x(B,) =0 ES Be: (22) 
2M 


where y(/:,) and ((4,°) are the eigenfunctions of the incident nucleon and the nucleus 


with the energy indicated, respectively. 
We take the form of the correct solution Yas 


pay (A) (Es) +e Eng Ei*. (23) 


Substituting eq. (23) into eq. (20) and using eqs. (22) and (21), we obtain in the 


first approximation 
[(p2/2M) — Ee) $(E) 
=[(@V,)/(Ki-— Es + @) \(eEao) + Sty (Eo Ed) 
EVR, Ba 0) Six COWES) = Ka Be) SUE PEA 
—[i(p2/2M) — By} @V/ Ka— Ba + o)*| >) (Ei) (Es). (24) 
Noticing that the eq. (22) holds also for y(Z,) and p(L,') where Hy and 4,” are 


*) We are not concerned with the problem of the nuclear disintegration. 
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replaced by /; and Lj, and that £,4+ 4,'=£;4+ Lj, we get in the same approximation, 
Si (p/2M— El 14+ oV/(K,— £8 +0) |y( 4) ¢( te 
=[(1— (Ky £) 0 / (Ky Es + 0)" Vy (Zo) $ (AQ) + x 2d? ae é: 
‘ 2 


In the derivation of this equation, we assume the excitation energy of nucleus to be small 
compared with the binding energy itself, that is, 


Eg—E4| <|Eg|, |Ed\. (26) 


In order to represent eq. (25) by only the wave function of the incident nucleon, we note 
the orthogonality of the wave functions, ¢(/:;)’s. ¢/(/%;)’s used here, are the the solutions 
in which the meson number is 0. Accordingly, with only these solutions we can not 
obtain the orthogonality (¢(/4'), ¢(4?))=0,,;, while including the solutions of the meson 
number 1 (indicated by the prime), the desired results are given as 


CZ Ce) ) b(E7)) ai CHES ’ b’( Ej) ) = O55. : (27) 


Taking account of eq. (5), we can rewrite eq. (27) as 


(VE fo ee ce SSS F1;,(2) Hr (72) 


= $(£4)) 
Te lm CS == 1k + x) (Ky = ie on x) ‘ Sea 


= (P( EA), [1+ on: V/(Ka— Ef + Op) (Ki Eh +O) (ED), (28) 


where self-action parts (/=7) are neglected, and @, in the summation 5} is replaced by 
kK 


its mean value ;,. This «wz is not necessarily identical with the previously used. However, 
the difference might be not serious because the term in the denominator (K— H+,) 
does not change appreciably in our approximation where the inner structure (w,~J7) of 
the nuclear force is not concerned. 


Using the orthogonality relation (28) and (25), we obtain the followings, 
(po /2M— Ey — v0) 1 F) *= Sy (Ee) Von 
(23 /2M— Li va) 1 E) = 1B) tat SHE) (29) 
where 
v=V\—OV,V/(Ky— Eg +a)’, (30) 
r= (ED, ED). G1) 
The first term in eq. (30) indicates the force acting between the incident aublabe and 


each nucleon in the nucleus, and the second is the correlation effect in the nucleus caused 


by the first term. If we take y(/,) and only one y(Z;) in eq. (29), we find that eq. 


(29) gives the resonant scattering in form’. 


Our obtained results, as is clear from its resultant form, does not present any devia- 


*) x/(4) is x(Z) plus the scattered wave with the energy Zp. 
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tion from the usual treatment of the nucleon-nucleus collision, though the concrete character 
of the interaction is too complicated to analyse. 


§ 5. Concluding remarks 


We have investigated the nuclear saturation problem by using Tamm-Dancoff method 
from the view point of the meson theory. From our view point, it is quite clear that 
the usual treatment of the saturation with the two-body potential is based on the essentially 
insufficient assumption. If the main part of the nuclear force is mediated by the meson 
exchange, the adiabatic approximation is to be an essential defect in the treatment of the 
heavy nucleus. As is indicated from our study, the saturation property is just derived from 
the inclusion of the effect caused by the change of the nuclear system during the meson 
exchange. And it should also be noted that the derived property of the saturation does 
not depend on any type of the elementary interaction of the meson field with the nucleon 
field. 

Now, we should discuss the reservations which have been assumed in our investigation. 

(i) We have restricted the meson number less than one. The modification due to 
the inclusion of the states with the meson number> 1, should be the such replacement of 


the propagation function in the right hand of the eq. (6) as 


; 2 ae F 
(S546, 8) —1/FE SLE, VY, Vie, Bi) 
where 17’, I””,---would be the many body force: That is, the damping factor itself is 
remained, while its expression is modified. Flowever, we cannot say any, whether our 
obtained results on the saturation property is actually changed or not, if the higher meson 
number is taken into account. 

(ii). Our study is based on the non-relativistic approximation, where the effect of 
the nucleon pair is completely neglected. In this respect, we should remark that our 
obtained property of the saturation is not dependent of any relativistic effect of the nucleon, 
e.g. the recoil effect. 

(iii) The self-energy problem is also neglected, though this effect can be important 
in such a dense matter as a nucleus’. 

(iv) The assumed interaction of the meson and the nucleon is linear in the meson 
wave function. On the other hand, the interaction quadratic in the meson field is sug- 
gested from the pseudoscalar meson theory™. If we take only such a interaction, we are 
able to treat the problem in a similar manner to § 2, using Y(O) and (2) instead of 
Y (1). It result in only an unessential modification in which the shape of 1” and @, is 


a: 


to be replaced by certain corrected terms. 
(v) From our analysis, we have been not able to obtain the quantitative estimation 
This problem is one of the most important in the saturation pro- 


of the nuclear radius. 
To go into this problem, we find our 


blem, that is, the saturation of nuclear density. 
equation (9)’ is too complicated, and unfortunately we have not yet found any powerful 


means. 
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In conclusion, we wish to express our sincere thanks to Prof. S. Sakata for his kind 
interest. in this work, and we also thank Dr. O. Hara and Mr. E. Yamada for their 


helpful discussions. 
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The present paper treats the interaction of electrons with lattice vibrations, using the intermediate 
coupling method developed by Lee, Low and Pines. The energy of the system is calculated to the 
first approximation. The expression for the energy is equivalent to that obtained by Frohlich. 


§ 1. Introduction 


The interaction energy between electrons which is given tise to by the virtual emis- 
sion and absorption of phonons has so far been calculated by perturbation theory. How- 
ever the perturbation calculation will not give a good approximation owing to the large 
value of the interaction parameter. Tomonaga’” introduced a variational method, so called 
“ intermediate coupling method” in treating meson-nucleon problem. It is difficult to 
apply this method in its original form to the many-electron system. Recently Lee, Low and 
Pines” have developed a variational technique, which is closely related to Tomonaga’s 
method. They have calculated the self-energy of an electron in a polar crystal and have 
obtained a better result than that obtained by the perturbation calculation. Their method 
is equivalent to a canonical transformation, which we generalize and apply to the many- 
electron system. 

Frdhlich has carried out a renormalization calculation. He has applied a canonical 
transformation to the Hamiltonian : this transformation leads to a renormalization of the 
phonon velocity and of the interaction parameter. He has thus removed the objection of 
Wentzel against the use of large interaction parameter. 

It is the object of the present paper to elucidate the relation between Fréhlich’s 


renormalization calculation and Lee-Low-Pines method. 


$2. Résumé of Lee-Low-Pines method 


We consider one electron interacting with phonons. Let the Hamiltonian be 


: 
oe s - Die », *¥ Lhe 
PEP Spas bitigct LOGEC IEE), (1) 
2m w Ww 
where 0, and @,,* are phonon destruction and creation operators. Lee, Low and Pines 
have transformed to a representation in which the Hamiltonian does not contain the 


electron coordinates. Then they have used a variational technique. We shall show that 
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the same result is obtained without eliminating the electron coordinates by modifying 
the canonical transformation they have used. 


We choose for the trial wave function 
p= Ug,» (2) 
where ¢, is the eigenstate of the unperturbed Hamiltonian with no phonons present : 
buPy=0, (Yo Py) =1. (3) 
U is a unitary operator and is given by 
U= exp {31(0,,*2 f(y) — b,c" f* (w)) }=e*, (4) 
where f(zv) will subsequently be chosen to minimize the energy. We find 
OBB =p (Oe, 
CA OEe Ds Cote 1k ees (5) 
UpU=p—\ hw (6,*e Ff (w) + 6,6" f* (w) + | fe) |"). 
Using (3) and (5), we = 
E= (¢, Hp) = (%, UA f,) 
=F SN efler) truth wo) +E 33 fee) PoP 
+3) 1/0) (dws PP 4 Ee), (6) 
B m 2m | 


which is identical with the expression obtained by Lee, Low and Pines. Eq. (6) is also 
obtained by expanding U/~'#/// to the fourth order in S: 


E= (ty {HLS ]+ {5,18 AV I- 21515, [8, 2 


| + 5,5: LS.E8. 0S, ATT). 

Eq. (6) is minimized by setting 
OLE regs ve Le 
Of(w). df*(w) 


=0. (7) 


§ 3. Many-electron system 
We adopt the Hamiltonian and notation of Frohlich,» in which 
=f, + H+ Fy, 
=D) ea agta, +S hw (Sed <i =), 
H,= 13} Dybutte*dy obo ak yay); 


M=S hw(s—s) (4% be ++), | 
Z 


‘np aba wala il 
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where a, and @,* are electron destruction and creation operators, and D,,” BEA yr 
3nV 
The renormalized velocity s will be determined below. 
We choose for our trial wave function 
$=Uts ; (9) 


where ¢, is the eigenstate of the unperturbed Hamiltonian. Specifically, 4, is defined by 
(Por Po) =1, (Yor Fuho) = Pos Su* Po) = (Por 20) = (Yor a") =0, 
(Poy Ou bo) = 9,0 Viny (Por bPrg* Po) = Sry (1 EN»); (10) 
(Pos tx An) =Sx,q?ix (Pos Qq2n* Po) =94,q(1 — Mp) | 


where /V,, and 7,* are the occupation numbers of phonons and electrons. The unitary 
operator (/ is given by 


U =exp{ s (GG FR; w) —b,, Ber Oi, FAM, ur) ) \ ae el 1) 


r = f P ste Q x y y 
With the help of commutation relations [3,, 6,,*]=Onny, @*aq+ %%,* =Org, we find 


PI Pal Ser a SA sls. [S, 7%] + 


i == €,,* X, ae 2 h iS (4,%by + +) =: a taper {2D,, ay (Ce isk €;, Ae A TU s) 
w,k 
x (k, uw) \ te ap—w Si pe Pu hoe Ly ate (Fer ao Sis ZU s) Tk, w) } Qn Uy 
Wyk 


$A) Diy pa * Oe Oy Aga f Fe, W) — 04 Ay rq Og f * Kh, W)) 


w,k,q 


é = a > * aK 
pe D;} bPig? (0, oVr=w * Lo—1— Ope garde Cai he, a4?) a BF Dy CO Silat Qi a 


V;W; 4,7 


THe PES al pee | (kh, w) me b* bi 4 (0, q—-vek— Pe care O, -—,q V-v “af Kk, uw) 
—bbig\ Op ioighn® Qg-v_ 0; q—u' gay | te (he, ae 


ae as) (€p-w— Exthws) (GL 5 as Gia OF; ow) f* (K, w) 


2 wyhq - 
+ 7g Ue-w Of *(G, W) f(K, W)) 
ST (egy — ep FAWS) {Bude (Oy adye* Ay w—9p-mp-w Ue dq) f (9,0) f* (Kw) 


2 v0.9 
ta CaO (Oi Beau dens Open gent On) ups (Y, Vv) fk, U’) 
4 bg *,* (Oy 4 rslly-v ty —9q-on-w*,) f (lt, W) fG,%) 


+ Babe (Sn rw yy — Op ,ng Aw) J * He, 0) F* (Gs ¥)} (12) 
D>) £w(s! 5) Go" Big + 1/2) Heer 


* W,, and x should be considered to be parameters, which are to be determined to make the energy 
w 


as low as possible. 
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Using eq. (10), we see that to the first approximation 
eal 1 
Boe Shion 2 h “Us (NV, alg 172) rd 24 Ls, n,(1 2 es) a i,— Dyecae No i 


x (/* (hk, w) —f(K, w)) + 21 (Es o— Eg ths) {yl —Mp_w) + Ny -iy) LV ig 


wk 


31 Aww(s’— 5) (V,,4+1/2). (13) 


We minimize (13) by setting 
0E/0 f(k, w) =0E/0f * (k, w) =0. 
We get 
fe, Ww) =1D,, | (Cn — ent aws), f* he, w) =—2D,, (Cpe ee th ws). (14) 


Inserting (14) into (13), we obtain the energy of the gound state of our system : 


sys (Seay? =w 
E= 2 1 eat + >) iw Nu + J=3 Dag tea) 
aoe wow Ep t2ws 


SESS Da (1p Ny =f N+) Aw (—s)(M +=), 


wikE, y= Ep AWS 


which can be rewritten as 


te (hiws)* : 
E= fe+4 pt > hws No+— 
> : 3unV ae w— €x)” (hws)? ° ( 


GALORE (Zws)” 
3nV 2 sree wy)? — (Aws)” 


Nj pws (15) 


where /*'s’/s=F. The second term in the curly bracket in (15) is the self-energy 
of an electron and the last term is the interaction energy between electrons. The denomi- 
nators in (15) will vanish for certain values of % and w. Principal values are to be 


used to prevent the sums from becoming infinite. The equation determining. the renor- 
malized velocity becomes 


Aw0s =hw(s—s') = — ae S elo Mes Cae Feiss (16) 
3nV & €, w—€, + RWS 


We will have the second approximation by our method, if we evaluate the terms up 


to 1/24[.S,[.S,[S, 77 ]]] and determine f(A, ev) to minimize the energy. 
The author wishes to express his thanks to Messrs. S. Koide and T. Noguchi for 


their discussions. 
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On the Elastic Frequency Distribution Function of Simple Crystals 


Sigeru HUZINAGA and Tasuke HASINO 
Department of Physics, Faculty of Science, Kyusyu University 


(Received July 7, 1953) 


A close examination of characters of the approximations of Montroll and Houston is presented. 
It is recommended that these two approximations should be used each other complementarily. We adopt 
the Born-Karman model and examine mainly a square lattice, a simple cubic lattice and a face-centered 
cubic lattice. 


§ 1. Introduction 


The knowledges of frequency spectrums of simple crystals are important for the 
quantum theory of matter. And it is difficult to get a complete and exact answer to this 
problem. If we adopt the Born-Karman model, the problem to be solved here is essentially 
to get complete eigenvalue spectrums of some eigenvalue problems. 

However, if we side-step our purely mathematical and academic intérests to this topic, 
we can now get necessary informations through the analytically compact procedures with some 
reasonable amount of labor. The tools to meet this purpose have already been supplied, 
mainly, by the works of Montroll””” and Houston”. 

In this paper, we attempt a close examination of characters of the approximations due 
to these authors and put them into the forms ready to practical applications. Then the 
detailed application to a face-centered cubic lattice is presented in comparison with the 


Leighton’s results?. 


2 §2. Program of discussions 


Imagine a typical frequency spectrum with two peaks familiar to us since Blackman. 
Now, it is to be noted that the complete and exact form of the curve is not always re- 
quired. Let us consider the specific heat for example. We define a continuous function 
g(¥) in such a manner that g(v)dv is the number of normal modes in the interval (v, 
v+dv) at v. In terms of g(v), we can write the heat capacity at constant volume C;; 

C=" go) (H/T) exp (ln/ kT) de/Lexp 0/27) —1F, a) 
0 
where v, is the largest frequency. 


a. Low temperature. Expanding g(v) in a Taylor series in v, we obtain the follow- 


ing formula”: 
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a (Y) = Sew” 
n 


; 4 wears : 
c= h3ia(22)" eee BPs (2) 
. he 0 Cae Be 

If the temperature 7 is low enough, this series is rapidly convergent. This means 
that we have only to know the local behavior of ¢(v) near the origin, that is, if we 
obtain a power series in Y which traces closely the low frequency portion of exact 
g(v), it will be sufficient. For this purpose, the method of Houston offers us excellent 
approximate formulas for usual cases. These will be discussed in detail later. 

b. High temperature. Here exists the well-known moment expansion due to Thir- 


ring” and Montroll”; 


C,,/mk=1— S| (—1)"B, (1 —22) (A/2T)”™” fon / (2) !, (3) 


Pn = (1/2) i "ye (v) dy, (4) 


where 7 is the number of degrees of freedom of the system in question and /4, is m-th 
moment of ¢(¥) and the 4,,’s are the Bernoulli numbers : 


B,=1/6; By=1/30;  B,=1/42;:--. 


In this case, we only need the first few moments of ¢(v). It is mot necessary to 
know the actual form of ¢(¥) itself. The moments of g¢(¥) are obtained directly from 
the Born-Karman matrix. 

c. Intermediate temperature. Here we seem to encounter some difficulties. We have 
not at hand a suitable compact expansion formula such as (2), (3). However, there is 
good reason to expect that the Montroll’s polynomial approximation for g(v) supplies 
satisfactory answers in this case. This will be shown later. 

We have been concerned with specific heat so far, but in some other cases the num- 
ber and the location of peaks of spectrum are also required. The exact answer is difficult. 
However, examining carefully the topological nature of equi-frequency surfaces in Brillouin 
zone, we can get useful informations about the number and the location of the peaks. 


An illustrating example will be presented in the case of a simple cubic lattice. 


§ 3. On the method of Houston 


To fix the idea, we take a simple cubic lattice as an illustrating example. In this 
case, the characteristic determinant is”, 


Qy9— fy bis Oye 
Oon Qoo— af? Ges = aon 
bs, be A543 — 27% 


Oia (= 22) (i=2) +7 (2—¢,¢—¢,¢5) ) , (5) 


saute aie bel ‘i ae 
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= (1— 27) A—e5) +7 (2—G¢,—c¢,), 
= (1—2r) (les) +7 (2—cy¢4— C60), 


C.=cos %;,, S;=sing;, ¢;=27a,fN, (—1/2N<a,< 1/2), 
t= 87/4 M2, vf=4(u+4y) (4M, f=v/v,. 
Solving eq. (5) with regard to /, we obtain, in principle at least, the formulas, 
THi=Fi (Gv Px» Ps)x C=1, 2, 3). (6) 


Subscripts 2 denote the three branches. 

We can obtain the frequency distribution function partine from these formulas. The 
orthodox procedure was described neatly in a paper of Montroll”. Its reformulation in 
three dimensional case is evident. The fraction of all frequencies less than »=/¥, in one 


branch is given by 


. 


wi) = 0/1) | | [deutesdes (7) 
Fon on 9) SS 

where the integration extends over the region interior to the surface / HC 4 Pos Oa) = 

constant and I’ is the volume of the first Brillouin zone of the reciprocal lattice defined 

by eq. (5). V=8z° for our simple cubic lattice. The frequency distribution 2 (¥), 

which is defined so that ¢(»)d is the fraction of frequencies in the interval (y, ¥+adv), 


is given for each branch by the ae 


2) == ee MO, Ab, UY3. (8) 
O= 56 Om Dy, rs, wll Sah 

Fs (G1 Gx» 93) SS 
The total frequency distribution function is given by the equation, 


£( fy) = (1/3) (21 (f%,) +2 0( 2) +23(/%)}- ; (9) 


This is normalized to unity : , 
eae Cia ANe (10) 
0 


Let us apply eq. (8) to a trivial case, T=0, in (5). Here we obtain 
i= (1/2) A—4) = (1/2) (1—e08 g), F=1,23), 


and then 


9° 


=H 
e : 8 fo) 7G (7 feos = (1-27 ) J 
om £i( 1) Ce aty af , dps| digs), ae 


: = (1/n»,)8/af cos” (1— 2?) = (2/72) Ufa)" 
and using (9), 
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v1.8 ( fey) = (2/7) Af)". 

Unfortunately, the complicated topological nature of equi-frequency surfaces of Brillouin 
zone prevents us from applying this procedure directly to the general and physically in- , 
teresting cases. We must resort to some approximation techniques at this point. 

Introducing a polar coordinate (7, 0, ~) in rectangular (1, Yo Y3)-space, we may 


rewrite the formula (7): 
ny =0/V)|{[- dy sin 0 0 do. (7') 
P(t 0, 0) Sf 


Since we can express, in principle, y in terms of 0, 9, /; 


r=y;(8, Ory ys (11) 
then, 
NiO) =73 vy|[- sin 7 dd de 
=(1/3V, \ WEA g.f)} sin 6 20 ay, (12) 
0 Jo 
oi) = oe i (ne, 9,7) | sin 6 dé dg. (13) 
E 3Vv, of Jo Jo ee 


It is very natural to expect that if we get an approximate expression of y;(4, 9,f), bor- 
rowing the original idea of Houston, we should be able to reach a reasonable approxima- 
tion through the formulas (12), (13). Actually, Nakamura” treated a two dimensional 
square lattice very successfully along this line. 


1:(9, v, f) may be expressed as a series of functions each multiplied by a harmonics 
with suitable symmetry, A,(0, ¢): 


UG, 9 A)=VAKG, Gla f) = VAAN, v)LuVS) 
Z Z - 
=D, g)Su(f), ; (14) 


ee a erat on ! ee 
where A)=c, (7, S,=c, I, {c,} being normalization constants. We cut the series, retain- 
ing only first few terms. Here lies our approximation, — 


10, &,f) =33 Hin ¥0) Sal A), (15) 


where subscripts s designate the different directions along which the. secular equation is 
solved. 


Using {S;,(/)} which are obtained by solving the set of equations (15), we get 
approximate formulas for 14, OF): ; 


uC, ef )= SHO, g) Sul S)s (¢=1,2,3). (16) 


Putting these into (13) and performing the integral, we obtain the final tesult. 


PRE SOT ba 
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In case of our simple cubic lattice, if we take the origin at the center of first Brillouin 
zone, {A;} are so called cubic harmonics. First three harmonics are 
1S 5 feet 
K,=¢,H,=¢,{ P,(cos 7) + (1/168) P;'(cos 4) cos 49}, (17) 
K,=0H.=c, {P,(cos 7) — (1/360) P,*(cos @)cos 4¢} . 


If we normalize {A;} by the equations, 


fr PK K; sin 0 d0 dg= 


Cor Cj) Co take the values, 1/(47)'?, (3-+7)'?/2(4a)'", (2-13)'?/4(47)'”, respectively. 
However, as far as our calculation is concerned, the explicit values of these normalization 
constants are not necessary. 


The eq. (8) is now, . 
NAf)=0/37) 5 e>zaG g) Su( f)} sin @ dO ag. (18) 


The integration is to be performed over ¢ first. For the integration over @, the following 
formula (Gaunt) is useful ; 


+1 
| fy oe rea Pea jar 
a1 
(Cet aE s! _2(m+v)! (a+w)! a 
(s=D)!'(s—m)! (s—n)!(2s+ Dt (m—v)! 


x 31(—1), (¢+vu+wt+t)! (m+u— yv—w—f)) eran 
= (s—v—w—1)! (u—nt vhw+Al(u—w—f! 1 nu 5 
(19 


— (— 1) s—m—w 


The result is 
N,(fu;) = (42/3V) Sif) + (48/1001) S;i( 7) — (1280/46189)S;(f) | 
+ (2/V) (4/21) So(S) SiC) + (8/13) Si FY + (20) 
ctr 207 OE) Paik f)Se(f)— (8361/2431) Su (f) Sa() J, 


v,) =— 4 Nn, VY, : (21) 
Bh Te) — i (7%); 


where, 


Suet 1¥y) = 1 | 10%, leo 0,f) +167( = of) +9744 cos m5 =.) 


Sifu) = 1] s5xCo 0, f )— 8%; (© anf) 2714 cos- oe 2 f) (22) 


SPs) =| 6x (0, 0, fy — 24m (ert) + 187A 608" 75 f) 
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i ion. It is desirable to test the efficiency 
This result is rather complicated against our expectation. I : 
of this approximate formula comparing it with an exact answer. Unfortunately ie 
lacking, up to now, in such a standard expression to be referred to in three dimensiona 
case. . : 

In a square lattice, the Houston’s formula and the one corresponding to (21) happen 
to be identical in the first approximation. In the next approximation, they are not identical 


: 3). 
and so we can examine their efficiencies referring to the exact result given by Montroil” : 


Vr 2 -exace (J) =6T Yf(1 + 3/2 f° £45 /16 f+ 27-7/32-fi+---). (23) 
The first approximation ; 
Vp onl Sf) =; £y(f) =6n-fl +372 fo af" + 27 9/35 ile F5F (24) 
The second approximation ; 
Veer f) =67 fl 1+ 3/2-(* + 45/16 -14-3/16-157/5 f° +:--], (25) 
Yr oy f) =67'f [14 3/2: 4+1/16- (45 + 3/8) + 3/16 
-(157/5 +27/40)/%+---]. (26) 


Here ¢(f) is a formula obtained by the method of Houston and yy(/) is a formula 
corresponding to the expression (21). 
This result is not encouraging. The only merit of our procedure presented above 


might be that we can obtain Houston’s formula with correctly adjusted numerical coefficients*: 
3 c 7 \ dy.(z 7a) 
Vy, Sul f1) = 173 toy? (2,0, /) hs os : tr 16z{ : 9. ye 
+972 (cos' 7, Sf aeees ae", at (27) 
V3 4 af 

This formula is expected to offer an excellent approximation for low frequency region, 
as observed in a square lattice. Let us consider formulas (12), (13) again here. It is 
easily inferred that these formulas offer a reliable answer only when the surface f=constant 
in question forms a closed surface around the origin we chose. If the surface of first 
Brillouin zone cuts the equi-frequency surface, we can not expect a good result. For this 
reason, it is recommended that we use (27) only for low frequency region. In this region, 
the curve given by (27) will trace very closely the exact curve. However, if the position 
of the first peak is very close to the origin, the formula (27) will not be usable in safety. 
This is the case when t->0 in our simple cubic lattice. 

Incidentally, since we have decided to use (27) only for low frequency region, we do 
not need its full expression, that is, we only need its Taylor series at the origin. This 
situation facilitates to proceed to higher order approximation of Houston’s method. The 
higher order approximations in Houston’s method mean the increase of directions along 
which eq. (5) is to be solved. Solving eq. (5), we obtain first, 


 P=¥ G9, ry. (28) 


*) The correction of numerical etrors in Houston’s original formula was first made by Mr. Komoda 
in his private letter to Mr. Nakamura. We are indebted to Mr. Nakamura for this information. 
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If we want the full expression of (27), the above equation must be solved with regard 
to ¢ in the form, 


= 14s Pot). (29) 
This task is not always very easy, if not impossible, when we try to solve along several 
directions. However, if we restrict ourselves to obtain the Taylor expansion in /, we only 
need {(d"r/af"),-o} which can be calculated from (28) directly. This simple manipula- 


tion has actually used in obtaining the second approximation for a square lattice (25), 
(26) and will be used for a face-centered cubic lattice. 


§4. On the method of Monitroll 


It is possible to give several modifications of Montroll’s original formulation. Montroll 


obtained an even power series approximation. We present here an odd power series approxi- 


mation”. This will serve for our better understanding of Montroll’s method. Thus, no- 


ticing that the Born-Karman matrix VW gives us the eigenvalues of 7=»*, not of » itself, 


it is very natural to attempt to calculate at first the distribution function D(y) for the 
eigenvalue 7 of MW in the region 0 <7 <7,. Then we can transfer from D (7) to g(), 
our desired frequency distribution, by a change of variable, and by noticing the relation 
D(a) dg=g\v)dv. In this manner, we can actually obtain an odd function approxima- 
tion for ¢(v). 

a. Expansion of D(n) by Legendre polynomials. 

In the following analysis, we are concerned with the Born-Karman matirx itself. 


Denoting the 7th eigenvalue of MW by 7,=»;, then 


MY,=7:; Li (30) 
and in general 

M* $,=ni fi, (31) 
and . 

Trace M*= 317i. (32) 


~ 


Since the total number of eigenvalues is equal to the order of the matrix, we can now 


define the distribution function D(7) for the distribution of eigenvalue 7 as follows ; 
| 'DG@)aq=m. (33) 
n3 


where 7 denotes the order of the matrix. 


The £-th moment of (yy) is given by 


a oe runes 6 gees Be 
(a= | UD apa G4) 


where 7,, 7, ate the smallest and largest eigenvalue respectively (0 < , < ae 


Suppose the distribution function is expanded as a linear combination of Legendre 
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polynomials ; 
ADT) a Yen! AG —7,—7;)/(4r—%s) |; 


where 


1 age 9 
(x 
DW Ae 


PM ey —1)". 


Putting x=(27—7,—%;) /(4,—7%;), the coefficients {@,} are 


i= (n+ 1) a D{ (L4+4)p.+ A—4) 96 VPs (tae: 


Zz ef 


Without the loss of generality, we can assume 7, to be equal to zero. 


9=9, 4/g,=8, x=2(q/g,) -1=25—-1, 
and then (35), (37) are 


DiGiE) = SGP APS 1)) 
n=0 


n= (2u+1) \. D(1§) Py(25—1) dé. 
Further, using the Rodrigues formula (36), it is easy to show that 


D \ aS tert CD aeey, 
P,(x)= (=) ar ent ; )> 


then 


q = : ©) s ! = 
P(2E=1)= ae Veer ae lint LAN 
aa (1) (u—r)t 
and substituting (42) into oe 


, 


pee S) nae) te 
Dns Sa, 1 i = er 
D1 S)= (— ) wy POST S$ 


Therefore, if we define new coefficients {4,! 2 follows, 
D gis y= Sa ei) 


then 


ane n-r_L (uetr)! 
ee Sheree oe 


ny 


and 


2 Ee 
aa = (n+ 1) S31) : er) | D(yi.8)€rdé. 
a 0 


(1) as (u—r)! 


From (34), 


(35) 


(36) 


(37) 
Then, 


(38) 


(39) 


(40) 


(41) 


(42) 


(43) 


(44) 


(45) 


(46) 


is dal oh 
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1 (4%, pktl pl 5. a Te 
(Me) a= aa "D(y) yidn=- DE. i DA Hee ae — Trace” (47) 
m J 0 m J0 m 


then, for the later convenience, we define sy, as follows, 


| DG) SAS = (ty) = Pee (48) 


In this definition, 


Trace M* . 
fe Ay fn (49) 
71 1. 
therefore, we obtain for @,,, 
= etl ise eee 
OB, (2nFly> (a1)? pe i} 50 
( aa ) (7!)> (u—r)! 8) 


From (45) and (50), 


pee apy ea EE Gy) 
s=0 


nar (71)? (w—r)! (st)? “Gi=syt-” 
Therefore, if we introduce new coefficients C, ; 
6,= >1C,; bss (52) 


then finally, 


@ PalaraN Yi 
VES: (Eee a -(—1)"** 3) (2+ 1) (mtr)! (m+s)\ 
(A)? (st)? ne (m—r)! (m—s)! 
1 1 ae (m+r)! (m-+s)! 
Pee pas 1) OS m1) ; 53 
fa oad 58 (sty? 22 ) (m—r)! (m—s)! 02) 


Furthermore, if we cut the summation in (53) at “-th term, we can perform the sum- 


mation actually. The result is 


ke 1)! (A+s4+1)! 
eet a a tr EL GA) 
(7!)2(s!)? 4+s5+1) (k—r)! (k—s)! 

Once {C,,} are obtained, 4, can be expressed as a linear combination of /,’s. Then 
if we know the numerical values of ,’s for each case, we shall be able to reach the ap- 
proximate expansion of D(7)aby means of (44). 

Above results are general ones and applicable to any lattice type and dimension in 
principle. 

b. Power series approximation by direct application of the method of least 
squares. 

Let us suppose to try to approximate D(q) by a function 1 (ay, a)4°° 0x3 7) =U (ay) 


of a set of parameters {dm} chosen in such a manner that 


I(ays aye 44) =a) =|" [D@) — Us 0) Fel (55) 
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to be a minimum. According to the calculas of variations, the necessary condition for 


T(a) to be a minimum is 
Al (a) /da,=0 ; i= 051, 5-5) (56) 
Now, if we take the following power series as U/(a; 7), 


k k 
OT (a3 4) = >On 9/92) = >3a,&", (57) 
n=0 g=0 


then, from (56), we finally reach a set of equations, 


n 1 ; ‘ 
n Da Om Ik -=0, nz=0, Litre. c 58 
is m=0 [ (m+n) +1] ( } oe 


These are the #+41 equations determining {@,,}. Explicitly, 
ayf1+a,/2+* +a,/(£+1) =f) 
M/ 2+ a4/3 ++ +4,/( R42) =p (59) 
af (k+1)4+4,/(442) +++: +a/(2k4+1) = 


If we define the following three matrices, 


ue LL PO ne del Byes sg 1/(k+1) | 
1 2 ye aes , 1/(44+2) 1, (60) 

_1/(@+1), 1/(2k+¥) | 
AL) = (Mysuttor? 104) (61) 
(4) = (Postottar > + Pa)» (62) 

the above set of linear equations (58) becomes the matrix equation 
a(h) A (2) =" (2). (63) 
Now suppose A~ (£) is the inverse of A(/). Then, 

a(h) =p(h) Ak). (64) 


Here we must notice that (@(4)),=a,_j and ((2));="i-1. Our next task is to find 
A~'(k) and it can be obtained in a general form. Denoting the (7,7) element of A7! 
(%) as ai, then 


ak (2) =at(ey2_ fo NF A)IG 4D! 
| L@4+7)—1] 1@-DYNG-DIPrE—7+ DIA + Yh, | 
(@=1,2,--, £41), (f31,2,, A+1), (F=0,1,2,-- ys (65) 


Therefore from (64), 
h+1 
(@(4)) = Dh (4) ) sa}: (2) 
gah 


Lh ere Soo EDM G+ 2! ®), 


(-DIPO-i4)) Ht (G4)-1{G-DEG—j4e Dr 


(66) 
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Accordingly we obtain, 


pe FRE eT DE 
(2 N)7°(7!)? G47 41) (k-7)! (4-7)! 
Comparing this result with (54), one sees that these two methods, described above, 


ive exactly the same result---the same approximation. This is, of course, the direct con- 
pp > > 


[y. (67) 


sequence from the mathematical character of Legendre polynomials. 


c. Relation between D(y) and gv). 


Once we obtain D(y), using the results of preceding sub-sections, it is easy to derive 
the frequency distribution g(v) through the change of variable 7->v. Now we see 


D(y) dn=2D (vr) dv=e(v) ay, (68) 
then . 
ge) =D). 


More explicitly, from the definition of y’ and the formula (49), it is written as 


(y,/m)g (v) =S12a, (v/v), (70) 


n=V0 


where {a,,} are given as numerical coefficients and 7 is the order of Born-Karman matrix 
which is equal to the total number of vibrational freedoms of the system. 
d. Results and discussions. 
To examine the nature of our approximation, numerical calculations were performed 
for the square lattice for which Montroll® obtained the exact distribution function. 
The moments for the case t=1/3 are 
H 1 : 
[o(Naf=1, jn =F EDA, 
v0 
f= 1, Paes Le; py 23 f'F2, p=11/48, 
[= 1823/10368, fly = 86875/746496. 


Using these moments, we obtain the following results ; 


k=2: 
g(f=7/6- f+ 5-7 (71) 
© gif) =15/512-+ 1/512: (2730f°— 20657"), 2) 
k=5 


os p 5/36 +f? — 40145 /216-/7 + 2240/9 +f? 
e(f) =125/108 -f + 35/48 f° + 1715/36 f° / Been ei 


p=63 
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(f= 65471 /31104-f—202517/5184 -f? + 1154965 /2592 f° —143990/81-f' 
45590097 /1728 +f" — 2366287 /864 -f"' + 2269267/2592-f™. (74) 


Here ¢(/) denotes our result obtained from (70), and &u(f) the result of Montroll’s 
even power. series approximation. In Fig. 1 we show their curves in comparison with the 
exact one. The results will be self-explanatory. We recognize that the moment method is 
essentially an overall approximation and is not suited for a local approximation. 

Now, let us return to the discussions for high and intermediate temperature in section 
2. If the temperature is high enough, only the first few moments will be necessary and 
the calculations of them are not so tedious.~ But, if the temperature is such that the 
convergence of the series (3) is not so good, we encounter some difficulties. Direct calcula- 
tion of higher moments from the Born-Karman matrix requires ever increasing labor. In 
this connection, it is interesting to try to use our formula, for example, (71) in purpose 


of easy calcuation of higher moments : 


of. 1 5: 1 


12 (41) 2 (2¥2)(u4+3). 


il 
Pon at ee | A +5(f?—f*) | af= 
0 a6 ? 


Using this formula, we obtain the approximate values of higher moment : 
Pom (11/48) :3 = ,=(37/210), By 43/1008) 


For intermediate temperature, it is desirable to use the full expression for ¢(/), not having 


recourse to expansion formulas. 


§ 5. On the peaks of a frequency spectrum 


Our conjectures concerning the number and the position of the peaks of a frequency 
spectrum are based on the examination of the topological nature of the equi-frequency 
surfaces in Brillouin zone. 


Let us consider (5), for example, in a sectional plane (¢,—¢,): 


| (1-27) (1—a,) +7 (2—¢,—c4e.) —2 f? TSS ) 
| Cases. (1—2r) (1—e,) +7 (2—c,—€,0,) —2 f@ 0 
0 : 0 t(2—¢,—¢,) —2f° 
=0, 
namely, 
Cie) (le) +71 eye) — 27? T Sy So 
- =U); 
es ase (l—r) (1—¢)) +r ec) —2f? 


t(2—¢,—¢,) —2f°=0. 


Ns is to be noted that the above two-two determinant has just the same form as the deter- 
minant of the square lattice extensively examined by Montroll”. 

Accordingly, we can make full use of the results due to Montroll for the planes (@ 
—$2), (Yo—¥s), (Y,—¢,). Furthermore, if 7=1/3, we can factorize easily eq. (5) 


— 
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also in the planes 9,= +7, Q=+7, Y;= +7, that is, the surface of the first Brillouin 


zone. In iti i irecti 
addition to these materials, we can solve eq. (5) along several directions. We 


do not describe the details of the analysis of the topological nature of the equi-frequency 


surfaces, because a simple cubic lattice is devoid of direct physical significance. The results 


have already been reported in another place”. 


§ 6. Applications to a face-centered cubic lattice 


In order to compare our results with the Leighton’s directly, we adopt the same 
secular determinant for a monatomic, face-centered cubic lattice : 

. 9 . . - - 
2+2(7/e) sin’ x sin + sin J sin sin 
—cos x (cos y-+cos 7) —# 
sin ¥ sin J/ 242 (7/e) sin” 7/ sin y sin 2 hee 75 

€ =0. (75) 
—cos 7 (cos # +cos 7) —* 


sin + sin sin 7 sin & 24+2(7/z)sin *2 


—cos 7(cos ++ cos 7) —* 
The quantities appearing in this determinant have the same meanings as in the Leighton’s 


paper” : 


a. The method of Montroll 


The above determinant is invariant under the transformation, +->7—7, JOT—YJ, 
¢g—-on—z. This situation is favorable to the calculation of the moments necessary to the 
method of Montroll. Thus, in the calculations of the moments using the determinant, we 
can take the interval of variable +, 7, 2 as —7 <4,y,% SF. This corresponds to count 
doublely the lattice points of the first Brillouin zone of the face-centered cubic lattice. We 
need further to know the maximum Place vat at aea functions of s25-(7/ 4). We could 
not get a definite conclusion on this point. However, it seems almost certain that, when 
%<0, the maximum value of A, /,,, will be equal to 2, and when x0, the point += 
y=r=n/2 will give the value = (44 2x)'". We confine ourselves to the case of x <0 
in the following discussion of the method of Montroll. Actually, the Leighton’s considera- . 
tions are also confined to this case. The first five moments are as follows : 
Trace | Born-Karman matrix defined by (75) | 


fog = n= =, 
(Wi, N2,9->0) 3N,:-Ny NV: 


M=1, Po 24 2%; py=5 Ax 41 3/2) 2%", 
pig (57/4) + 15%+92 4 (5/2), 
f,=2 (703/16) + (115 /2) x+ (179/4) 2? + 202) + (35/8) x'. 


we apply to the face-centered cubic lattice the existing two 


Using these moments, 
with constant term due to Montroll 


method, namely the even powet series approximation 
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and the odd power series approximation explained in the section 4 of this paper. The 


results are as follows : 
x= 0-0": 
D,(a) = —0.09011+ 1.0399022—0.29395A'— 0.005432" + 0.006817*, 
D, (2) = — 0.233152 + 2.025154 — 1.457982 + 0.407492 — 0.040252". 
x=— 0.1: 
D,,(A) = — 0.11570 + 1.57028/?— 1.118052! + 0.363474 — 0.044362", 
D, (A) = —0.21538A4 2.459722 — 2.110042? + 0.692674 — 0.078432). 


These results are not inconsistent with the Leighton’s as a whole. Compare Figs. 
2,3 of this paper with Fig. 1 of the Leighton’s paper. Here we can clearly observe 
the inadequacy of the moment method for lower frequency region. However, this weak 
point of the moment method may be complemented by the method of Houston which 
will be discussed in the following. 


6. The method of Houston 


As explained in the last part of the section 3,-if we want to get only the Taylor 
series expansion at the origin A=0, we can obtain the values of the necessary: coefficient 
{(a"r/de") ,.o} directly from the formulas corresponding to (28). In the case of our 
face-centered cubic lattice, the formulas corresponding to (28) assume the following simple 
form ; 


P= a sin? (r/b)—ca’ sin’ (7/6). (76) 
Then the Taylor series expansion of 7;'(9,, 9, 2) -@7i(4o, @ 2) /ad2 is given as follows : 
te Ui [da= (b/a)* (P+ 5/60" + 7/3600? - (37 +15064+405c7) 44 ++}. (77) 


Here, the constants a, 6, ¢ are, of course, the functions of x, , and y,. Using (27) and 


(77), we obtain the formula for low frequency region in the following form. 
Diy) HAR) + BAYH EC), (78) 


where A(x), B(x) and C(x) are certain functions of x, — (1/4) <x, and their expressions 
are given in the appendix. 


In order to compare the results from (78) with the Leighton’s one, we took the 


values of x, x=0.0 and x=—0.1. Remembeting that the G(A) in the Leighton’s paper 
corresponds to 3/),,(A), we obtained the following results : 


x=0,0: 
G (A) =0.992 + 0.3544 0.4245 + «+, 
3D (A) =1.015% + 0.48821 4 0.3024 4---, 


4= — 07,1; 


aa 
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G (A) =1.327 + 0.404 + 0.36254 +, 
3D y(A) = 1567727 + 1.3514 41.7270 4 


The curves of these formulas are contained in Figs. 2 and 3. We see that, in the case 


of x= —-0.1, the discrepancy between the two results is rather remarkable, contrary to the 


case of x=0. Which is better is, up to now, an open question, because there is no exact 
result to be referred to. 


§ 7. Conclusion 


Although we discussed rather many materials in this paper, our underlying aim is to 
bring the approximations based on the Born-Karman model to the domain of practical 
use against the prevalence of the Debye approximation. For example, the results presented 


in the section 6 may be used for some practical purposes. 
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Appendix 


The coefficients of the formula (78) are given here. 


x me = 
AQ)=— {72 ¥2-+10(1+2z) 24.128(544x) 7 +128(14 4) 
ae 


3 
2 


3 
2 


3 ie 3 
4+54V3(14+2x) 2427V3 (4422) as 


—= i tes, 
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LojR 


B hy =: : | (70-2/3) + (25/12) (1428) ?+ (160/3)(5-+4%)- 
1057? 


wt 


(45/3/2) (44+2x) gle 


5 
2 
2 


~ 


b 


+ (160/3) (144%) 2 +45 V3 (1+ 2x) 

eh § = 9 

CH= {(259 2/30) + (7V 2/576) (1+2x) 2(374+150c, + 405¢,’) 
1057” 


he A 
+ (28/45) (54+ 4x) 2(374+150c,+ 405c¢,") 


= fe 
+ (28/45) (1+4z) 7(374150c,+405c, ) 


his 


~ HA. = = 
+ (7773/20) (142%) 2+ (777V3/40) (442x) 7}, 


where 


Cy=2k/1 4-22, Com (444%) /(5 442), C5 4%/1442. 


aaa i 


aU) 


x=—0.1 


| Do(2) 


| 


Dy); 
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Fig. 3. 


The x-dependence of the coefficients of the odd power series approximation formula 
D(A) for the face-centered cubic lattice are also given here. 


Dy (A) =b A+ 6,2 + OA + BA +5,2°, 


DS, 225 epics Pb te 175 e+ 110254 


4096 512 1024 64 2048 


0 


> 


y 8295 3525 248895 te LOM Ga OL LO a, 
= _— Ls x + to x 
4096 512 1024 64 2048 


? 


— 47775 , 37485 |, 208845 ,. 2625 15 | 496125 
32768 4096 8192 512 16384” 
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— 26705 _ 31395, 59139075 2 879 eu SOIC 7 Oa 
x + x = x 


~ 65536 8192 15384 1024 32768 

sede DETOT 733075 ~ 459075 24.0 4.385875 4 

524288 65536 131072 262144 — 
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We rewrite spin-spin and spin-other-orbit interactions in terms of the products of tensor operators and 
apply the method of Racah. Our procedure has some advantages from formal and practical point of view. 
For example, the conjugation process can be carried out only after the decomposition of spin-other-orbit 
operator into this form. It was confirmed that the magnetic interaction parameters are proportional to 
Z3, Z being the atomic number. 


$1. Introduction 


The spin-other-orbit and spin-spin interactions were introduced as the relativistic effects 
for two electron system together with some other ones. Only these two interactions, be- 
sides the individual spin-orbit interactions, contribute to the multiplet splittings and, thus, 
the triplet terms of the helium atom were successfully explained by taking into account 
these interactions’. It has also been suggested that these interactions will have an appreci- 
able effect on the intervals of multiplets in the spectra of heavy elements.” In the recent 
studies of the forbidden lines, we have calculated the matrix elements of these interactions 
in £” configurations for 7=2, 3 and 4, and have been able to show that the deviations 
of the triplet intervals of the 7° and /' configurations from Landeé’s rule can be accounted 
for and qualitative agreements between theoretical and experimental results for two doublets 
of f° configuration can be obtained. 

We rewrite the spin-spin and spin-other-orbit interactions in terms of the products of 
tensor operators and apply the method of Racah.? After this procedure, matrix elements 
of these interactions for any /" configurations can be obtained by means of the double- 
barred elements of U\” and [7 which are defined in Racah’s formulation. Such procedure 
has some advantages from formal and practical point of view, as will be shown in the 
following. It can be shown explicitly that for spin-spin interaction the non-vanishing 
elements exist only between states with the same seniority number and the values of double- 
barred elements are completely determined if v, S and Z are given, wv being the seniority 
number. The matrix elements for spin-other-orbit interactions are rather complicated and 
consist of the following three terms: (i) term of the same character as the individual 
spin-orbit interaction, including constant term which appears only in the coefficient of lowest 
order integral, (ii) term diagonal with respect to the seniority number and completely 
determined by v, S and’ /, (iii) term not diagonal with respect to v, S and Z and not 
included in (i). The conjugation process (2"—>/?@*)-") can be carried out without 
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difficulty after this decomposition, 7.c. it is, then, easily seen that the term (i) changes 
.its sign and appropriate prescription must be done with respect to the constant term, while 
terms (ii) and (iii) are unaltered. When the matrix elements-of spin-other-orbit inter- 
action for d@” configurations (7=2, 3, and 4) are calculated (Table I, II and III, 
respectively), the elements for @°, a’ and ¢* configurations can be obtained immediately 
by the above conjugation process. 

The triplet intervals of 2/° and 2/" isoelectronic sequences ate analysed by our formula 
and the numerical values for the usual. spin-orbit interaction parameter ¢, and magnetic 
interaction parameter AZ, are determined. 1%, is shown to be, proportional to 7", as is 
expected. M, for 3p” configurations determined from the observed multiplet intervals for 

yveral elements become much smaller than those for 2%” configurations. This holds also 


ith respect to the magnetic interaction parameters MM, and M, for 3d" configurations. 


§ 2. Spia-spin interaction 
The spin-spin interaction between two electrons 1 and 2 is given by as*’ 


Hyg =U" { (84+ $9) —3 (Pie Si) (Pis2 Ss) 1 / ie |) Mie (1) 


where #*,,=?7,—?, and wu is the fine structure constant. It becomes by simple calculation 
H,,=¢ (8;-V,) (S_°Po) i 1/15 (2) 

where 7, and /, operate only upon the corresponding coordinate in 1/ry. 1/ry2 can be 

expanded into a series of scalar products of spherical harmonics, and it can easily be proved 


that the following formula is valid 
Po CM = Ding (k100|£1K0) (k190|41 GOL EAS SO 5M} (3) 


Here ~ C\” =[47/ (22+ 1) J!2O(49)%(q) is a spherical harmonic not normalized, 
(J fonts tty | JiJof m) is the well-known Wigner coefficient, and DD‘ are the operators 


upon the radial function only defined by 
D¢&> =d/dr+ (k+1)/r for K=h-1, (4a) 


and ae 
Peo =9/or—k/r for K=k+1. (4b) 
Thus the interaction (1) can be written as 


k1 K0)(k100|£1K'0) 


H,,=¥" D\kqoor KOKI! ( TEN 1 $14 Ssqr (L100 
é -(k1lg—a@|hl KQ)(k1—¢ ot PLR) Cie hear Da) eS) 


where SOX Ae 
| acrtirs 6") 


; . . . h) 
Furthermore, making use of the relation for the Wigner coefhicients 


* We use the notations of Condon and Shortley (ref. 1) and Racah (ref. 4). 
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(L, Lp10, 109 | LyZoly 103) = (—1)2* [ (2,4 1)/ (24 +1) |? Egle — tg Me | Z,lol, — 2) 
(6) 
and defining an irreducible tensor operator of rank & 7;'%'” by 
£07 — (2K41)(1K00|1KL0)33.9(1 Ko Q|1 Kg) SoCo”, (7) 
we get < 


Hyg = Dax: EE 494") (DO DY ay) / (2+ 1)*. (8) 


This equation has the desired form, for it consists of the scalar products of tensor operators 
which operate only upon the spin and angular parts of the individual electron wave functions, 
while the remaining factor depends only on their radial parts. 

From (4) and (5’), we obtain for this last factor that it vanishes if K=A’=£+1 
and 


(DEO DE? a.) (2k 1) == es (172), (9a) 
and 
COP DE ON ISAZE AE Lye a rg (T2557), (9b) 


and otherwise they vanish. For /" configuration, which will be considered exclusively in 
the following, the relation 


oF | Nuva) Fivcy Pen [Ai &, (72) |? Warf 4 
— a | Pan: Pf fe [Ri(7;) Ri(vs) |? dr, dr o/ 4 (=a (10) 


is obviously valid. We denote these by J/7*"' following Marvin.” There are as many 
different integrals J7* as the numbers of the allowed value of /. 
Thus, the interaction //,, can be expressed for /” configuration in terms of the 


equivalent operators as : 
a tkh—!3k 144+15 *) Atl sk k-1lsk Tk—i 
Meg — De Sy ( (G ir 3 JAG < mi we a 
pee \k-1;% Ih+1; Rk t—1 : 
=—2> 2 Dy (4 .t8 - ») M* . (11) 
Since this form is not convenient for the calculation of the matrix elements, we re- 
. . . . . ” Z ~ 
write this in terms of operators symmetric with respect to 7 electrons T'% = 51, t"i” ; 
1 
ex EN VWlkA-1; k) {k+1;k Vk-1;% . k- 
Heart Daeg PES SS el bpe oabe tree Jad nee (12) 


It can easily be shown that the second term in the brace vanishes identically, because the 


tensor operator of the rank two composed of single spin operator can not exist. Hence 
fos Dy EP ge (13) 


We shall calculate the matrix elements for this form of fT... since then, they are 


obtained merely by a direct application of the Racah’s method of tensor operator. For 
the matrix elements of spin-spin interaction for /” configuration, we have 


(CP aSL/M|LH|1" 0! S'L'TM) =(=1)8*" WS ES!; 2) 1" aSLI| Helle" af S! L), 
| (14) 
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and 
Cease Are Se i MO Sign cn CaS LV Oe a SL!) 
ide We Se ie ts ye IY OS Ed AS 2 LV Lie et A 2 
where (14’) 
fu=(—1)*4 [52(24-1) (2h—1) (2241) (2644-3)? CIEF PZ) ZC FP 12). 


: (14”) 
f;, does not vanish only when # is an odd integer and not be larger than 2/—1 from 
the -last two factors of (14/’). Thus the integrals necessary for the spin-spin interaction 
in the 7” configurations are J°, 7°, ---, MZ*~*, while the coefficients of them in the matrix 
elements are given by (14), (14’) and (14’). 


If we assign each term of the configuration the ‘ 


‘seniority number” 7 introduced by 
Racah, we can deduce some properties of double-barred elements in eq. (14’). Since % 
are odd integers, these elements are diagonal with respect to v and are completely determined 
by assigning a set of the values v, S and Z irrespective of 7. This rule has been given 

_ independently by Talmi” for tensor force with more general radial dependence. However, 
our derivation for the spin-spin interaction between electrons seems more straightforward 
than his. Moreover, it follows that the elements are unaltered by conjugation process 
LR (ie. ("32%") and for the self-corresponding configurations / “+! they vanish 
between terms belonging to different classes. 

For #=1, the calculations are very simple and the coefhcients of J7° in the double- 


barred elements are given by 
4 [30/(¢4 1) (2/4 1) /(2/—1) (2243) |"? [S(S+1) (25+ Eze 
AV (SIS 45 SIU US LYE SL}. 
The tables of the elements of 7‘ were given by Racah” for p” and d” configurations. 


For f” configurations, where we need only the term with /=1, the non-vanishing double-barred 
elements are given by 
(p3P|| EPP) = (PS || Hull PD) = — 60M, 
where 
Mp=M/5, MH Senang 1/8 y(n) Rata) Pdr dra/4. 

These agree with our previous calculation” and, for /” configuration, with those of Marvin.” 

. For ” configurations, the ‘calculations are not so simple as for /", since we must 
take into account the coefficients of J/~ as well as M°. The results are 

(a*vSLiA,,\|a" v S’ LY=4|3 (72s Or 1) (2S+1) |"? @’vSL||70 VY 1a" v.S'L) 


 W(S1S!1; S2) My +120(21)? Sse x01 (a’vSL\|V du SY L") 
(ag S" LI Edo STL) WSIS; IGM ONWY CDTi 4s 12) Ue: 


* Dr. R: E. Trees has kindly informed us the proof that the matrix elements of spin-spin interaction 
are diagonal with respect to seniority numbers was also given by F. Innes (unpublished) independently. 
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where MW,=M°/7, M,=M?/49. The tables of these matrix elements have been already 
given by Trees” in more direct way. An advantage of cur method is that in order to obtain 
the matrix elements for /” configurations we do not need the elements of the interaction 
for 7“! configuration, but the elements ”, ---, V7 20 which were necessary even for the 
calculation of electro-static interaction in /” configuration. 

The spin-spin interactions between an electron in incomplete shell and any inner 
closed shell are expected to vanish from the transformation property of the interaction 
operators with respect to rotation in spin space. A formal proof fof this has recently 


been given by Elliott.” 


§ 3. Spin-other-orbit interaction 


Spin-other-orbit interaction between the electrons 1 and 2 is given by 
Ho) = oF [2% { (Bio + 2K, -;) He (Rs, at 28 9° So) } ? (15) 
where i,. is the relative angular momentum #,;=1//[#.,7,|, and, as in the case of 
spin-spin interaction, we have Mjo/7y9'=1/2-[Pyo/74.°, Py Jt | Gil 142) F ,| (Square brackets 
denote vector products). For eguivaleit two electrons, calculations similar to the case of « 


spin-spin interaction give the component of the vector Ai,./7,.° as 


2 BYES T(K TA) THUD Bie 
Pio inl Vis = Sango Ons (é 2 ;. {k Kq QO 


kK1m)M*, (16) 
where ee is a component of tensor of -rank / with 
(LOO Z) = (1% F741) (44-1) @4—1) @24-1)/3]7 
[(A-1)ML+ DI (QU-DY/ (24+ h+ vip 


(pe) ee Ee (17a) 


2 2 
ZIM PL) = —[4(2@-+ 3) (441) (22-1) "ACO Pile) = (E76) 


and Uj" vanishes. AZ*~' are the same integrals as those in the spin-spin interaction 
defined by (10). In the summation over # and A’ in (16), # ate odd integers AS k#< 
2/—1) and K=/£+1 even, because otherwise (Z||C%|IZ) and VZjiU%|\2) vanish. 
Spin-other-orbit interaction operator for /" configuration is obtained in a foam similar 
to (11), by inserting (16) into (15) and taking into atcount the relations analogous to 
(6). This form is, however, more ‘complicated than (11), since the summation over K 
enters. The procedure which derives (12) from (11) gives a convenient formula for 
obtaining the matrix elements. The terms corresponding to the second term in the brace 
of equation (12), however, do not vanish in this case and they behave like as the individual 
spin-orbit interaction. The double-barred matrix elements for /” configuration of the indi- 


vidual spin-orbit interaction including the part of the spin-other-orbit interaction appeared 
just above is given by 


aS LHe al S11!) = (U4 1) (2040 J" 0-463)" Dae CO |) 
: LOZ) WLELK; / 1) Me "aS Bil YU yea! SiG (18) 


AMES RRA TS 
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Ales cau Z/2-(4 Po RIG) 23h isthe usual spin-orbit paransbter ‘The widnix’ éleintnts 
for the remaining part of spin-other-orbit interaction are also obtained as follows : 
Pa SL Aone” a! SL!) = —2(3)? ee (LO 2) (ZI CCL) 
{Siar (Ze SLO |" a" SL) dal SLIP P| al S'L’) 
-W(LKL bs 11) +2 nin (CaS LU idol! SL") 
(BPal! SEIN ZOOL" aS! L) W(LALE Ky LI) } MH. (19) 


The first sum in the brace of (19) with £=1 and K=O is distinguished from the other 


sums, since this contains the constant matrix /, and it can easily be shown to be 
Sy, [2+ 1) (20+ 1) | 1/2 (Z"4SLIl REN SES 


This term also has a property similar to that of the individual spin-orbit interaction, since 


(11) 


it contains the elements of /’''” as a factor. Therefore, we can include it into eq. (18) 


and omit it from (19). Then eq. (18) becomes 


aS NT Ne aS LD) =O Ca SLi C+ 1) (27+ Oak PONY a SNe (20) 
where 


C'=€—2n M+ 6 [3/22 +1) (2/41) *? See COW CU * |Z) 
-WKTEE; 11) M* (21) 


is a modified spin-orbit interaction parameter and it should be noticed that ¢/ contains a 
term proportional to the number of electrons. 

The matrix elements for the individual spin-orbit interaction //{ change their signs 
by conjugation, as are readily seen from the presence of the factor (/”uSL||V")||2" 0! S'L’). 
Evidently, the number of electrons, 7 in (21) should be replaced by 2(2/+1)—x. The 
elements between terms belonging to the same class vanish for the self-corresponding /”*' 
configuration. The matrix elements of mutual spin-orbit interaction, from which the indi- 
vidual spin-orbit interaction terms are subtracted, consist of two groups of terms of 
different character, since the second sum in the brace of (19) is diagonal to the seniority 
number wv and is fully determined by assigning the values of uvSZ, independent of x, 
what does not hold, however, for the first sum. The elements of //,)' are unaltered by 
conjugation and elements between terms belonging to the different classes vanish for self- 
corresponding configurations. The simplest of the terms of (19) are the second one in 
the brace with /=1 and A=0. This .is diagonal with respect to v, S, and /, and 


contains no summation over any intermediate states : 


—4fS(S4+1) (2S +1) L(L41) (2241) }'? M°(u, 1) 3 (S, SOL, L’). 


The matrix elements for the spin-orbit interactions are given by 


(cu SLIM | H,litol StL TM) = (—1)** ERE VENGS Se LS I) 
Cie SNE Alu SPD; ; (21) 


where 


302 H. Horie 


Fig ele 


For /” configurations, to which terms with £=1 and K=O and 2 contribute, the 
matrix elements ate easily obtained. Putting M/,=1/7°/5, as before, those are obtained 
from (20) and (19) as follows: 


(PSINAI PSL) = Cp SLI 627 || pr StL’), 


where 
C= Cy HA 2h 3) Mes 
and 
PSL SI SL) =) (2p Ee), 
L 
where 


(1) —20[S(S+1) (2541) Z(Z£41) (2741) ]*" G4(S, SUA, L), 
@y=30[ L(£41) l+1)]* (PS LZV Sl pS Lo UT Ls Gs 
(sy te SO nC STIG OA? SLY Ce SG apo) 

WAI LID as Lelie 


These results agree with those of our previous calculations” for /” and, for f° configuration, 


also with Marvin.” 


Owing to the above mentioned prescription for conjugation, the matrix 
elements for #' configuration can be obtained at once from the corresponding elements for 
7’, while, in the previous work, they are obtained by direct calculations using the explicit 
wave functions for 7’. 
For @” configurations, the calculations of matrix elements are more involved, since 
terms with £=1 and 3 appear. The matrix elements for //,{ can be obtained by 
(a uSL |i piid tus” £1) =C do SL (30) 2 vie See ye 


where 
C’=C,—7 (2n—3) M+ 42M. 


The formulae for the matrix elements of /7{’ can be derived by (19), but we omit them 
here since they are rather lengthy. The results of calculations of the double-barred elements 
of spin-orbit interactions for ¢°, d* and d‘ configurations are shown in Table I, Il, and 
HI respectively.* The matrix elements of @°, d¢’ and @* configurations can be obtained 
by conjugation process. In these tables, seniority numbers equal to 2 are omitted. It is 
interesting to note that equations (19) and (20) can be applicable formally even for 
mu=1, 2.e, the double-barred elements for @°D which follows from (19) and (20) is 
3(5)"? (C’/—7M—42M,). which is equal to 3(5)""€, as is expected, by the definition 
of ¢’. Of course, this holds also for the case of single / configuration. 

It has been shown by Araki" for the configuration with a single s electron outside 
closed shells and by Elliott” for that with a single electron with any azimuthal quantum 
number /, that the spin-other-orbit interactions between an electron in the outermost incom- 
plete shell and inner closed shells has property similar to the individual spin-orbit interaction 


* There are some misprints in the coefficien 


ts of MZ, for the non-diagonal elements of ¢? configuration 
in Table IV of ref. 6). : ; 


> a ae se Ve 
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Table I. (d2vSZ||H,,l|@20/S/L’) 


USL vl SS Vee 


(d209E\| 1, |\20S/L/) 


See ed OSS wo SLL (d40SLI| LL, l|d407 SL) 

LS 3P 3(2)22(er Soe ms : SA Ses Sade 
me ‘ (2) os 1444,-- 281%) A eMac (3)"2(3¢/-4+ 14M_p— 2844) 
3P We) a Ck 77 My —1050 474) ols 3P —4 (42) 1/2( M+ 57M) 
£ —3/2(14) 12ers 17M) — 24,) ES oP —(7)19( ; M te 
2, 37 oe ; : i 12( ¢/4- 10M)+ 188A) 

6(¢/4+- 22M, -~- 1172) 15 3p ag ome } ; 
37 BP +3 : 2(2)2( ¢/— 814)— 853M) 
3(14)V2(¢/- 4744+ 60414) ey 22 oP /_ 231M, 1 

ae 1G —3(3)"2(e/+ 290+ 2M: 3P : bee LO 
uae f+ 2Mh+ 20h) 3P —2(14)V2( C/4 6+ 40d%) 
8P ID ~1/2(14)42( ¢/-+ 1944+ 26614) 

oP 1p 1/ y id r 
Table II. (d3v.SZ\|7, q||a@20’S/L/) oe — ee t/+ 4M 341) 
z. SSM aed aot ; 12(7)"/2¢ My+ 37My) 
US OSL (d*vSL\|H, Md 30’ ¥ L’) ae LS 45) 712 C4) 7M 7 7) 
: : Ro idee Pee ee eh es ap 2( t/— 99My— 575My) 
ae 2p 2¢/— 814)+156017, 3P AW) 2(c/— 8My=— 478.My) 
2P 4P —2(14)/2(¢/7+ 944, — 1114/,) 3P 72) 1/2(2)¥/2( y Ted 95M, 353 M, 
OPS 58D = 1/2 (42) ¥2(¢/+ 161%) +- 2284/2) 3P 8D q : 0 305246) 
= - ee e 2 3/2(2)"/2(3¢/+ 231+ 800M) 
2 e 9/2(2)¥2(¢/+ 8A/)— 24841,) 3P - 5D 1/2(70)*12( ¢/— 11My— 424M) 
4P. 4p (10) Y2(¢/— 634M) + 105047.) oD 3D 210)2/2( t/+ 2My— 108.1%) 
oy yD —4(3)¥2(¢/4 =7A4,— 10547.) AG0) o3f e+ 14My— 819M) 
cs ee: 720 (7) 1/2 ID 37¢ 4( + 2My— 108 14,) 
pb Yr 3/2(5) V2(e7 = 42M@,— 284s) iD 3D — (5) #2( ¢/— My 174M.) 
Bie aes Ray ME BOM ee cht (2)¥2( C/-+ 14dh+ 168M, 
2D 2h WYa(efas 6 Me = 7. Faye . ot 2 
1 (42) (¢ t 6! fi) 142A >) Ip 38f —4(2)1/2( Cae 5M+ 18 My) 
2D 4h — Va(¢/ pee 3 ss 
g 2D 1/2(5) */2(¢/4-222M)4- 102047.) 3D 5D 5/2(D) 2 C/-+ 11My— 210M) 
g 27 (2) 2(e/— 42M, - -1698 47,) 37—) iff —2(5)/2( t/+ 2M,— 603My) 
: re 5(2)"2(¢/+ 12My- 228My) 3D BH (2)"2(5¢/-+. 34My-+ 34804) 
2h 2 ~~ 1/2(14)8/2(¢/4-267Mp+1545MG) 3D (2)4/2( ¢/-+ 86My-4+-1665.0h) 
°F APs — (14)¥2(¢/+ 391444 399M) EY) 5D 15/2( ¢/—133Mhp-+ 420) 
2 2G. —-3/2(10)¥/2(¢/-+ 7My— 25M) 5D 53 —(70)"2( e/+  2My— 108M) 
ap AR 2(35)¥2(¢/=- 93My— 60M) Dd 3F (70) '/2( ¢/+ 14My-+ 2014) 
4 2 ~ 3(10)4/2(¢/+ 194+ 5941,) 177 ob (35)"%2( ¢/+ 8Me— 42M») 
2G 2G 9/10 (30) ¥2(¢/— 93My-+ 285My) Wa 3 1/2(35)"2( ¢7— 104%)+ 2739%) 
ohana 26 6/5 (55)2/2(¢/+ 22My— 101) iP L7 8G —9/2( ¢/— 12M,— 561dh) 
eer ua 3/5 (55) V/2(¢/ —163)4+ 22044) of ool? (14)1/2( €7—181M)+ 15614) 
SS eee Soar To ee Ce 3¥ —(14)"2( ¢/— 44% — 33004) 
ae ae wae: — (3) Va e+ 63My+ 574Mh) 
AG (33)"2( ¢/ — 182%) 
for the electron in the incomplete shell. 3H 3G 3(10)72( ¢/4+ 44 — 340h) 
The same holds for any incomplete shell ale aff — —1/2(14)¥/2( ¢/+38614)—2055.My) 
+ 7 , 3 wG 1/ Woe Yeas. M, 
with arbitrary numbers of electrons, as it oie oe ne oe fa ae 
4 -< 0 4 
can be shown by means of the equivalent sh 8G 3/2(10) #2 C++ 16My— 85d) 
operator method described above. There- dC 3G 3( e/+ 164+ 410MM) 
P 1 K 1/ 2 
fore, we may consider that the spin-orbit sigh Soe Ge ae “ Ch OMy t= AOU) 
, f , wes 1G 8G 3/2(11) V2 €/-+ 3444+ 71014) 
2? 0 2) 
parameter € includes this “screening iG. 4a 2(6)¥/2( ¢/-+ 24My-+ 181M) 
effect, so that ES defined by Aes can be 3G 3G. 3/10(30)1/2(3¢/—670M,— 40144) 
interpreted as including the effect due to 8G Li 6/5(55)V2( €/-+ 10My— 67Me) 
the spin-other-orbit interactions between SE or Std 3/5(55)*'2( ¢/-365My— 92Ma) 
3/L 


electrons themselves in the incomplete shell. 


—3/2(26)/2( €/+ 13Mo+ 64M¢y) 
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§ 4, Comparison with the multiplet intervals of the 2p” configurations 


The matrix elements of the spin-spin and spin-other-orbit interactions for the /” con- 
figurations with arbitrary 7 and w, can be obtained from eqs. (14) and (21). The 
parameters €,, M7”, --+, M7" appeared in these formulas can be calculated, for example, 
by making use of the Harrtree-Fock wave-functions, provided these are known quite accurately. 
It was pointed out, however, that the parameters calculated from the Hartree wave functions 
without exchange, give much smaller values than those expected from the observed data 
for the multiplet intervals.” Therefore, it seems natural to choose the value of the para- 
meters so as to give the observed values of multiplet intervals, in the present stage of our 
knowledge. 

One might consider that the most reliable parameters can be given by comparing the 
roots of the secular equation for each value of / which are obtained for the matrix elements 
involving the whole interactions, those of electrostatic, spin-spin and spin-orbit interactions, 
with observed term values. However, since some unknown factors are left even in gross 
structure, which have not been able to be calculated quite accurately on theoretical footing, 
the parameters thus determined would include errors coming from the gross structure. 
Therefore, we should determine €, and J7°, M7’, ---, AJ”-* in such a way that the errors 
in gross structure can be eliminated. For this purpose, the second-order perturbation theory 
starting from the Russel-Saunders coupling seems to be the most suitable method at least 
for lighter elements. 

The first-order term of spin-orbit interactions provides the well-known Landé interval 
tule and gives approximate multiplet intervals in lighter elements. The deviations from 
this rule are caused by first-order elements of spin-spin interaction and second-order elements 
of spin-orbit interactions, while the second-order elements of spin-spin interaction are 
practically negligible. 


The triplet intervals of /° configuration are given by 
*Py—*P, = (C'—55My) — 12, — (C+19M,)*/2-D—"P), 
"PP Py= (C'— 55) /2+ 30M, +2(C'+10I,)?/CS—2P), 


Table IV. The values of parameters ¢’, ¢p and 


Table V. The values of parameters ¢’, €p and 
My for 2% configuration (in cm™) 


My for 27+ configuration (in cm) 


ér op My ith op My 
Cents 2 32.4 32.8 0.072 5) Gira | 139.6 146.4 0.274 
Ritts If 96.0 97.0 0.202 
an Saks 1a Ane Fei 308.1 320.0 0.471 
ie We 433.0 436.0 0.61 Ne Ill 583 606 0.92 
INe eV, 783.1 788.6 1.10 Na IV 1008 1039 122. 
Na_ VI 129 ’ 
2 ° fos: 1.64 Mg V 1621 1667 1.85 
Mg VII 2041 2054 2.57 
Al VIII 3064 3080 3.67 het: ey gas ae 


fSiat 1X 4348 4368 3.93 Si VII 3634) 55, 37A3 3.57 
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where €/=€—5M,, and the corresponding expressions for /* configuration are obtained by 
reversing the signs of ¢’ in these equations where ¢’/=€,—25/,. The values of €,, and 
MV, determined by comparing these equations with the observed triplet intervals of isoelectronic 
sequences of 27° and 2/' configurations"? are given in Table IV and V, respectively. The 
diagonal elements of the spin-spin interaction contributes to the deviation for smaller values 
of Z, while the effects of the non-diagonal elements of the spin-orbit interaction 
becomes larger tha nthat of the diagonal elements of spin-spin interaction for larger 
Z values. This can be seen by the fact that ¢, is proportional to (Z7—«)" as is well 
. known, ¢ being the screening constant, while 1/, is proportional to (7—a’)* as is shown 
in the following, o’ being the other screening constant. We plot the values of (;/* against 
Z in Fig. 1. The values of ¢;/* obtained from the single 2/ configuration and the values 
of (%,-—30: 7,)"'* from 27° are also plotted for the sake of comparison, since only the 
parameter ¢’=,—30J%, can be obtained by the observed splitting of inverted doublet of 


Cpt’ (in em—*/4) 


nc bernie, 


Vaio Uo Re eh CaN ‘O.§ f° Ne Na “Mg: Al Sry (Be, Cl 0 ATK 
Fig. 1. 


(Most of experimental 
values lie on each line.) 


M/s (in cm/s) 
e 


a ee ee ee 
Peeee cee Co Np Oo 1 Ne Na Ms Ao 
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p configuration, the difference between c+ and C1!" being very small. The ¢,/‘—Z plots 
become parallel straight lines with slope 0.72 and the values of screening constants g are 
given by 2.49, 2.66, 3.14 and 3.43 for the configurations 7, 7°, 7" and p’, respectively. 
On the other hand, the values of JZ, for an isoelectronic sequence should be proportional 
to (Z—o')*, because the parameter //, represents the effects of 2zfwal spin-orbit and 
spin-spin interactions. This has been just confirmed by plotting d7%,'° for 2° and 2 p 
configurations as is seen in Fig. 2. The slopes at two straight lines are shown to be 
both 0.153 and the screening constants o’ are 3.08 and 3.64, respectively. These values 
of slopes are in agreement with 0.138 fairly well, which are calculated using the hydrogen- 
like 2p wave function. These values of a’ are nearly equal to those of the corresponding 
ones of electrostatic interaction parameter /,, while the smallness of the values of a’ for 
the parameter ¢,, may be accounted for by considering that €,, are essentially the mean 
value of 1/7* so that the screening by other electrons have smaller influence. 

The diagonal elements of the individual spin-orbit interaction vanish for /” configu- 
ration, so that our perturbation treatment would involve necessarily much error. However, 
some informations can be obtained from the two doublets of /* configuration by merely 
qualitative arguments. The two doublets of 2/° isoelectronic sequence are both inverted 
or either of two are so, in the region of smaller 7 value. This inversion can not be 
accounted for by the usual spin-orbit interaction, but can be interpreted only by introduction 
of the spin-other-orbit interaction. The doublet intervals are given by the following equations 


provided the perturbation treatment could be used : 

"Dsjg—?Dajo== — 185/2-M,+5C6/4CP—"D), 

"Pay "Py 73/2 My 05/4 CPD) +1 CP'S). 
In the right hand sides of these equations, the first terms come from the spin-other-orbit 
interaction and the second from the individual spin-orbit interaction. Non-diagonal elements 
of the spin-spin interaction are negligible. If the first term in each equation is larger in 


magnitude than the second, the doublet appears inverted. For larger atomic numbers, both 


two doublets become normal, since £,, increases more rapidly than J, as is mentioned 


Table. The doubler aplitiane of O73 above. For example, we can choose as the 
: configuration (in emn71) values of €, and J, for 27° configuration, 
SSS = the mean values of the correspondi 
‘Die thig | Pe IP au valuerof the: conesondiigt cues 
for 2/° and 2/', and insert into the above 
aes a el Cbs: ale ‘ Wee equations. The results are shown in Table 
Senge SAY ae —8 — o ~VI. Although the agreements are not so 
O Il | —28 —21.0 —8 —1.5 good, the qualitative trend seems to be very 
F Til —40 —36 er, 0 ee 
promising. 
Ne IV —65 —25 233 10 
Nee Vs 7t ~—25 24 39 § 5. Discussion 
Mg Sl i =58 —21 104 122 
The effects of spin-spin a in-other- 
GENT he. 60 _ a 5h aa pin-spin and pe other 
Si VII Ba pee a ae orbit interactions must be examined for 


heavier elements than those having 2p” 
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configurations. Among the 3/” configurations, we consider, first of all, the two doublets 
of 3°. There are no inverted doublets and ‘the ratios of splitting of */) to *P are nearly 
equal to those of 2/* doublets in larger Z region. This fact suggests that the doublet 
splittings of 3/° configuration are almost dominated by the non-diagonal elements of the 
usual spin-orbit interaction, while the effect of spin-other-orbit one is very small. In the 
deviations from the Lande rule in the triplet intervals of 37° and 3/' configurations, the 
situation is similar, that is, the effects of the diagonal elements of spin-spin interaction is 
very small in comparison with that of the non-diagonal elements of the individual spin- 


orbit interaction. The determination of the parameters £, and 17, similar to the preceding 


section also leads to the smaller values of J/, in comparison with ¢,. For example, the 
values of €,, and J7,(3f) for P II are 157.2 and 0.062 cm™', respectively, which should 
be compared with the values in Table IV. The values of €, for 3" (w=2, 3 and 4) 
thus determined from the multiplet intervals agree with values tabulated by Robinson and 
Shortley."” The smallness of J, compared with ¢, are ascertained by using the hydrogen- 
like wave function and the results of calculation are given by J/,- 0.000225 Z*cm™, 
while for 2/” configurations 7,~0.00261 Z* cim™'. The screening constants for 7, are 
perhaps nearly equal to the values for 7, of electrostatic interaction and those for €;, are 
much smaller. 

For 3@” configurations, situations seems to be similar to in the case of 3" configur- 
ations. Since the configuration interactions with @”~ s etc. make the determination of the 
parameters more or less unreliable, any conclusion may be premature. The similar determin- 
ation for Ti III 37°, gives the values of parameters as 64.0, 0.177 and 0.0068 cm‘ for 
Cx, M, and M,, respectively. Those for 3¢” configurations calculated using the hydrogen- 
like wave function are given by 


€=0.0147 71, M,=0.000175 Z* and M,=0.0000144 2° cm™. 
We may say that, according to this crude estimate of the parameters, the effects of spin- 
spin and spin-other-orbit interactions are rather small compared with the individual spin- 
orbit ones even in the deviation from the interval rule, and we can not expect for heavier _ 
elements such matked contributions from them as in the helium atom and elements with 


2p” configurations. 
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_ of the subjects of the forthcoming paper by the present author in cooperation with Messrs. A. Arima and 
Y. Tanabe. : 


309 


Progress of Theoretical Physics, Vol. 10, No. 3, September 1953 
Effect of Nucleon Excited State on Magnetic Moment Anomaly 


Tetuo HAMADA 


Department of Physics, Hokkaido University 


(Received July 7, 1953) 


Approximating a nucleon in its excited state by a spinor field with higher mass, charge and spin, 
its eFects on the anomalous magnetic moment are estimated. The result for the spin 3/2 excited 
state is quadratically divergent leading to no definite conclusions. The contribution of the spin 1/2 
and isotopic spin 3/2 excited state is positive for proton and negative for neutron if this state is of 
the different parity from the normal state and vice versa if these are of the same parity, the absolute 
valu2 being larger for proton in both cases. An additional interaction, which describes the transition 
of a nucleon up to or down from its excited state when it interacts with an external electromagnetic 
field, contributes nothing in the former cho'ce of the parities while for the latter this gives an 
opposite contribution to proton and neutron. The effects are, after all, not large for the reasonable 


choice of the coupling constant. 


§ 1, Introduction 


The additional magnetic moment ascribed to a nucleon in an external electromagnetic 
field is one of the simplest properties predicted by meson theory. The lowest order 
perturbation calculations, which could accourit for the most part of the electron anomalous 
moment, have been performed by several authors.” The result that only pseudoscalar theory 
gives the correct signs for proton and neutron moments is vety promising in connection 
with various other investigations. Quantiatively, however, we meet that great difficulty 
which is common to all nuclear phenomena. Neutron moment can be accounted for by 
taking 9? /47~7, while that of proton needs g’/4n~52. These large values of the 
coupling constant imply in themselves that the higher order corrections cannot be regarded 
as small, In fact Nakabayasi and Sato” have shown that the fourth order radiative corrections 
are quite large, the corrections exceeding the second order values in some cases. Although 


-it may be a feature characteristic of pseudoscalar theory that the fourth order quantity is 


unusually larger than the second order one, one cannot help admitting that the weak 


coupling approach is not a good approximation. 

On the other hand, we have the phenomenological approach as was done by Sachs,” 
e probability that the nucleon has two pions in its self- 
This may be the reason why the lowest order values for 
Similar analysis has been recently made by Sugawara” 
He showed that the situation is very much im- 
in its excited state with higher spin and 
d since the excited states of this 


according to whose conclusion th 
field must be considerably large. 

anomalous moments were too small. 
from a somewhat different standpoint. 
proved if one assumes a nucleon to be virtually 
charge. This is an interesting conclusion to be note 
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nature seem to be necessary in various other problems such as pion-nucleon scattering, 
gamma-pion production and so on. 

The estimations of excited states of this kind have been made by Minami et. al.” 
for the single nucleon system and by Matsumoto et. al.” for the nuclear force problem 
describing the excited states by Rarita-Schwinger field.” The existence of such an excited 
state is certainly due to the strong coupling between a nucleon and its self-pion-field. 
Although it is a questionable procedure to treat the nucleon in excited state as if it were 
an elementary particle, the favorable tendency which these investigations have clarified may 
be regarded as a realistic foundation of this method. It would not be quite hazardous 
to say that this method takes at least some, if not all, of higher order corrections into 
account remedying the disadvantage involved in the pure weak coupling approach. 

It is the purpose of the present work to follow this procedure to estimate the effects 
of the excited states on nucleon moment anomalies. This may be regarded as a detailed 


reinvestigation of Sugawara’s” 


analysis. For the convenience of comparison with later 
calculations we first briefly illustrate the main steps of the calculation of the lowest order 
normal contribution to anomalous moments in § 2, which is much simplified than those 
have been performed” if we are to calculate the magnetic moments only. The most 
favorable excited state, with spin and isotopic spin both 3/2, is investigated in § 3. 
Since the interaction of Rarita-Schwinger field with pion field is of the second kind*) and 
moreover the propagation function is very singular for the high momenta, this investiga- 
tion gives no definite results. In § 4 estimations are made of the effect of spin 1/2 and 
isotopic spin 3/2 excited state. This calculation is different from normal (without 
excited state) ones. only in the charge dependence and a higher mass appearing in. the 
propagation function. The effect will be seen, however, to be quite different from the 
normal lowest order one. An additional interaction which gives the expression for the 


moment, which is linear in coupling constants, is also discussed. §5 is devoted to the 
summary of numerical results and discussions. 


§ 2. Lowest order moment without excited state 


Since this is what has been calculated by many authors previously,” only the main 


steps of the calculation will be briefly illustrated. The principle is to extract the expression 
of the form 


— MS Fa GO) on (x), (1) 


with ¢=(1/22)[7,,7,], from the one nucleon porion of the effective Hamiltonian 


Hie) =— 2 \dedr, TUES (2), Hilo), Had}, (2) 


whete 


His) =e (0) FH) Fru) +( 9.2 — 9.20) 1, @)_ 
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FI (*) =igb(#) sth (x) p(x), 1=1, 2,3, 4) 
and 7 is Wick’s chronological ordering operator.” The first and second term of (3s, 
substituted in to (2), gives the nucleon and meson contribution to anomalous moments 


respectively. These two contributions come from the processes illustrated in Fig.’ 1, in 
which (a) and (b) corresponds to the nucleon and meson contribution respectively.* 


| 
{ 


| 
\ Py 
—_———— Nucleon 
i Ann ~~ Meson 
\ Ap ERED ee ME Rs ene tne External Field 


Fig. 1. Feynman diagrams of the processes contributing to the 
lowest order anomalous moments. 


The one nucleon portion of (2) is 


f,* (x4) =— ae Ay(#)| ax, 1%, em) Sr(4—4;) Gry) FpSr(t2—*) 75 (42) 


Xitel 44-25), (5) 
and 
vig (4) a ae (zegq’/4) ae (4) |eedes (4) eS (%o—- 21) i (45) 
x {4p(4—2,) 4h (4— 42) —4p(4— 42) 45 (4—14)}, (6) 
where 
—22 i~ykh—M ten 
s,(2) = <2 fan Sm om, 
r) (27)4 J) £+m'—te 
- —21 il s fa) 
Ae) == | : Ce eA (a ie de), 
r(#) (22)* J 4+ pis r(#) Ove 7) 


m and 2 being nucleon and meson mass respectively. 
For the calculation of the magnetic moment Af (7) is such that produces the constant 


magnetic field, so that one has 
bpyAi,= (4p)? Ae=0, (7) 


where 4p, is the momentum difference between the initial and final nucleons. Further, 


in view of (1), we can drop terms of the form 


* The diagram of the vacuum polarization type is not considered here, since this gives a vanishing 


contribution. See reference 1, especially Case’s paper. 
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P(«) Taf (4), (8) 
when they appear in the course of the calculation. With these and the equation of 


motion for and ¢/ in mind calculations are exceedingly simplified. 


Transforming eqs. (5) and (6) into momentum space and writing 
WP sates =¢ (x) ’ fe?" a d (x) ’ (9) 


one obtains* 


HH, (x) ~ — £2 Ae (x) pup (*) (8—13) 9 (4) Ay, 


167° 


es A, (2) Pf (2) to (4) Any. (10) 


470 


FH," (#) 


where /, is the momentum four vector of the initial nucleon and 


a 3 1 LN San 
A, = | ax— Fy = Z 0. t=) uals and Ay = \ ax a = (1 ay a ) a eon: ( 1 ‘1 ) 
0 ma He i— 7) 0 maxtpe(i—x) 


Integrals (11) come from the use of the formula due to Feynman™ 


rl I 
BLEED Leas | foo ce SS Sa oe (12) 
abc J0 0 la (1 — e) = oxy +cr(1 —y) iF 


Noting the equivalence 


Ay’ (4) pup (2) $ (4) ~ oie! (x) dp, (x) Ou (4) ~— : 2 Fey (x) ¢ (1) ou (x), 


(13) 
eqs. (10) lead to 
n eg zi Wiles f 
ELE 320m SF OP) ou (3—t3) 6) A, , 
How — Loe F,, (2) 9 (x) o,,r (2) Ay, (14) 
8-712 w<v 
where 
1 3 1 a 
Aj =| dx 2 bei and Al=| Pie wand 8% (15) 
ae eae Pid 


with A=("4/m)°. Comparing eqs. ( 14) with (1), one sees that the nucleon and meson 
contribution to anomalous moments is respectively given by 


= : : i 
By ~ we hereafter mean the equivalence in the calculation of moments. For other kinds of 


calculations such as of the electron-neutron interaction, these equivalence do not hold. Logarithmic divergencies 
appearing in (5) and (6) are of the form (8) playing no role in the calculation of moments. 
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m= —- ee FE Al and od A (16) 
4x 47 At eo oo 


in nuclear magneton ¢/27/. 


Elementary integrals (15) can now be readily performed. Putting t,=1 for proton 
and —1 for neutron, one arrives at the final results 


2 ASD »  SA—3K AY? (4—11A+4+ 377 ue 
m= !L S See ty re Laas ee (4 1+ 34 eee eae ay) 
AIG 1 2NsAt 2 4 A 2(4—A)*? 2 


(as) 


2 91/25 ais 
m= — al {1 petiyecis cA (2: Ya ost , \ 
4m 7 iD 2 (4—2) 1/3 2 


in complete agreement with previously obtained values.’ The small value of ‘)tp" is due 
to the negative nucleon contribution in (16) and necessitates the exceedingly large value 
of coupling constant to fit the experimental data. This difficulty is greatly overcome if 
one takes the fourth order corrections into account.” However, the tendency that 
the proton moment is somehow too small still remains. On these points closer quanti- 


tative discussion will be made in § 5. 


§3. Excited state with J=3/2, T=3/2 


y 


The effective Hamiltonian, of which we take the one nucleon part, is 


Hy(2)=—1) dede,T Via), Hie) (ay) (19) 
with 
Hes) =eAg()| HF (0) 0 79 al) + (9152 9.20) |, (20) 
and . 
Hiya" [Fe TH) +FOTHM, (~)] |% ae (21) 


where Y, is the Rarita-Schwinger’s spin 3/2 field and assumed to be of the different 
parity from normal nucleon field ¢.5° 7;/ and Q are extended isotopic spin operators and 


represented as” 
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|: 0) ‘A (22) 
Baie Orgs 

B 0 a" 

0 Cray 


in the representation where ¢ ond Y, takes the forms 


_ ott 
be | ifs | | 
p= L 7.= lee . (23) 


Px | P 
Py 


H,i(x) im (21) describes the transition of a nucleon up to or down from its 
excited state with spin and isotopic spin 3/2. The second term of r.h.s. of (20) 


gives the meson contribution as in § 2, while the first term gives the excited nucleon 


0 
it 
0 
0 


contribution. The corresponding processes are schematized in Fig. 2. 


| 
\ | 
\ | 
cot 

a iamnow Excited Nucleon 


Fig. 2. Feynman diagrams of the processes giving effects of excited nucleons 
upon nucleon anomalous moments. (a) gives the excited nucleon contribution 
and (b) does meson contribution. 


In evaluating the one nucleon portion of (19) we need the vacuum expectation 
value of the form 


(110 a), F(a)} = — Gs" (ee). (24) 


The Green’s function ©” of an excited nucleon has been calculated by Minami et. al.” 
leading to the Fourier transform 


ul, 22 Sees 
(x) = Z; : : 
(27)* ee hone ie 


where 


Se ( p) = (i7p— M) by, +2 9, arp) f 
(2) = GPM) uy +s Pa UP )Dv 


Z Saeh aoe 4 
3p oD) D+ De GAT] mesg (26) 
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z Dr is 5 af a4: 
+p G PHat )itan tied breton), 


with JZ the mass of the excited nucleon. 


With this preliminary the one nucleon portion of (19) gives 


] G > ag a is ~~ ‘ > 
HM) = — AG (0) \ dele EPO 2) OE (2) 
x (3 573)¢ ) 4 (4, — 45); (27) 


for the excited nucleon contribution and 


HH," (#) = on (4) |dede, $21) SF (%e— 44) t3 P (42) 


x {47 (4—2,) 49 (2—4,) —4 44) dee —2,)}, (28) 


for the meson contribution, where 


4? 
AE Nee eI ie 
re) =e dele) 


In eqs. (27) and (28) the disappearance of 7’,’s is due to the relations 


PROT a: Z (B457,)0 and TPT T= site (29) 


The meson contribution (28) is opposite for the proton and neutron as in the case 
of no excited states (eq. (10)). Thus the conclusion that the meson current contributes 
nothing to Wp,-+Wty value, which has been observed by several authors,’” will not be 
modified even if one introduces excited states with isotopic spin 3/2. The remarkable 
difference between the present and the normal (without excited state) calculations is the 
charge dependence of the nucleon contribution. In the normal calculation the charge 
dependence is 3—z, as given in eq. (5), while in (27) awe have. 3-5 05x '- 320, ts 
positive for both proton and neutron, this being the cause of the difficulty that the proton 
moment is too small as noted at the end of the foregoing section. This shortage of 
the proton moment may more or less be made up by (27) since 3+5c, is of different 
sign for a proton and neutron and its absolute value is four times larger for the Te 
This may be one reason why the introduction of an excited state betters the situation.” 
To establish this statement, however, we have to perform the integration involved in 
(27). . 

As soon as we set about this work, we meet one of the most fundamental difficulties 
of the quantized field theory in the present form. The interaction Hamiltonian 21) is 
of the second kind (derivative coupling) and it is well-known that the theory is not 
renormalizable. Furthermore, as is readily seen from (26), the propagation function for 
the excited nucleon is much more singular for high momenta than that for normal nucle- 


on. If one transforms eq. (19) into momentum space, one readily sees that the integral 
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contains the divergence of the fourth order. It will be seen, however, that this divergence 
does no harm if we confine ourselves to the calculation of the moments only because of 
(8). The remaining divergences, quadratic and logarithmic, give contributions to the 
moments but we have no satisfactory procedures to remove these infinities. Thus we have 
to disappointedly admit that our propitious anticipation as stated above is only a plausi- 


bility variety. 


§4. Excited state with J=1/2, T=3/2 


Let the nucleon in this excited state be represented by obeying the Dirac equation 
(70+ M)¥ =0, of which the Green’s function is 


— —2t ¥p—M ips 
Gp \ 4 dE aA aL (30 
(See (27)! Pe Maze ) 
Thus the effective Hamiltonian is 
Ax x«)=— 7 \andeT {HS(*), F104) Bee Pl Bes at (31) 
with 
Hy (4) =cA," (x) |=? v (7) Ort (+) + (9.<° Peery AOE O¢s +) , (32) 
ax, OX, 
and 


HE(2) =G [ (x) TO (x) + P(x) T*O¥ (2))], (33) 
where 7;'s and Q are defined by (22) and (23), and 
Hike if ¢ and YW are of the same parity, 
OS (34) 
1 if f and ¥ are of the different parity. 


The contributing processes are illustrated in Fig. 2 (a) and (b). We will divide the 
present section into three. The first two are devoted to the calculation of the excited 
nucleon and meson contributions, while the effects of the additional interaction of the form 


Hy (x) =ie Ay (x) ¥ (x) O' Cry (¥) + comp. con). (35) 


will be estimated in the final subsection. 


4, 1. Kacited nucleon contribution 
The first term of r.h.s. of (32), Bee eo into (31), leads to the excited nucleon 


contribution 


n G ah ee | 
He (a) =" Ag (a) | derde, F(a) OS e(2—2) B +55) 
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x Tp Sr(4»— 4) OP (4,) 4, (41— 49). (36) 
Transforming into momentum space and noting the equivalence 7 


P(x) Oli (O+h')—M) 7, [7 p+4)— MJ Op(x) 
~ — 2d (x) [ (7k) — (+ Mm) leyh(2). (37) 


where ¢(x) is defined by (9) and where upper and lower sign corresponds to O=/y, 
and 1 respectively, one obtains 


Hf," (4) ~ $C Ag (a) ia (4) B+5t,)¢(x)B;, (38) 


where 


={ oF (1—+x)*(mxF M) 


P 39 
(1— +) (WP?— mex) + px oe 


If we use the equivalence (13) the excited nucleon contribution is found to be 


= 


igs <-BiG + 5c. Pir (40) 
where 
by=( aN ae AAS (41) 
(1—2) (g—#) +4r 


with 7=(M/m)”’. 

Since 7 = 1 the elementary integral 4,’ is negative for upper sign but positive for 
lower one. Thus Wt, in (40) has the favorable sign if one assumes Y to be of the 
different parity from 4, establishing the propitious statement in § 3 for the case of spin 


) intuitive analysis on 


1/2 excited nucleons. The case which corresponds to Sugawara’s 
excited states is naturally that of the different parity with no 7,, since if the interaction 
Hamiltonian contains 7, the simple model that the nucleon goes into its excited state with 
the emission or absorption of a pion will not be adequate because of the large matrix 
element between the positive and negative energy states. This conclusion will be worth 
noting if one remembers the fact that the different parity has been necessary to reproduce 
the experimental data on pion-nucleon scattering, 7-pion production,” nuclear forces,” and 
so on, inthe case of spin 3/2 excited nucleons. As will be seen in the following sub- 
section the same holds for the meson contribuion. 
The integral (41) can be readily performed to lead to the result 


Bl =F il, t+ 1 £29) h— (244) Lt Ly (40) 


~ where- 


is (2— d—g'")(— Og 2) = > 
tie ear ge cobigeye rk St 


T=? =1)74, for g=0 (M=m+p), 


(41) 
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with d=y—A+1, g=0°—4y, and 


free eae gy 
2 n 2 
T,=1+ i (ees Lh, (42) 
0 
Nc ae N 
Fa te pt a a Sy 


Numerical results will be given in § 5. 


4, 2. Meson contribution 


The one nucleon portion of eq. (31), with H/{(v) the second term of r.h. s. of 
(32): is 


a 


YE eae POC are (x) | dx dx) (x,) OS, (42—4,) Or (42) 
- 6 
x {4p(a—41) 43 (4 —4,) —4p(4—2,) 45(4—2;)}- . (43) 


After similar transformations we find 


9? 


os A,’ (4) pad (x) Ta (4) Bs, (44) 


a é 
Vghie wy ‘che = 
67" 


where 


1 a ee ee rats I 
By=| Se (1 ELE IT) Re (45) 
do (1) WP — i? 2) + 
Hence the meson contribution to the anomalous moment is, in nuclear magneton, 
Mess a By Tg : (46) 


4m 37 


i 
r 


where 


plat a OG 
do (l—4)(y—4) +42 
By is negative or positive according to whether we take O=iy, or 1. Thus (46) is 


positive for proton and negative for neutron if @ is of the different parity from ‘¢, and 
vice versa if these are of the same parity. 


The elementary integral (47) gives 


(47) 


BY=F fl + ty?) LT, (48) 
I’s being defined by eqs. (41) and (42). 
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4, 3. Additional interaction 


The estimation of the effects of excited nucleons upon 7-pion production and the 
Compton scattering by a nucleon required to introduce an additional interaction which 
describes the transition of a nucleon up to or down from: its excited state when it inter- 
acts with the electromagnetic field. Since we are concerned, in the present calculation, 
with only the weak external field, it is not probable that this transition takes place. It 
may be, however, of some theoretical interest to investigate the effect of this type of 
interaction on anomalous moments, which is the subject of this subsection. 


The interaction Hamiltonian causing this transition is fitst assumed : 


Hs (x) =ie A, (4) {F (4) O'7Ch(z) + G4) O'7.C*¥ (2)}, (49) 
where 
{ 1 if ¢ and VY are of the same parity, 
Oe (50) 
[ ye if ¢ and ¥ are of the different parity, 
and* 
Patera) 
0 «4 
0550 


with ¢ and Y represented as (23). The effective Hamiltonian is 
HA) Ss —1{ lige THiGy, HG) Hay, (52) 


| ! 


/T,' and Hf,’ being defined by eqs. (4) 


| | 
| | 
and (33), respectively. The processes we 
s have now take into account is (a) and 
(b). OfeFigs(3.** 
SS The one nucleon part of (42) takes 
the form 


Fig. 3. Feynman diagrams of the processes 
in which 473¢(x) plays a tole. 


. Tita) = ie yaks (4) : dx ax, \f (44) Se (4#—4;) Oy, Sr eo —#) O70 *To (45) 


+h (4s) OG p(*— 40) OF Se (41-4) 5D CT (44) } Se (4 — 42)» (58) 


* The choice in reference 5 corresponds to e=1.5¢, a=—l. 
** The vacuum polarization type processes will not be taken into account since these give the vanishing 
contributions as in § 2. 
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where the first and the second term corresponds to Fig. 3 (a) and (b) respectively. If 


one uses the relation 
z 2 A 
CeO AT pad Pure) ea (54) 


and performs the integrations in (53) after transforming into momentum space, one finds 

tezy 
that two contributions of the r. h. s. of (53) cancel each other for O=1 and O'=7,. 
For O=i7, and O’=1, however, these two terms give the same contributions, the moment 


for this case being given by 


5) deca onli ea ene Se Nancy leeesy OL oN (55) 


in nuclear magneton, where 


=f xdax In(a + Cee? =) (56) 


A(1l—*)4+2° 


The moment (55) is of the opposite signs for proron and neutron. Its absolute sign is, 
however, indefinite since this is linear in three coupling constants y, G and e. 


§ 5. Numerical resulis and discussions 


Before estimating the effects of spin 1/2 isotopic spin 3/2 excited state numerically, 
let us first see what the situation is for the normal interaction (without excited state) 
only. As can be seen from Table 5 the fourth order correction is quite large. The 
situation that the exceedingly large value for the coupling constant is required is greatly 
improved by taking the fourth order effect into account. Namely we can fit the protoa 
and neutron moment by taking y°/47~7 and 5 respectively. 

If we postpone the estimation of effects of the additional interaction (49) for the 
time being, we have two parameters, G’/4z and 7, in examining whether the effects of 


. spin 1/2 excited states are favorable. Since the excited state with Jif 2;ofe3/21s 


Table I. Contributions of normal interaction to anomalous moments to the 
fourth oider in symmetrical /s-fs theory with r=y2/4z. M,, and M,, means 
the nucleon and meson contribution, respectively. 


Mp My 
Fi : 2nd re ae : 4th ae 2nd order 4th order 
M°?,, 0.0754 4+0.0306x2 —0.151x ‘ — 0.0156." 
Mon =e OndiuL exe +0.0025.7 — Oni ~ 0.002542 
total + 0.036. +0.033 2 —0/262% —0.018x2 
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of no physical reality, we have no reasonable way to determine the values of these para- 
meters. In general a larger value assumed for 7 leads to a smaller value for the contri- 
bution, as can be expected intuitively. Calculations were made assuming M=m+2" (n= 
1.69), the results being given by Table II. 


Table II. Contributions of the excited state with /=1/2, 7'=3/2. Notations 
are the same as in Table I except y=G?/4r. 


| tp My 
vg pseudoscalar ae : pseudoscalar - } scalar a 
Mn 0.5337 —0.304y : | —0.133y +0.076y : 
Min +0.189y — 0.053 —0.1897 + 0.0537 
total +0.722y —0.357y —0.322y +0.1297 


It is explicit in Table II that the effects are in a favorable direction only if Vy is 
pseudoscalar, or in other words, ¢ and ¥ are of the different parity. The contribution 
is larger for proton than for neutron in absolute value. Hence one can expect that 
the experimental value can be reproduced by taking the same values of g’/47 for proton . 
and neutron if G°/47 is appropriately taken. 

We must note here that these discussions are only for the excited state with /=1/2, 
T=3/2 and must not be taken too seriously. The calculations and discussions on this 
excited state is of only an academic nature. Their significance is placed at the point that 
they may serve to anticipate the effects of the excited state of physical reality, 1. e., that 
with /=3/2, which cannot be explicitly estimated in the present formalism. As we have 
seen in § 3 the charge dependence is the same in the effects of these two kinds of - 
excited states. Although of other dependence, such as angular momenta and energy, 
we ate quite ignorant, the situation seems very promising in view of the results of the 
case of /=1/2 excited state. 

Finally we must mention that curious contribution given as eq. (55). As we have 


seen there the contribution of the interaction (49) vanishes for the favorable choice of 


parities, i.e. for Up pseudoscalar. In the unfavorable case of Wp scalar (55) gives op- 
posite contributions to proton and neutron for any values of e, G, % and 7, the absolute 
value being the same. Hence, in view of the results given in Table II, one may 
conclude that the additional interaction (49) does not change the situation, the favorable 
choice of parity remaining still favorable and the unfavorable one remaining unfavorable. 
It is quite impossible to anticipate the effects of (49) in the case of /=3/2 excited 
state. All that we can safely say is that 9, vanishes for a=1, which means that the 
proton and neutron are coupled to the extrenal field in a way given in (49) with the 
same coupling constant. Since the value v=1 is not probable in view of the previous 
investigations,” we cannot conclude that the additional interaction (49) does not affect 
the anomalous moments. However, the contribution might vanish for some choice of 


parities for Y, and ¢. 
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Nuclear Forces in Pseudoscalar Meson Theory* 
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Perturbation theoretical calculations are made of nuclear forces yielded by pseudoscalar meson theory 
up to the fourth order in the coupling constant, especially taking account of the recoil of the nucleons 
in the intermediate states. Both cases of pseudoscalar and pseudovector couplings are considered. The 
expressions of the nucleon-nucleon interactions obtained contain integrals of contributions of various 
values of nucleon momenta in the intermediate states. Expanding the integrands of these integrals in 
powers of 44/J7, and picking up the first few terms from each of these expansions, we obtain the 
nuclear ‘potentials for the case in which the nucleon recoil is neglected. These potentials are found to 
be in agreement with the adiabatic potentials which have been calculated by Taketani et. al. for the 
case of pseudoyector coupling, and by Lévy and Klein for the case of pseudoscalar coupling. However, 
the differences between the adiabatic potentials and the potentials calculated taking account of the 
nucleon recoil are found to be much larger than those expected by considering them to be of the higher 
order in y/JZ Brief discussions are made on the qualitative properties of the nucleon-nucleon interac- 
tions calculated by us. 


§ 1. Introduction 


Recent analyses of the nucleon-nucleon scattering data show that the meson mass 
corresponding to the range of the singlet even state potential should be taken to be much 
larger than the observed 7 meson mass,” and that the angular distributions of high energy 
n—p scattering can be explained only under the assumption that the odd state forces are 
very weak in comparison with the even state forces.» These facts cannot be understood 
by considering the second order meson potentials alone. The purpose of the present work 
is to calculate the fourth order nuclear potentials yielded by the pseudoscalar meson theory 
and to examine whether these potentials are favorable or not for the explanation of the 
facts above mentioned. 

For the meson theory the convergence of the perturbation theory is very doubtful. 
For the case of nuclear forces, however, this difficulty is less serious than that for the other 
cases, as far as one deals with the potential at large distances, because the range of the 


higher order potential decreases as the order increases. Even if the expansion in powers 


of the coupling constant still diverges for the nuclear forces, its reliability as the asymptotic 


expansion will be superior. to that for the other cases. For the case of pseudovector coupl- 


* The preliminary report of this paper was published by K. Nakabayasi and the present author in 
Phys. Rev. 88.!) f 
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ing, the fourth order .S matrix suffers from unrenormalizable ad ate However, for 
the nuclear forces, divergences appear only in the “contact terms , and do not affect the 
potential at finite distances. The problem of nuclear forces will therefore furnish a case 
favorable for the test of merits and demerits of the pseudovector and the pseudoscalar 
couplings. : 

The fourth order meson potentials have hitherto been calculated by several authors.” ~? 
In these calculations, however, it has been commonly assumed that. the nucleons are at 
rest in the intermediate states, in other words, the fourth order potential calculated until 
now are the adiabatic ones. However, the expression of the correct fourth order potential 
contains integrals of contributions of various values of recoil momenta of nucleons in the 
intermediate states, and, as will be shown in §5, the adiabatic potentials are obtained by 
carrying out the integrations after expanding the integrands in powers of /M, and by 
taking the first few terms from the resulting power series of e/M. But the expansions 
of the integrands are convergent only for a restricted region of the integration variable, so 
the integrations after the expansions will not always give covergent series, and will give 
the asymptotic expansion of the correct potential, if the series is not convergent. There- 
fore it is possible that the adiabatic potentials are, in the strict meaning, not the terms 
of the lowest order in 44//7 of the correct potentials, but the asymptotic forms of the 
latters, and errors in the adiabatic potentials should not be estimated only by considering 
them to be of the higher order in #4/J7. In our calculation, therefore, the recoil of 
nucleons in the intermediate states will be carefully taken into account, and it will be 
shown later that differences between the adiabatic potentials and the potentials calculated 
taking account of the nucleon recoil are indeed very large. 


We start from the Tomonaga equation for the nucleon-meson system : 
id [o]/d0(x) =H(x) Vio]. (1) 


By a canonical transformation this equation is transformed into such form that the trans- 
formed Hamiltonian does not contain the terms not causing the real processes. Expanding 


the transformed Hamiltonian in powers of the coupling constant, we have from (1) the 
equation of the form : 


iO [a\/do(2) ={ Hala) + H(2) + Hela) +--+} Ofa]. (2) 
The nucleon-nucleon interactions are contained in H, A’,,---. We can derive the fourth 
order S matrix S, from (2) in the usual way. We then find 


=i) H@)d'e=S,-> (3) 
with 
sie (—)*f 1/2[1-4€(@—2") |, (2) Hola!) ate die’, (4) 


As the direct calculation of 7, is very difficult, we first calculate Si— 30, and then define 
fT, so as to make (3) hold. Therefore the nucleon-nucleon interactions thus obtained 


/ 


* Throughout this paper, we take Z4=c= 
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are undetermined by the terms which have non-vanishing matrix elements only between 
states with different energies. Since such terms can ke reduced to the higher order by an 
apptoptiate canonical transformation, the ambiguity of this kind is unavoidable in the 
effective potentials calculated by the perturbation theory.* But the matrix elements of the 
undetermined terms will have a factor E;—£,, where £; and fi, ate energies of initial 
and final states, so they can probably be neglected in the non-telativistic approximation 
which will be made later. 

In calculating S,— >}, we expand this in powers of w/c and of p-/M, assuming that 
v/c~p/M, where wv is the initial or final nucleon velocity, 4 is meson mass, and M is 
nucleon mass. From this expansion we take the first and the second terms for the case 
of pseudoscalar coupling. For the pseudovector coupling, however, correct adiabatic potential 
is not obtained by the procedure above mentioned, provided that only the leading term 
and the term of the relative order u/c compared to them are picked up from S,—>', 
because, in the expansion in powers of /4//7 occurring in the process to derive the adiabatic 
potential, the first two terms are cancelled, and there remain the third and the following 
terms, to which, however, contribute the term of the relative order (w/c)? of S,—3}. 
Therefore we must take also the term of the relative order (v/c)* of S,—}, at least 
for the internucleon distances where the adiabatic potential is good approximation. For 
the potential at such distances, there is a maximum in those values of the nucleon momenta 
in the intermediate states which give significant contributions to the potential, and this 
maximum value is much smaller than JZ As a consequence of this, the nucleon momenta 
in the intermediate states are treated as if they are of the order of #4, in the process to 
derive the adiabatic potential.** (See § 5.) For the pseudovector coupling, therefore, in 
addition to the leading term of the relative order w/c in S,— >}, we take that part of 
the term of the relative order (v/c)* in S,—>} which become of the lowest order in 
#t/M when we regard the mucleon momenta in the intermediate states to be of the order 
of ***, Then we shall have a potential which is valid no matter whether the adiabatic 
potential is valid or not. 

On account of the assumption that v/c~yp/JZ, the nucleon-nucleon interactions 
calculated in this paper lose their validity for small values of the inter-nucleon distance. 
However it is meaningless to discuss the interactions at such small distances, as far as we 


neglect the higher order effects and eftects of the heavier mesons. 


* Araki and Huzinaga attempted to avoid this ambiguity comparing the theoretical results with the 
experiments for the case of the second order electron-electron and proton-electron interactions transmitted by 
photons. They concluded that the interactions exactly calculated by the canonical transformation give the 
correct results. See G. Araki and S. Huzinaga, Prog. Theor. Phys. 6, 673 (1951). ; 

** The equation /=2—! [(Mip)2(1—)?2+4-u] 1/2 appears in § 5, and the equation a=M-1[V P47] 
appears in § 6, where / is the nucleon momentum in the intermediate states. If 7</M, it follows from the 
latter equation that 1—w~//JZ. Then the former equation gives (y/AZ7)¢~ V 72+ p2/M, and, in §5, the left 
side of this is treated as if it is of the order of 4//Z, however large values ¢ may take. Hence /~y. 

#** In reference 1), we have dropped the terms of the relative order (u/c)? entirely. Therefore the con- 


clusion of reference 1) must be altered for the case of pseudovector coupling. 
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§ 2. Preliminaries 


We first give a proof of (3) with (4) which has been expected to hold in § 1. 
By a unitary transformation 
V[o|=U[o| Ao], 
(1) is transformed into 
100 o|/00(x) =H’ («) Pa| (5) 
with 


H’! (x) =U*{o] (H(2) —i0/d0(x)} U[o]. (6) 


We expand U/ and 77’ in powers of the coupling constant as follows ; 


H'=H,4+Hi+ Ag+: : 
Then it follows from (6) that 
Fi, = OWE; H+ Unk, HO, + > +0 * HU, 3+ Hy, 
—i0U,,/00—1U,* 0U,,_,/00 


—---—71U,5,0U /de . ‘ C7) 
We also have because of the unitarity of U/ 
UY, ote Gs, cae Shs O,— Os To a ie OY Oncy : ( 8 ) 


Now let A be a function of the field operators. We write A as sum of products 
in each of which every factor is either creation or annihilation operator, and all creation 
operators lie on the left of all annihilation operators. After this, we define the diagonal 
part of A, which is denoted by Ap, as the sum of the products of two or mote creation 
operators and two or more annihilation operators in A, and define the non-diagonal part 
of A, which is denoted-by Ayp, as the remaining part of A. Thus Ad=Ap+ Any. 

In order to determine (/, we postulate that /7’ does not contain the terms which do 


not cause the real processes. This postulate is expressed by H7¥yy=0. Hence we have 
(Aap Sos r= Tea (9) 


Using (7), (8) and (9), we can determine /7,, U,, FT, Uy,--- successively. For example, 
(7) gives 


[T,= H—1i0U,/00 
But /7yp=/7, hence we get from (9) 


200U [o|/do(x) =H(x), A(x) =0. 


Integrating the first of these equations, we have 
U[o]=—(G/2) | €(o, x!) (a! Jaa’. 
Proceeding in this way, we find for //. » and /7, in which we are interested that 


Myx) =—(i/4) | (ea \[A(2), Ha! Yod'", (10) 
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H,(x) = (4/64) fateatenatyn 
x {e@— a) <(e— 2") e(4— 2") (LA A), A +104, Ayo, A" Io 
PRD FLEES EFED EF" FL" EDD) yep, HH" A, len FPP) 
+€(@—2') €(4#— 2") (a= 2'") (2 AA spe ts | 
et lt| APO yp EDIT | ls FE"), A L2y, LAY, LT en ys, Lt) 
he (4— 2) € G4! — ze (a! — 2") 
Ue edness FI an 2 ET! EP — FP" FR = FT FL" ED), ED] 
Tet eC he eT LA (A A olan, (11) 
where we: have put for brevity //(x) =H, H(x') =H’, etc. Making use of the properties 


of the €—function and the equations 
[ #@)ax=0 ; 
\| €(4—2') [A (4), H(2') |\yodixd'z' =0 
which follow from the energy-momentum conservation, it is proved without difficulty that 


=i] H(2)a'e— (1/2) {\o 46 (4— 2) a(x) Hy(2! de de! 


= (—7)1(1/4!) | d'x,d'x.d'x,d'x,P(H (4) A(4s)H(4*,)H(4)) =S;. 


Thus (3) with (4) has been established. 

We next show how the nucleon-nucleon interactions are obtained from S,— 31. We 
denote the nucleon field operators in the interaction representation by (1) and ¢(2), 
their positive frequency parts by ¢“ (2) and d(x), and negative ones by ¢(x) and 
g(x). And their Fourier transforms are defined by 


g(x) = |e (p) explip,x,)d'P, 


(12) 
B(x) = | $(P) exp( ip, m) dip. 7 


Then the two-nucleon part of S,— >} is expressed by sum of the terms of the form 
. il a's, VQ, 8! pd 'Q20'( fi +f2—91— 92) 
Xf Dv 15 Po 9) $° (p1) OY (a:)$O (ps) OP (ge). (13) 
In accordance with what was mentioned in § 1, we asswme that the term corresponding 
to (13) in | Z)a"x with +,=¢ is given by 
—(27)7! jana A! po qo0 (Pi + Po— N—-@) 
x exp[Z (Pio t+ Pa — Pi0— 90 AIS Pv» 913 Pore) 
XP? (POL (G1) GO (2) OPM (92) - (14) 
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Then (3) is obviously satisfied. 

Now we omit from the transformed Hamiltonian //’ all its parts other than the 
two-nucleon part. Then (5) yields an equation describing the motion of the two-nucleon 
system, and this equation is written in the form 

209 (¢, 11) 12) [Ot 
=[—7a9 7 97a. 4+ (B+ 8) MPS, rs) 
+ fo PVT PD) Ore PE) aria ry. (15) 


According to the author’s previous note? on the relation between the configuration 


space and the second quantization formulations of the quantized field theory, the contri- 
bution of (14) to (9%, 9°)|17|9;’, 7°2') is found to be 
— (2) "| dp, 2°, 2° Pod Po (Pi, + Po—- Vs - Ne) 
x exp [2 (2171+ Po o— HN — Qe) | 
XPD 13 P» U2) +/(P» Wes Pr U) | 
x A® (p,) BOP A® (q,)A® (ps) BO A® (qs) (16) 
with the abbreviations 
A(p) = (28,)"\(E,+ap+9M), L=Vp + Ir, 
where f(J);, V1; Po Yo) is what is obtained by replacing £1, G10 Poor Joo by Ep» Lar Pipes 
Ey, in f( Py 913 Po 92). . By virtue of the factor 0°(p,+P.—Q,—Q>) contained in (16), 
we can separate from (15) an equation describing the relative motion of the nucleons. 
This is given by 
10P (2, *) /At=[|—71(A—a) P+ (BM +8) MIP 1) 
+ [Ole $@, rare, 


where 


2. 


_ Using (16) and (17), we find that the term (13) in S,—S? contributes to the nucleon- 
nucleon interaction (2°| 7 


yw al 
(r|Vie)=|(R+., R- 742, Re) eR’. a7 
2 2 $2 , 


””) the following term : 
s Qa)"\apag exp[i(por—qr") ] 
x[ {M93 —P, —-)+f(—P, —9; wp, a)] 
x AM (p) BP OMA® (q) AP (—p) 820A (—@). (18) 
§ 3. Calculations of the fourth order nucleon-nucleon interactions 


for the case of the pseudovector coupling 


In this case, the interaction Hamiltonian 77 in (1) is given by 


H(2) = 3) (fol) (a) 11.209 (2) 002) [34 (9) 
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Since the normal dependent term has been omitted from the interaction Hamiltonian, the 
following replacement must be done in calculating the S matrix : 


(P( APo(x) Og,(2") ) eens ce 4,(x—2'). 


2 Bij EN iy ees 7 
Oty, Ox, Ot, 0%, 


Hereafter we denote the two-nucleon parts of S, and S| by the same notations .S, 
and }}. Then SS, is expressed by sum of contributions of the graphs A, 4, C,--- in Fig. 1. 


Sy= Sut Set Sot Sp+ Si 


: nucleon 


(= = : meson‘ 


= 


Since S,, is obvious to be eliminated by the renormalization, we leave this out of conside- 


Fig. 1 


ration. Since >’ also corresponds to the graph A, we calculate .S, and —} in block. 
As was mentioned in § 1, we expand S,—}>!, Sz,--: in powers of u/c and of p/M 
assuming that v/c~p/ JV, and take the first few terms from each of these expansions 
according to the plan of approximation explained in § 1. After this the nucleon-nucleon 
interaction is derived from these terms by the method explained in Sens 

The result is as follows : 


The fourth order nucleon-nucleon interaction |”, is given by 
Vi=V44+Vin4+Ve (20) 
where 174, V, and Vo are the contributions of Ss—S}, Sz and So tespectively. Sp 
will be found to give no contribution. 
Vg= pr {Ug(2) + U4(x) (G6) + U4) Sie 
+ (6° -PUI(x) (0-7) + (69-PU)(B®-7)}, QL) 
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1 
aCe he Die \ du\8(1—w*)ue' 
0 


+2(1—v)2(14+ 402+) (14-0)? [20-4 4+ A1—u)e] 

+ 8g (2) [ue +81 —0) (142°) —“]+ (1-7 f+) 

+ (1—)2¢(u)u" [4+ (1+u)?+2(1 +4)? (1 +22) I} Ly (w,-*) 
1 


+ 4itan*| di [g(w) }" Lilt, x) 
0 


[84-24 1277 +. (3772) 4 | hz) 


+[29-'— G7/2)4-5]K,(22), ~~ G2) 

nm 3(a7) =44-° K,(2r) +[(8/3)4 +427 | Kz), (233 

nU i(4)=—42° K, (22) —[ (4/3) a? +52—] K, (24), (24) 
L 

OC ea Wines | a u'(1—u) L,(u, x) —2% °K, (22), (2:5) 


d 
0 


Vy pt,i(Us(2) +U3(x2) (6-6) + Uf (4) Se 
+ (6 .7)U8(x) (69-7) + (6 -7)UZ(x) (6®-P)}, (26) 
1 


RS (4) = BAS aa | a (1—u) au" {4—u— g(a) u* 
0 


+ (4/3)A? 2? (1—u)4u-4*4+ (1/3) A—)? ue} L, (a, x) 
4" | a u*{4(1—)*®[ g(a) J? [e+ (1/3) A—2)?] 


+g (a) PPP ar (+1 —u) + (4/3) A—a)*]} L, (a, x) 
— [atte *— (1/2) 2] Ky (20) + (1/2)4°K, 2a), @7) 


LUA) = (16/3) a4 | au u*(1—2)¢(4)Ly(u,:%) 
0 
1 


= (8/3)e8x | di u"(1—-u)| oa) fPL, Gi, xz); (28) 


1 
e 


nO pl 4) == 2k ta au u-'(1—u)L,(u, 2) 
0 
1 


— (8/3)atat| du u~*(1—«) SU) Ly (% 4) 


0 


1 


— (16/3) di u"(1—2)[ (u) P Liu, xy, nee (29) 


ORE) a4 a wu (1—u)*[ ¢ (a) |? EOC) 


0 


TT a Oe ny ee 4 s yi) 
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1 


= 21 2"'| duu'(1—u)L,(u, +) —x°K,(22), 
0 


Vo=—pte(187)*{ (6-6) 4 S.(1 434714 34-2) } ate, 


In the above expressions the following abbreviations have been used : 
4 
a= 3 (Ai/42) (Fel /4m ree, 
4 
£2 3) (i/42) (Fe [4 ee Pe, 


ro 3h (fe/4m) (fe [Ayer 
g(u) =(—4)?+Ru, -A=p/M, 

L,(u, 4) =K,(24u1vV¢(u)a), n=0, 1, 
a= |o|,2=0/0nx," c=ypr, 


¥=vector from one of the nucleons to the other. 
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(30) 
G1) 


In the following, the contributions of S,—S}, S,,--- will be calculated separately. 


(A) Contribution of Ss->> 


Notations: Throughout this paper, we denote the inner products a,6, and Mp by, 


by (a, 6) and a” for any four-vectors a and 4. On the othet hand, the following notations 


are used only in section (A) : 


(A) (BY,= Dito $ (p1) Ate tof (Qn (Pr) Br tof (Go), 


‘A) (B)-= She fo FD E, At, to f(s LOC Dp, By) BttoP(—|, Es), 


(A) (B)O= Si fe 27MM OA (p) BO AMA (q)A® (—p) B© BOA (—q). 


We begin with the calculation of >}. We find that the use of the two-nucleon 


part of /7, in place of //, itself is sufficient for calculating 3} by (4), as far as we are 


interested in the two-nucleon part of >}. The two-nucleon part of /7,(%) is obtained by 


insertion of (19) into (10), and this is found to be 


= (4/2) Fe /18) | d'#/d,, (2) 


X POCA) To PO (LPO 4) rervt6P™ 2’); 


where 


4,,(«) =3'd (x) /dx, 9x, . 
Substituting this for 7, in (4), we have 
Sh == (hy 4) ee Shite late Dial oe pot 
x (0/2)[+ (ea!) dg le—2) dua 2) 


x {PO (X) sr SO HHH) FeFaT To (2) 
XP (4!) p57 SP (eH) ToT eToP CH") 
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h(E Se 2 Penis ISN At) 
FO (2!) rot, SP al atta OE 
Substituting the Fourier representations for f, g@, S and J, and making some 


rearrangement, we obtain 
DI Dit De» (32) 


pa —1 
ro 


Si=i8( M/p)"| HB" pd! QA" Pod? Qo0 (Pi t+ Po— M1 — 92) 

x | aeat(a/2)ia+ €(2)]0(2 + M) (1/2)[1 + € 2) ]0(C+ IP) 

x ON os Qo—k—l) (hy + L5— G10— 9o0—2€) % 

x {Z—@)?+ +L ay te 

x LC py + PG, 2) +11), Gr, 2) + Mo, (33) 
D1,=227(M/p) “ A* pyd'qy@) prd'qo0"(p, + f2—Gi— 92) 

x jeeava/2yia + €(2)]0(+ WP) (1/2) [14+ €(Z) Jd + A) 

x OC”, a8 q.—k—l) [C= ps) + ey 

x =o) eS [(Zo+ 40910 Ga) (mG, k) +M)7rs); 

$2 aE 4M) 42M) + Mr) GG D +), 

Vaan ai) te ey [Zo +1,—910— 920) (riley, hk) + M) )s 

x (GH O+M 71) .t+ 2M, L+M) (GG, D+M)74)o 

42M rs &) + I1)) G7, 2 ¥M).)} . _ GA) 

In obtaining these, we have used the Dirac equations 
LEG A) +MIMP)=0, PAEG A) +I47J=0. 


Next we calculate Sy. Sy is immediately written down by the well known tules as 


r 


Su= (1/2) p-"| a"p, d'q,@ Psd iq. (Qf 91-42) 


x \ al? +M)-'[C—p,—p.)?+ Wy" 

Lo)" Yo) 

<5 ADE A +P.—) =M) 7% 2-2 5 

MMT P— DET  -M_ 16 2—D)o, 

which can be rewritten by the use of the Dirac equations as 
Sy=Sait'Sar» | (35) 

Su=8(M/1)'| d'pid'o,d'pud'g.0(D,4P.— 91-99 


r 


x joes M*) | = p,—p)? ME} : 
x[Z-p.)? +) [0-92 +P 
x (2171p) —2(7; L) 2, L)+M)2, | ; (36) 
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Sao= (1/2)er*| a B91 A "Pod Q00' (py + Po— 1-42) 


x {(8IP[ (A+ f° +I, 2)), 
— (7, 4) +2M),} (7, 2) —2M),. (37) 
The factor (/°+ 1?) 7 appearing in (36) contains the imaginary part 70(/?4 M”*) 
because of the small negative imaginary part contained in JZ Another factor [¢—p,—p.)? 
+ M°\"', when multiplied by 0(2°+ 1), becomes (7,4-2., £;+/.—2/)~', which further 
becomes (f+) '(Piot+f0— 24) in the center of mass system. Therefore, in the 
expression of S,;, the integrand has a pole at the energy of the intermediate state equal 
to the energy of the initial state. Observing (33), we see that this pole disappears when 
>}, is subtracted from Sy; In the following we calculate S4,—S1,, Sy. and —3, 


—1) 


separately. 

(A,) Contribution of Sa— >); 

In the expression of S,, (36), we first perform the integration over /,, the energy 
component of the four-vector /, remembering that 17 and yz have small negative imaginary 
part. Next we perform the integrations over #, and /, in the expression of S1, (33), 
and subtract 5}, from S4,. Then we have 

Sa Ti=i| 'A,d'g.d "pid 9.9 Di Pe 1-4) fa Dv rs Po 2) 38) 
Sa(D, Ws —P, -—D=faP. 1; —P; —9) 
+faDs 3 =P, —@) +f/a Pigs —P, —9@); (39) 
Sal(P, Ys —P, —N=—22(M/p)'Es" 
x joer (24, B,+2(b-p)—2M?+ 2} 
x (24, B,4+2(0-q) —2M?+ |" 
* {EF (74) 47a) = IP) 1) F AED). )- 
—M1) (7B) + 47-2) ET-D))-}, (40) 
NO as —p, —a) =42(al/n)' | PUL pa) 
x {€fg(2Zy etrg F 2(G E+) FY [2Z, big —2(9- 04g) — 
x ef (Ts) 2 (7 —-+ ETE) ET E4q) )-] 
+ what is obtained from the preceding term by writing —p in place of ¢ , 
(41) 
(PD, 13 =P. —Q) =22(M/p)'Ey" 
x \ DUES (E+ B,)~'[2E) Ey —2(U-p) +2 2} 
x (28, 2,—2(0-g) 42M? =p {E44 245) (74) (r4)- 
— W191) (1) + ME, [Kr) (1-4 (1) )-] | 
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£ Ete). ile D)-—GGD) (By) 
+G7 DY) GTO), (42) 
where = V224+1?, €,= Vs? +2. In obtaining these, we have used the Dirac equa- 
tions and the relation 4,=Z,. 4, has been obtained by subtracting 3}, from the con- 
tribution of the pole due to the factor (CM) in (36), tolS4..- Ji, is sum of the 
contributions to .S4, from the poles due to the factors [(Z—f,)*+ J! and [(/—g.)°+ "| 
in (36), and f4i’ is the contribution corresponding to the factor [(/—/,—/.)°+ 47°]. 
All of the integrals in (40)—(42) are divergent. But, if we cut off these integrals 
at /~yp, the magnituds of /4,, fii, and /4;’ are estimated as 
fai ~ iM, 
[cap te. (43) 
Film AUC 
Therefore we take the first two terms from the expansion of /4, in powers of w/c, and 
take the first three terms from that of /{', according to the plan of approximation explained 
in $1. We neglect 7%), because it is found to yield only the nucleon-nucleon interaction 
whose range is (2/17)7'. 
Contribution of fy. We neglect the last term between the curly brackets in the 


expression of /4, (40), since its ratio to the remaining terms is of the order of (w/c)? 
for all values of ¢. Making use of the relation L,=£,, we tan rewrite (40) as 


S aD; Y ; =P; —Q) =—22 (M/p)1Z;' 
| 
x | do | PLES [2#, B,+2(b-J)—2M2+ ey 


0 
x {EH y,) (74) IPA) A) - 
+ MU e7-t) )(1)-— (1) 7 -D))_]}s 
where 
J=pv+q(1—v). 
Performing the integration over the directions of 2, and using the relations 
GG-J) a= 4 (Aon Me 


which follows from the Dirac equations, we have 


TualPs qT; —P, —Y)=—27(M/p)! 


x | ae(GGn)e()-+ Ure) (r)-— (1) .) 


— KUM) (1) 7a) + 4) 1) -) = 2(1) 1) J}, (44) 
with 
G=Ey2 \ dl D“(1— M2 E-*) (45) 


—-o 
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H= ME 73 | dll ED 


K=Me BS Jo | dll E*[(2J)7! log D+1D-"] , 


where 
D=2E, £,—21/—2/—2M*+ p*. (46) 
The method of the calculations of G, AY and XK will be illustrated in detail in 


Appendix I. The outline of the method is as follows: We transform the integration 


variable / into ~ by means of the equations 
EL, +l=(£,+/)u, when --0o </<o, (47) 
L,—l=(£,—/)u, when 0<1<oo. 

After this we expand the integrands in powers of w/c and of /M,. noting that //M~v/c. 


F inally we have 


1 


G= | @uea~ {(1—w)?(14+40 +04)u "(1 4+)? 
0 


4: 2¢ (a) [mu *+ 87 (1— 2) (140°) 14 32(p/M) wt +v) 4 | 
+ (F/M)*45"((J/M)*— (2/M)"); (48) 


H=8\ dud" +2)? + 45'[(//M)*-- (6/M)"), 


I 
rp 


(a8 du A~'#(1 +0)" {14+20—“) (1+2)™} 


+4o'[(J/MD)*— (2/41)"] , 
where 
4=MPg(u)t+hvev(i-v), gwm=—“)?+ha, (49) 
4=+Fv(1-v), (50) 
k=|p—q|, p=|pl=la)- ge 
Comparing (13) with (18), and observing (38) and (44), the contribution of fai 
to (r|V/|r’) is found to be 


(27) *(Ml/w)'|apd'a exp[7(pr—qr’) | 


x | bor) 2 + ATI O TIE = (122) 


SR ay My G2 Fe 1) 2A P UST. OT) 


But, we find that, to our approximation, 
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(ra) tap = AR) ta, 

(14) P(r OP — AYP) = (47) "ca (DM, D), 

(Ee MY (A) 22+ (7) P(Y2) =2A)P1)2 

= (47)’r4[(/M)’+o(p, )], 
where 
o(p, = (2M) “| (4 -p) (6®-g)+ (6 py(a®-q)]. (52) 
Then, by the use of the last expressions of G, H and K, (51) is changed into 
4 (20)~°c4(M/ ps)! jor d°y exp[i(pr—ar’)] 
1 


1 
s fao4| dud-'[(1—w*)?(14+-40 4+ a4) ua? (1+0°)~ 


0 0 


+2¢ (u)u-1 +167 (1—#) g(u) (1447) “*]4+ 4' M4" fp’)? 
1 


+4 (o/My*| a A (1 422) [8u (1 +2) 8—1—-2(1 2) (14-2) 7] 


0 
1 


+40(p, gq) | duane +27) ~'[2(1 +27) “'—u—2u(1—w’)(142)~"}}. 


0 
(53) 
The sum of the last two terms between the curly brackets in (53) is rewritten as 
1 


4(p/M)° | du A" (1—u)? (1 +0) 4 (—3 +24 20° + 215 4 2) 
2 1 
+4a(p, q) | du 47° =n)? 1+)? (242). (54) 
0 ’ 

But this is of the relative order (v/c)” compared to the first term between the curly 
brackets in (53). We therefore neglect the last two terms between the curly brackets in 
(53). Because of the relation /°"=/°+°—4d,, the second term is rewritten as dy‘ 17-4 

x (’—4d,)*, which can be replaced by (/4/7)*45', since we ignore the contact interaction. 
Thus the coefficient of exp|¢(yr—qr’) | in the integrand of (53) becomes a function of 
K=p—y alone. Therefore (53) represents the ordinary potential not containing the 
velocity dependence. To obtain the potential, we replace \@pda exp[7(pr—qr’)] by 


ah exp ee in (53). The integration over K is carried out by means of the formula 


jor Kexp (kr) (a+ Ovu(A—v) | '= (87° [eB (2ad7'r). (55) 


Then we finally have for the contribution of teas 
1 


PT 4M {44-4 x faulty +40? + ula" (1 +20?) 


0 
+22 (w)u~° +16 (1—2) 2 (x) (i #) 7") LG). 4 4a (2x)}, 
(56) 


where 4= pyr. 
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Contribution of fx. We expand [2/,€;,,42(¢-l4+q) +°]"| appearing in (41) 
| in powers of [2(¢-l+q)+/°]/2Z,€;,,, and take the terms necessary for our approxi- 
mation. Then, taking account of the relation (l-p—q)=(l+q-h) +#°/2= (l—p-k) 
+°/2 with k=p—q which follow from |p|=|q|, we have 
a2 13 —P, —G) =7(M/p)*E,” 
x {fat Ce g-he) 42/2) Ur) (74) 
+ (225) ~*(74) + (74)- 2(@ 04 Q) +)" erg 
+7 -E4+G)) (87 - E49) )- ere 
+what is obtained by writing —p in place of g in the preceding term}. 
(57) 
This is calculated in the following way (The detailed illustration of the method will be 


given in Appendix II): We write /—q in place of ¢ in the first integral in (57), and 
l+~p in place of J in the second integral. In doing this we must take care of the 


ce 


treatment of the “surface terms”. After this, the integration over the directions of U is 


carried out. Finally we remove the path of the integration over / from the real axis to 


the imaginary axis. We thus have 


Fispa: paar aie sso 


x pa) (rs) Latah 1) 4+ 8 (wt 1) "4 8(a# 1)" 
+ (w= 1)? ]—4(7) (7) A (a? 1) "9, (58) 
where =|p—q|. 
In this case, we have 
(ry O(r) 2 = (42)? ral +o, W)/2] 
(TPMT) P= 2) tale (P, D 
2M) 7 [2 2(G 0) + (le-0®) (He) }, 
where o(p, Y) is given by (52). Then observing (13), (18) and (58), we have for 
the contribution of fi; to (#|I/\7") 


—T, aan) | div {41-? (w? — 1)'?+8(w?— iy) 82 


i 
4 8(we2—1)'? + (a? —1) 77 + (ee — 1)'?p? [1-6-6 ) PP 
+ (o%-P,) (6 -F,)}} | an exp (dkr) (°+ 4" Ww?) ~ 
42,0 | (6M -0,) (GO Py) + (6-7) (6 Pi) 


x ((r—r’) | dee (aw? — 1)! | ath exp (2/1) (P+ 4Pit) (59) 
fi 


where 


V,=d0/er, Vi»= a/or"’. 
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Making use of the formula 
| ae (z?—1)"- jak exp(zkr) (2° +41" 2) 
1 


= 20 '[ P(t (1/2)) /P 0/2) (or) "Kn (2H) 
we have for the operator corresponding to the matrix (59) 
spiny (ore Flor, ) Kgl 2x) 
(Aste 41247 +-186~ ) KZ) 
— (6.6) [42-°K, (2x) + ((8/3) 4° +424") K, (22) | 
+: S}\,[42 °K, (24) + ((4/3) 47° +54) K(24) | 
+ (6-7) 2K, (2x) (6-7) + (6-7 )z7K, (24) (0 -V)}, (60) 
where 
| V=0/0x, H=pr. 
(A,) Contribution of S42 
S4o is calculated from (37) in the usual way. The divergent integrals appear in 


S42 because of the derivative coupling. For these integrals we use the formulae 


ja (4? 4 A) ?=lim 77°[ 2 log(ZL/p) —1—log(A/p") ], 
L->o 


\ ah (+ A) =lim iz?[ 12-2 log (L/p) +A log(A/p?) ] 
IL>o 
We then obtain from (37) 


3 etd pd gid pad g.9 (P42: a 9h al Ms 13 Po Qo) 5 
with 
1 


TalPu a3 Pe» qo) = 20° | ae {(4/) ~L(L£/p)* 


—4(41P p+ 1)log(L/p) +12(M/p)? +1 

— (1/18) 2 (pi— i)? (12 log (L/t2) +1) ru) (7) 2 

+p (M/p)"(2 log (L/) -1){1) (1) 

+2(24) "4, log (40/1) (ads Tudo 2 (M/p)? log (4o/p?) (1141) 9 


+ un (ai/1)*| udu log (17°) Fi Gin) 


1 


—4 (Alf pi)" \u(1 =n) du d(1),(1)« 


— 2" (M/p) aie —u)°dua~* 


x[(1) 27, Pi) ot (7, Po) {1 ol} , (61) 
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where 
4.= + (A—4)*v(1—v), 
A= Mig (u) + (4) 0(1—0). 

We can drop the first and the second terms between the curly brackets in this ex- 
pression, because these terms yield only the contact interactions. If the nucleon momenta 
in the intermediate states are considered to be of the order of wv, the factor 1—w appear- 
ing in the last two terms is considered to be of the order of 4///, as was explained in 
the footnote in § 1. Then we find that the fourth and the sixth terms are the leading 
terms, the fifth and the last terms are of the first order in w/c, and the third term is 
of the second order in u/c. Therefore we can replace (7,)1(7,)o in the third and the 
fifth terms by (1),(1)., and 7(7, f;,0) in the last term by —J/, because error introduced 
to these terms by doing this is of the relative order (w/c)” compared to themselves. 


Then we have 
1 
JaD; 25D; —q) =—20°(1),(1)_| ao 


1 
ra 


{y* (MM/12)* log (4,/##) +4 (M/p)*|\ ww) dud 


0 
1 1 


—2(W/p)* \ duu(i1—u)?d-'— pe? (M/p)* \ udu log (4/p’) 


0 0 

—2 (2p) "do log (4,/p") } ’ 

- where 4 and 4, are given by (49) and (50). The contribution of fy. to (#|I/\9"’) is 
easily obtained by observing (13), (18) and the above expression of fin a Ol as 
appearing in this contribution is approximated by (47)°r,,[1—o(p, q)/2). The integra- 


tions over K are carried out by means of the formulae (55) and 
1 


ja \ d°k exp (ikr’) logla + °° v(1—v) ]= — 822 abr 7K, (2ab'r), 
0 


7 
jae ak exp (ikr) 4, log (4,/") =" gm? (yr) °K, (2p) + (ur) 1K, (2 pr)]. 
0 
Then the contribution of S,. to the nucleon-nucleon interaction is, in the operator form, 


found to be 
ya ae Lee Bel (2) 0, ea (2a) = (1/2) gS (2x) 


gett | de aie) La(6 2) arte? dule @VLiQ6 2) 
0 


zs (o ae (x) (6 V)+ (6®-P)a(a) (o® -V)' (62) 


with 
1 


a(x) 417 a jaw (1—u)u"L(%, x)—x'K, (2x). 


0 
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(A;) Contribution of — >» ; 
In the expression of >), (34), we perform the. integrations over 1, ky and K, an 
drop from the integrand the terms whose ratios to the leading terms are of the negligible 


order in u/c for all values of @. Then we have 


—D=2 java d'q,d'p.d'q.0'(p, + 22—%—92) Fao Pr O13 Po» 92) 
with 
So(P, 13 —P, —Y) =—22(M/p) pe 
x | ole? [2E E,+2(l-p) —20 + 2} 
x [20,2,42(0:qg—-2 +e} (4,-) 
x L274) 4) - + MLE -D ) (1) -— 1) 7 -D))-F 


If we cut off the integral in this expression at /~/4, the order of magnitude of /y» 
is estimated as follows : 


Foo~ PM pe 
Comparing this with (43), it is expected that —>}, gives negligible contribution to the 
nucleon-nucleon interaction at distances >//-'. But, since 51, contains the integral with 


the strongest divergence among all terms of S,— >'!, — J, is expected to give the interac- 
tion with the strongest singularity. 


Since fy, is of the form similar to f4,, the contribution of — S}, is calculated in 
the same way as that of f;, and is found to be 


1 


prgn wa al {2(1—2)*(1— wv)? (14-40 +04 )u (14-07)? 


+4(1—u)g(u)u i+ 1-7) tu? A+) 
+ (1-2)? go (u)yu"[14+2(14+2)~*}} Lo (a, x). (63) 


Summing up (56), (60), (62) and (63), we obtain I”, given by (21)— (25). 
(B) Contribution of S», 


In this section, we use the following abbreviations : 
(A) (B= SV fe PD) Ae to 8 (HF (D2) Brot (Qs)> | 
(A) (B)-= DAS EG@, Ey) At tab, Ly) x P(—P, By) Beaty (=a, E,), 
GA ( BY ®) asi fet Ore ee ti 
x AY (p) B® APA (q) A® (—p) B® BOA®(—@), ; 


Following the Feynman-Dyson rules, the expression of S, is immediately written 


down. By the use of the properties of the 7-matrices and the Dirac equations, this ex- 
Pression is rewritten as 


Sr=Sm+ Sm ~ (64) 
Su=i| a'p,d'9, a 9@*9.0' (py +P2—9i1— 90) Fri Py, q > Pa Q2)> (65) 
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Tau 13 P» 92) =—18 (Mju) \ ate G(r, 2) (27%) &) Yo 


x (PEE h+ pay t Eten tM e+ ey+ ey, 
(66) 


FEACZO ‘i P» 92) =a fey. G/2) er] dk #2) “LA+A Siti Bei a 


x {(i(7, 2) +2M), (7, &) +2M)_ 
4M? | (2+ py)? + Mrs 2) 2) +2)» 


—4M*| (b+ go)? + MG (y, &) +2M) 0 (7, &)) 9} - (67) 
(B,) Contribution of Sm 
Fm is calculated in the usual way, and we have 
1 1 
Fm(Pr V3 Po 92) =— 40 (M/p)} je | de 
(68) 


x fu(1— 0) Ap) (ra)a- 24d 
x ( (7/2) (7, Pot Go) A—w) — Mw), ( (2/2) (7 Bi +¢,)w—-M A —wW) po} 


where 


4,=4—[2M?+ (fp, 92) + Gu po) |\A—#)? ww). 
By the use of the Dirac equations it is found that the last line of (68) can be approxi 


mated by 


MAAN AT + M1) Agr) + (Eri —M).(1)-] , 
when P,=—P.=p, and q=—%= 
In this case, we have also 
4,=44+ (4f—#7)(1—u)’w(l—w), k=|p—q|. 


We therefore expand 47’ and 4~° appearing in (68) in powers of (4 pk ee Then 
the integration over z’ is easily catried out, and we have 
if 1 


fa, 13 —P, —®) = —4n"(M/y)'| duc| dona —u) a> 


x (71) (74) +41) T)-- 21) 1) - 
4 M1) (Egy —M) + (Bate M) (1) 2 
+ (1/6) (7+ (74) -<A— 4)? — 49") a> 
= @/3)(1).41) A) (4 Paes. 
Observing (13), (18), and the above expression, and using the approximate relations 
OUD E+ DLT) 2 = 42) 22 {1+ G/2)4M D 
£2) [6—0 0) + (he-6®) (Ie-0)]} 
ECO Ga) P+ Sr) SAD) 2) > — M1) (1) 
= (42)?r, M1 + (p/M)?+o(p, 2) /2}; 
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the contribution of S,; to (7|V/|7’) is found to be 


1 J 
cpt (MI uy o(r—") | aw fafa exp (sk) u(1—u) 4 
x (14 (2M) [#2 A—o.6®) + (k-o) (k-o)] 
201-0)" B/12) 41 2/3) ay ee} 
+ eon) (2M) (0° -P,) (69 -F) + (G-F,) (0° Pn) 
1 1 


x {(8(r—1") | a | ee J ak exp (ikv)u(1—u) 41 [3 -2(1—w) 24} 


0 0 


1 1 
+t,% °(M/p)1(1/3) Jav{ao} dp a°q exp|z (pr—|r’) | 
x fu(1—n)'4[ (1—n)? Md —1). (69) 


An ambiguity occurs in rewriting the last term of (69) into the operator form, 
because (69) has been obtained under the assumption that P=|p|=|q|. In the operator 


form, however, this will be written in any case as a product of two differential operators 


and the function 
1 


1 
(ay/riy' | au | do | ah exp (kr) u(1—n)°4~2[ (1 =n) 224-1). 
0 0 


This function is transformed into 
1 
4m? po mf (1—a)* du {a(1—u)? ug (uw) | 1 LZ, (a, #) 
0 


+ hu". g (wy? [ 1—w)?/e(u) 2] Lyon 2}, 
and this is found to tend to 
27" wo {K,( 24) = 24K, (2r)— K, (24)}=0, 
as A->0. Therefore, we can consider the ratio of the last term of (69) to the first term 


to be of the order of (f4/J7)*, though it is apparently of the order of (u4/JZ)*. We 


therefore neglect the last term of (69).* The remaining terms yield the operator 
1 


Wait OA ak oe jaca —u)u*[1+ (1/3) 1—2)2 ua 


+ (4/3) 472? (1 —u)4u'—¢(u)u |Z, (2, £)- 


* This reasoning is farfetched one, and it is obviously one-sided treatment to drop this term, only taking 
the velocity-dependent term 


#S (er) [ea Ua") tenU a" (8 OF) 


which also vanishes in the adiabatic limit. However both of these terms are numerically so small that they 


are considered to be neglible to our approximation. Nevertheless, we took the latter under the expectation 


that it will give something interesting, because it contains the spin-orbit coupling 


= 2n Se [ta U4? (x) +72 Up? (#)] (S-L). 
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40 | dud uu. ¢) [40+ Bag (w) 
+ (4/3) ees es (4/3) (1—u)?u*.¢ (a) |Z, (u, #) 


+ (a. 6)[ (16/3) at | dea =we(u)u Ly (u, x) 


0 
1 


+ (8/3)a~ *fdu(a —i) (oa) eu Ly (a, x) | ! 


0 


— S1.[ (8/3) 4447 ae —u) g(u)u*L,(u, x) 
0 


0 
1 


+ (16/3) wx | due(1—n) Gi) jYu Lu, x#)4 


Ge (6 V) (a) (o , PV) = (o® -V) d(x) (G@ -V) (70) 
with 


1 
EA AT oe ae | a (1—u)u"'L,(u, x) 
0 


1 
—4%"| dia —u)'g By BOS IN; 2): 
30 
(B,) Contribution of Sys 
fio given by (67) is calculated in the same way as fy», and we find that fj. is 
obtained from the expression of fy (61) only by changing the signs of the appropriate 
terms of the latter. Therefore, the contribution of Sj,» to the nucleon-nucleon interaction 
is obtained from that of S4. (62) only by changing the signs of the appropriate terms 
of the latter, and is found to 


ptpn i {—407 2K, (24) + (1/2) 4K, ry 4 (1/2) eK A2z) 
4+8A-447! Jaa —u) (3—u)u* Lu, #) 
—4ira*| du [e@) [eta 2) 
+ (0° -P)alx) (4-7) + (09 P)alz)(o-P)}, (71) 


where a(x) is given below (62). 
Summing up (70) and (71), we obtain |’, given by (26)—(30). 
(C) Contribution of Sco and a remark on Sp 
So is calculated in the usual way, and we have 


344 tompls? sate 


So=SaotSars 
Soy=— (1/2. Dit forye? | di yd rps (42) 
x Pa) Ts rs : Tot P (41) P (42) Fs7yToP (42), 
So, =ila'p, d'9,0'\pod'g.0' (pit fo—H— 9) foi Pv M3 Pe 92) 
Fal Du 913 Po 2) = — 80° (M/p)' Lhe Jo 
x P(A) TpToT oP (Gi) -P(Po) 15TH (9s) 


x | ae de {2u log (A/Ay) | (fr— a1) + FY 


+20 (1—u)v(1—v) Ay A 
+2 (1—20)"(Ai— a) Aa) +e] AY, (72) 


where 

A=MPw + A—v) + (41-91) #vA-v), 

A=W? 2? + Au) — pew v(A—v). 
Sco is eliminated by the renormalization of the coupling constant, though it has a divergent 
factor C. The magnitude of /%, is of the order of f4~*. Remembering (43), we there- 
fore find that it is sufficient for our approximation to take only the leading term in fg. 
Then we can neglect the second term between the curly brackets in (72). The first term 
is of the same order as the last term in the magnitude, but this is found to give only 
the interaction with the range (2/17)~'. We therefore neglect this term. In the last 
term, we can replace the factor (~,—9,)” by —y’, and A by M7°2°. Then we have 

So(Pv 913 Per 92) = (4/3) 2 (A/p)* 

x De to SP D)7rst> To Tp (gi) -D(Ds)75ToP' (Go)- 

Thus we see that So, is of the same form as the second order part of the S matrix. 


The contribution of S,, to the nucleon-nucleon interaction is therefore obtained in the same 
way as the second order potential, and is found to be 


Se OBE 2/47) (fo2/40) TOPO .Or® 
a {(0®. a) + Sy(1 432714347) } ale, 
This is Vo given by (31) 


Si is calculated in the usual way, and we have, dropping the term eliminated by 
the renormalization, 


So=i|d*p.d'g.d'pad'g.3\(P,+ 2-440) fn (pp qi > Po Qo) 
with 


JSn.= — 327° DSc! (M/p)? ue? CPi ite (a1) 2 (po) 15 ToP (Go) 


x urls o(12)de dar #o(1—2) (1) 
x AP o(1—v) [I — wv (1—v) (1—w) 
+ (f1-9;)?v(1—v)w}" 1/12}. 
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Jim is of the same order as fo, in the magnitude. But it is obvious that /,, yields only 
the interaction with the range (27)~'. Therefore we neglected the contribution of Sp. 


§4. The fourth order nucleon-nucleon interaction for the case 
of the pseudoscalar coupling 


In this case, the interaction Hamiltonian is given by 


4 — 
H(2) =i >} G09 (x)rstof (4) Go(2).- 


As in § 3, S, is expressed by sum of the contributions of the graphes A, B, C,--- 
ca sh Saas ee 


S,=Syt+ Set Sot: 


In this case, no cancellation occurs among the leading terms even in the adiabatic 
limit. We therefore take the first and the second terms in each of the expansions of 
S4u— D3, Sz, Se-:: in powers of u/c and of u/M. Then Se and S), are found to give 
no contribution. On the other hand, we find that S,, S,, and S) for the pseudoscalar 
coupling are obtained by multiplying Sy, S»,, and S}, for the pseudovector coupling by 
(4/2M7)" respectively, and writing ¢, in place of f, in the latters. _ Therefore the contri- 
butions of S,— >} and of S, to the nucleon-nucleon interaction are obtained from (56) 
+ (60) and (70) respectively by replacing /, fo by (4/2I7)*2,° go in the latters. To 
the approximation mentioned above, we thus have for the fourth order nucleon-nucleon 


interaction for the pseudoscalar coupling 


V,=p(u/2M)? | t4 Wa(4) + te W(4)] (73) 
- with ; . 
1 
1 W (4) =A x! | dues (a —u’)?(1+40 4+) (1+0)~ 
0 
+22 (u)u-*| Ly (u, x) —« °K, (24), (74) 
L 
EW CA) S 2h ee {au (1—w)u"L,(u, *) 
j -0 
4a) du(1 —u)ru g(a) \'? L,(u, *), . (75) 
f 0 
__ where 


a= 33 (ge /4) (got/4z) ef eee 
p,o 


ra (ge /4m) (get 4n cP ePeP. 
P, 


§ 5. The adiabatic limit 


In this section, we will derive the adiabatic potentials from the nucleon-nucleon 


interactions calculated in the preceding sections. By the adiabatic potential, we mean the 
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are at rest. For the 


potential which is obtained under the assumption that the nucleons 
is that the 


case of the pseudoscalar coupling, however, the meaning of this assumption 
nucleons are brought to rest after the Dyson transformation has been made. For the case 
of the pseudovector coupling, the adiabatic potential is obtained by making 4/7 tend to 
zeto in the nucleon-nucleon interaction calculated in §3. For the case of the pseudoscalar 
coupling, the adiabatic potential consists of two terms, one of which has a factor (u/ JZ)’, 
and the other has a factor (/4/J7)*. Therefore, to obtain the adiabatic potential for the 
pseudoscalar coupling, we must expand the potential calculated in § 4 in powers of »4/JZ, 
and take the terms in (/J7)? and in (y4/M/)*. For both the cases of pseudovector and 
pseudoscalar couplings, it is necessary to expand the functions (/,', U,f, etc, W, and Wz 
appearing in J’, in powers of A=//7. For this purpose, in the integrals of the func- 
tions of 7 appearing in these functions, we transform the variable 7 into ¢ by means of 
the equation 
t=u[A-(1—2#)?*+u]”, 


and expand the integrands in powers of A. After this, we perform the integrations. 
However, it is question whether this procedure does or does not give the convergent 
expansions of the functions (/’s and /1’’s in powers of 4. By the above transformation 


of integration variable, the integrals of the form 


J 


jew (uz) L,(u, x) 


( 


contained in the expressions of (/’s and //’’s are rewritten in the form 


( TO eee eee 
ar Sree b(t EPA oe 
| TA?) a—#2)2 j A inte ) K,,(2tx) 


with 

T= (—142/4)'”. 
In expanding the integrands in powers of 7, there occurs expansion of, say, (1—/7°)™". 
But this expansion is, in principle, not allowed, because A‘ can take values larger than 
unity. One may think that, because of the factor K,(2tv), only such values of ¢ that 
t<1/24% give significant contributions to the integral, so the above expansion is practically 
allowed, as fat as 4/2v<1 or ry >(2/7). However, the following example shows that 


the integration after this expansion will perhaps not give the convergent result: Let us 
consider the integral 


which is of the same character as the integral in the question. Carrying out the integra- 


tion after substituting (1—As) 7! by >14"2", we obtain the series 
n=0 


(e*/4) 2am! A/a)" Si a/m!, 
t= m=0 
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which is divergent for any value of +. Therefore, when we approximate the original 
integral by the first few terms of this series, the error of the approximation can not easily 
be estimated. Therefore, accuracy of the adiabatic approximation can be estimated only by 
comparing the adiabatic potential with the correct one. 
Case of the pseudovector coupling In this case, the expansions of U/,° and of 
U,° begin with the terms in 2°, but it will be found that the terms in A~? as well as 
the rerms in A~' are cancelled ultimately. We therefore take the terms in 27-2, in 47! 
‘and in 4°, and drop positive power terms. In fact, it is meaningless to take the positive 
power terms, because the terms neglected in calculating V, will contribute the positive 
“power terms on account of the approximation taken in § 3. The expansions of U,’, 
U;, Uy, and Uy begin with the terms in #’, and we take these terms only. Then we 
have? from: (22)—=(25), (27)—(30) 
ESAS SEALY eRe ay | tK, (2txr) dt—«"K,(22)} 


1 
o 


= ait [ete(2 (8-1) "K,(2t) — 2H 1 42/4) EK Ot) 


1 
co 


+4471 \ tdt{2(92°—4) K,(2tr) — 34 "tK, (2tr)} 
1 


+ (1/2) [411— 374-4] K,(2¥)— (1/2) [2447° + 374 "| K, (24), 


2U(x) = 4a | 1K, (2tv)dt—20*K,(22), 


1 


o 


aU ° (4) = si| (3a! cK, (2tr) —2(¢?—1) K,(2t4) |at—44-°4 °K, (24) 


1 


37 | de{es[40(e— 1)? 412(22—-142/4) "| K, (24) 

: . 9 , 
—[8(4—1) (2-1) "447 (2 —147°/4) PK (244) } 
+ (1/3) fa {(32xt°— 64 (x—247") 2° +32 (4—24")t] K) (2) 

1 


—[17621—24(6 +47°)¢?4+16|K,(2t4)} 
+ (1/2) 47K, (2%) + (1/2) 44K, (24), 


nU (x) = (8/3) flze PK, (2tx) +4707 K, (2s4) |e, 
al 


ws (xe) (2/3)a7"| {(34°4 407] Ky (2te) + 827K, (244) } tdt, 


i! 
fos) 


nO, (4) = jl4 (f=1)K, (Qt) —277 tK, (2t«) |dt—x°K, (24). 
1 | 
Carrying out the integrations by the use of the formulae given in Appendix III, we have 
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Ue (2) = —U (4) = (27) * { (4441 4-234 *) K, (24) 


+ (127 232 ik, 27) 79) 
9 a Ps 1 
Ue) =U § (x) = (32) {124K (24) + (84° 4124") Ki (24) }, (77) 
U (x) = U;,f (4) =— (32) “1 {124K (24) + (4474+ 1547) KG G#)\ 5 < aes) 
79 
U(x) =U, (4) =0. (79) 


(20), (21), (26), (31) together with (76)—(79) give the fourth order Gia 
potential. It follows from (21), (26), (76)—(79) that, for the charge symmetrica 
theory (A=A=fi=hr f=): 
Vat Va 2S /42)*(2/2) 3 
x {=r . 2] (427° 4 2347) K, (24) + (124 74+ 232-4) Ki (24) | 
+60.6[124 °K, (2x) + (8x74 124") K, (24) | 
— S1[12473K, (24) + (4072+ 15477) K, (24) ]}- (80) 
This is in agreement with the fourth order adiabatic potential calculated by Nishijima? and 
by Taketani, Machida and Onuma.” These authors neglected /”¢, but /I’¢ is practically 
negligible, because I/)/V7,= (67) ~'( f°/4z) ~0.01. . 
Case of the pseudoscalar coupling. The expansions of IV, and IV, given by (74) 


‘ Ae ares eae af 
and (75) in powers of 4 begin with the terms in 4°. Taking the terms in /° and in 4 


only, we have 


tW4(2) = — 277K; (224) 


foo) 


42a! \ [3e(e2—1) "2-4 29(¢2-14 2/4) "| K, (20x) dl, 


1 
oo 


tW,(2)=— 22 (2?—1) K,(2tx) — x'tK,(2tx) |dt 
1 


co 


of a) ae (82°— 2) (2—1)"".K, (24) 


1 
—a"2[4(22- 1)? 4 (2—14-2/4) | K, (20x) }. 
Performing the integrations by the use of the formulae given in Appendix III, we have 
W(x) =Wy (2) 
= — Tx Ki (24) + (u/2M) a (14-47) 20, (81) 


(73) and (81) give the fourth order adiabatic potential for the case of the pseudoscalar 
coupling. In the charge symmetrical theory, this potential becomes 


Vi=—p(g°/4n)*(4/2M)*{ (6/2) 22K, (2x) = (4/2) 3x7 (1 $2 | 
(82) 


This is in agreement with the potential which was first calculated by Lévy,” and then 
corrected by Klein.” 


Tae 
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§6. Numerical results and qualitative discussions on the properties of the 
nucleon-nucleon interactions calculated in the preceding sections 


o 


coupling are evaluated from (22)—(25) and (27)—(30) taking M//v=6.68, and are 
tabulated in Table 1. Numerical values of the functions W, and W, appearing in V, 
for the pseudoscalar coupling are evaluated from (74) and (75), and are tabulated in 
Table 2. 


Remembering (47), we see that the integration variable ~ in the integrals appearing 


Numerical values of the functions (/,°, U,°,--- appearing in |”, for the pseudovector 


in these functions is related to the nucleon momentum / in the intermediate state by 
a lial a Rete 7 ey a 


However, for very large values of /, the perturbation theory adopted by us will lose its 
validity. Indeed, if we take all the iterations of the second order self-energy part of meson, 
the meson propagation function 4,(/) is replaced by 


Ay! (4) =4,(2)[1— do(2) 4,(2) 7, 


where 4¢(%) is the second order self-energy part of meson, as was shown by Hu.” For 
the pseudovector coupling, 4,’(%) decreases much more radidly than 4,(%), as 2° increases, 
for such values of £° that #°=> A7*, if the value of the coupling constant is taken as 
f°/4m~0.1. Therefore the use of Jj in place of 4, makes the contributions of the 
virtual mesons with momenta = J7/ to the nucleon-nucleon interaction much smaller than 
those in the previous calculations. The iterations of the second order self-energy part of 
nucleon will yield a similar effect. We therefore made numerical calculations of the functions 


Table 1 
x O4¢ O45 U4t Oy Ope Ups Opt U3? 
0,20 9277 1963 —2374 —19,61 —1378 536,0 —789,6 — 14,26 
0,30 622,2 253,8 —298,8 — 4,466 —243,1 93,04 —125,9 — 3,466 
0,35 249,4 116,0 — 134,6 —2,498 —124,4 46,77 —61,18 —1,981 
0,40 112,0 58,68 Leyak 224.496). 71,00 24,22 23y7r_.| 21,187 
0,45 56,97 32,06 — 36,12 —0,9418 —44,10 14,90 —18)31 —0,7573 
0,50 32,15 18,59 — 20,64 —0,6174 —27,49 9,111 —10,90 —0,5024 
0,60 Late 73: IES AE) —7,728 —0,2914 —11,03 3,792 —4,335 —0,2418 
0,70 4,976 3,162 —3,310 —0,1507 — 5,192 1,770 — 1,943 —0,1271 
0,80 2,369 15535 —1,562 —0,0832 —2,633 0,8995 —0,9513 —0,0710 
0,90 1,236 0,8006 —0,7935 —0,0483 — 1,443 0,4888 —0,4983 —0,0416 
1,00 0,6869 0,4418 —0,4270 =0,0293 —0,8424 0,2761 —0,2735 —0,0253 
1,10 0,4047 0,2549 —0,2405 —0,0183 —0,5091 0,1629 —0,1568 —0,0159 
1,20 0,2467 0,1525 —0,1407 —0,0117 —0,3167 0,0992 —0,0930 —0,0102 
1,30 0.1560 0,0940 —-0,0849 —0,0077 —0,2019 0,0621 —0,0568 —0,0067 
1,40 0,0999 0,0594 —0,0526 —0,0051 —0,1297 0,0397 —0,0355 —0,0045 
1,50 | 0,0665 | .0,0384 | —0,0333 | —0,0035 | —0,0859 | 0,0259 | —0,0227 |. —0,0031 


0,90 —0,0059 | —0,0301 | 0,0401 | —0,1563 
1,00 —0,0054 —0,0192 | 0,0090 —0,1016 
1,10 —0,0044 —0,0125 | —0,0021 | —0,0671 
1,20 —0,0034 —0,0083 | —0,0055 | —0,0450 
1,30 —0,0025 —0,0056 | =0,0058 —0,0305 
1,40 | —0,0018 —0,0038 | —0,0051 —0,0209 
1,50 —0,0013 | —0,0026 | —0,0042 | —0,0145 


Je 


oy Uyf,-+, Wy and W, for the case in which the lower limit of the integrals appear- 
ing in these functions is cut off. at #=0.4 which corresponds to /=J/Z, and we found 
that effect of the cut off is negligible for 1 > 0.4 in the case of the pseudovector coupling, 
and for +> 0.3 in the case of the pseudoscalar coupling. It was to be expected that the 
effect of the cut off is larger for the pseudovector coupling than for the pseudoscalar 
coupling. 

We compare the potentials calculated by us with the adiabatic potentials. We first 
consider case of the pseudovector coupling. We see from Table 1 that the ratios of (/,” 
and of (/,," to the other functions are numerically of the order of v/c. So we can neglect 
(7,’ and U;,° consistently to our approximation. In the adiabatic limit, (/,° and /,! are 
respectively equal to (/,° and (/,' given in Table 1. Therefore we see that the absolute 
values of (/;,- and U/;' in the adiabatic limit are larger than those in Table 1 by about 
5096 of the latters at x~1. We found also that this is true for OF and .G ns ig as 
we find that effects of the nucleon recoil is so large that they cannot be neglected. For 
the pseudoscalar coupling, IV, is equal to I”, in the adiabatic limit, and we found that 
WV, in the adiabatic limit is numerically not so different from that in Table 2. Therefore, 


as is seen from Table 2 neglection of the nucleon recoil changes general features of the 
nuclear potential entirely. 


Pseudovector coupling, Symmetrical theory We study the properties of the 
nucleon-nucleon interaction for the pseudovector coupling, taking the symmetrical theory 
(fi=fr=fs=fi f:=0). Potentials for the various states of the two-nucleon system are 


easily obtained from (20) —(30). Including the second order potentials, the results are 
as follows : 
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Triplet even state 
Voo= — p2( f?/42) (1+ So(1 4327843472) Jato 
+p f°/47)° S se (x) ae Sia J s(#) | ’ 
Singlet even state 
em — PAS */40) ae + e( f?/42)27,.(x), 
Triplet odd state 
Vin= (u/3) (f2/42)[1+ So 32-1 4+ 32-8) Jato 
+ ECP? /47)*{ Ta(4) + Sis Jos (4) 1], 
Singlet odd state 
0 3 f°/AT) ele + pe ( f?/47)? J, (2). 


Numerical values of the functions /’s are calculated from Table 1, and are tabulated in 


Table 3. 


Ve and the velocity dependent terms have been neglected in the reasons mentioned 


Table 3 
a | Je Ss Se Ss yey S10 
0,30 8334 ei? —2750 125,7 25,8 314 
0,35 3522 — 1028 — 1422 = 22,70 —440,5 OS, 
0,40 1677 —508,9 —782,4 — 63,2 =P I —145,5 
0,45 888,8 —270;2 —483,3 —56,9 SEI) — 86,4 
0,50 511,8 Saleh —297,8 —41,15 —75,14 — 48,2 
0,60 191,9 =36,95 —121;8 17,29 —29,40 — 20,84 
0,70 83,51 —23,96 —57,01 —8,97 —13,03 —9,09 
0,80 40,34 —11,20 —28,90 4767 6,319 —4,14 
0,90 Dt LO — 5,647 Sai yal —2,734 —3,285 a0, 
1,00 11,86 —3,023 —8,991 —1,703 —1,795 —0,735 
1,10 6,975 —1,694 —5,348 —1,072 —1,025 —0,245 
1,20 4,245 —0,9873 3,205 —0,6884 —0,6057 =0;,05D 
1,30 2,670 —0,5935 ~ 2,067 —0,4489 —0,3689 0,0309 
1,40 1,704 —0,3668 alles yi? —0,2907 —0,2300 0,0412 
1,50 1,124 —O2517 —0,8664 —=(0,1952 —0,1466 0,0537 
before. We plot these potentials for /°/47=0.1 in Figs. 2—5. For the sake of com- 


pation, we plot also the adiabatic potentials obtained from (80) plus the second order 
potential. 

Effects of the adiabatic potentials on the neutron-proton system with low energies 
haye been studied in detail by Taketani et. al”. They showed that the large experimental 
values of the triplet effective range and the quadrupole moment of deuteron are successfully 
explained by virtue of the strong repulsive central force in the triplet even state which is 
due to the fourth order contribution, and that the strong attractive force in the singlet 


even state mainly owing to the fourth order contribution can account for the large ex- 


I: non-adiabatic central 


\ Il: non-adiabatic tensor 
\ (coefficient of Si») 


\ IIl: adiabatic central 


IV: 


adiabatic tensor 


1; non-adiabatic 


[1]: adiabatic 


Fig. 2 Triplet ever state Fig. 3 Singlet even state 


» non-adiabati 
» adiabatic 

: non-achabatie central 
: non-adiabatic tensor 
adiabatic central 


: adiabatic tensor 


Fig. 4 Triplet odd state ; Fig. 5 Singlet odd state 


perimental value of the singlet scattering length, while the second order force is too weak 
to explain this value. But these merits of the adiabatic potentials belong also to our 
potentials, as is seen from Fig. 2 and Fig. 3. Comparing with reference 5), it is obvious 
that the experimental data for the deuteron ground state and low energy neutron-proton 
scattering are well accounted for by our potentials modified by suitable cut off methods in 
the inside region. 

On the other hand, forces in the odd states are very weak, as is seen from Fig. 4 
and Fig. 5. This is due to cancellation between the second order and the fourth order 
contributions, and this cancellation is more complete for our potentials than for the 
adiabatic petentials. For the adiabatic potential, there is no cancellation in the singlet 


Pang 
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odd ‘state potential. As was mentioned in §1, the weakness of the odd state forces 
favors to explain the angular distributions of high energy neutron-proton scattering. 


Pseudoscalar coupling, symmetrical theory In this case, the fourth order potential 
V, given by (73) is written in the form 


Vi=#(e/2M)"(g°/47)°| A /2) A+ P, Po) Ses (#) 
+ (1/2) (ibe) Jle)| : 
Numerical values of /,, and_/,, ate given in the third and the fourth columns in Table 2. 


In Fig. 6—9, we plot the potentials for the various states obtained from the second order 


potential plus 17, written above, for (4/2/7)°*(g¢°/42)=0.1. We plot also the adiabatic 
potentials obtained from (82) and the second order potential. 


(He) 


= non-adiabatic ‘central 


Lf: -non-adiabatic 


: adiabatic central IL: adiabatic 


tensor 


Fig. 7 Singlet even state 


——— 


I: non-adiabatic central 


If: adiabatic central I: non-adiabatic 


IIT; tensor IL: adiabatic 


O45 Ob 07 OS Oo) 10 
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Fig. 8 Triplet odd state Fig. 9 Singlet odd state 
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In contrast with the case of pseudovector coupling, differences between our potentials 
and the adiabatic ones are remarkable in this case. The adiabatic potential in the singlet 
even state is almost repulsive, being quite incompatible with the experimental facts. We 
see from Fig. 7 that this is fairly improved by taking the nucleon recoil into account. 
As in the case of pseudovector coupling, I”, gives the strong repulsive central force in the 
triplet even state and the strong attractive force in the singlet even state. Comparing 
Fig. 7 with Fig. 3, we see that we must choose a larger value of. the coupling constant 
to fit the low energy singlet »—/ scattering data. By doing this, however, the zepulsive 
central force in the triplet even state will be made too strong in comparison with the 
tensor force, because the tensor force does not contain the fourth order contribution. 
Therefore, in order to fit the deta for deuteron ground state, it will be necessary to modify 
the potential in the triplet even state by means of a more artificial cut off method than 
in the case of pseudovector coupling. 

The central potential in the triplet odd state and the potential in the singlet odd 
state are nearly equal to the potential in the singlet even state and the central potential 
in the triplet even state respectively, because of predominance of the fourth order contri- 
butions over the second order ones. These strong forces in the odd states are incompatible 
with the angular distributions of the high energy 7—/ scattering, as was mentioned in § 1. 

The author wishes to thank to Professor K. Nakabayasi for helpful discussions and 
for his kind encouragement. He is also indebted to Prof. M. Taketani, Prof. N. Fukuda, 
Prof. M. Sugawara, and Dr. S. Machida for interesting discussions and helpful comments. 


Appendix I 


To illustrate method of calculations of G, HH and K appearing in (44), we calculate 
G as an example. G is given by (45). In (45), we transform the integration variable 
Z into ~ by means of (47). Then we obtain from (46) 
D=A/u 
with 
4=M*(1—u)*+ peut (p—q)*wvv(—v) 


irtespective of sign of 7, and we have 


; M(En+/) [E+ J) My 
LE (GS eS ae aa oe y ze ZL % = 
; 4(£,+/)° % w Al (4, +7)? + M?| sd (/> ])5 


where (/—>—/) denotes the term obtained by writing —/ in 
term. This is rewritten as 


place of / in the preceding 


AA /G=f+eil, (A-1) 
M\Ep 


0 
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— 8 M(B, 4 J 22+ Me (Eye + ICP, (A-2) 
6 1 ae ar 
f fae =D ? “0 — J 2 Sy Es 3 
a Aer 
p 


Expanding the terms in the curly bracket of (A-2) in powers of #/J/, and neglecting 
the terms of the order of (~/J7)*, we have 


MIEp 
Le Lief. | du uA {(1—w)? (14-4040) (142°) ~ 
10) 


+ 32(p/M)?28 (1427) *—2(2/M)? vA—v) [1+ 8° (A —a") (1+) I}, 
where £=|p—q|. This is rewritten as 
1 


1/(E,J)= fa 2A { (12) 214.402 +0) (1412)? 


0 
+32(/M)?# (1 +2°)-*—2(k/AM)?v(1—v) [14+ 84° (1 —2") (14. 2°)~*]} 
a 
_ \ du uA” {32 (p/M)?*10° (14+) 4—2(2/M)*v—v)}. 
MIE» 


In obtaining this, we have neglected terms of the order of M-*(u/fc)*. In the first 
integral, we can replace (4/M)*v(1—v) b —g(w)u~* since we ignore the contact 
interactions. In the integrand of the second integral we may put 7=1. Then we have 


LPT) {a AN (1 =) 2(1 4 40 4+) ur 1+) 


0 
+ 2g (u)[u-*+ 82? (1—w) (14+2°) | + 32(p/M)?* (1 +2") 
2 J/M)"[ (Ey) Ma's (A-4) 
where 
4=f+Po0(1—v). 
Next we calculate II. We put «=(M/E,)—(//M)w in the first term in the 
right hand side of (A-3), and put u= (M/E) +(//M)w in the second term. After 


this, we expand the integrands in powers of u/c. Then we have, to out approximation, 


1 
If B,J) = [MY | deo bye Pt) 20) 
0 
x {(3(14+20*) -2(1—w) w(4—P) (A+ Pury} 
which is rewritten by the integration by parts as : 


I/ (B,J) = (MY JL =e) aS) A+ Po) 


+3 Q—w)Pdeo} = C/N)" (A-5) 


0 


From (A-1), (A:4) and (A-5), we obtain the expression (48) for G. 
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Appendix HI 
To illustrate the method by which (58) is obtained from (57), we calculate as an 
example the following integral contained in (57) : 
Se faetery Cea k) + (2/2) GG t4Q)) G44) )- 
+ (q>—P)}- 


We write U in place of 1+ ¢ in the first term in the integrand of A, and in place of 
¢—p in the second term. Then we have 


R=R, +R, 
Rina {ale [O-k) +B/2PGE-D) MTD) 


R’=lim | fo,0(U-9) | e(ir-t+az)).G(r-U+ 48) a2 
l>w * 


0 


R’' is the surface term. | a, means integration over the direction of ¢. Dropping the 


terms which tend to zero as /—>co, we have 


R= linn { deo 0(U-4) (7-0) 


1 


x er" | ds[ (e-2) + (2/2) (1—2)}'+(q>—DP) 


= SG7e) ten | deo,/(-4e) G(r-D).GG-D)_ 
l>o, 
x €; log | (b-F) +4°/2| . 
Performing the integration, and taking account of the fact that (7(7-K)), (¢(7-#) )_=0, 


we have 
R= (7) (7) (27/2) lim 74 ¢7* 
x {(1/4)[1— (2/2 + (24/414) 
x log | (1+ 2/24) (1— 2/21) + (54/122) — (48/162")} 
= (42/3) (7) (1) - 


We see from this that FR’ contributes only to the contact interactions. We therefore 
omit /’, 


By integrating over the directions of 7, R, is transformed into 


Ro=—(7)+(7)- (22/2) fares 


x {[1—(4/20)"] log | (1+. /22) (1—#/2L)| +2/Z}. 


Integrating by parts, we obtain from this 


tif, 4 Wy 
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fy (7) i(p)-4a {27} jae +p) —1/2 
0 


“S log |(1 +#/2l)(1—#/27)~"'|—1}. 


Integrating by parts again, we further obtain 


Ri=— (4) (7) 40 | C2) 9C= 8/8) al. 


o— 8 


The integrand has branch points at /= +7. We can transform path of the integration 


into straight line connecting 7 and ico. Putting /=zzw, we then have 


R=— (r).<7)-16n72| (w°—1)'?(2 +47 ww") dw . 


Appendix II 


We collect here the formulae, by which (76)—(79) and (81) are obtained. 


tK, (2tx) a= (2x) K, (2x), 
2K, (2x) at= (1/2) [4 °K, (2%) + (2 +47) K,(22)], 


t°K, (2tr) dt= (1/2) | (24° + 42) K, (24) 


Cs, § roe, 8 + Cn 


+ (4 '+47%+42") K(22)], 


Fir) a= CF) PK (24); 
ial bina (1/2) [47'K,(2%) +427°K, (2x) ], 


t1K, (2tx) dt= (1/2) [ (4 ' +24) K, (24) 


= 8 ecg 


ott tt, G24), 


H2#—1) 4? K, (2¢x) = (4/16) (24 +2 )e™, 


aC wee B/4) 7K, (2tx) dt 
= (/8) (240714 4) e*— (A/2) K, (2x), 


meen o roe, 8 
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(422-1) (2—1)'°K, (20x) di= (32/8) x71 +47')2e™, 


(?—142/4) "°K, (2tx) at 


Hie 8 +O 8 


= (2/4) x7) ¢-2*— (4/2) K, (22). 
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In case one wishes to measure p,, the mass of 
each elementary particle, by the electron mass unit, 
Nambu’s mass spectrum! is shown as follows, 


TEEPE 3e (1) 


In this empirical formula, one feels interest that 
it is written with the attractive number 137 and either 
“n° is full or half integral number is likely to cor- 
respond to the spin of particles being either one or 
the other. 


this formula as an arithmetical series with a small 


Moreover, since one is able to regard 


common difference 137/2, the agreement between the 


calculation and observation values is somehow good. 
Now let this formula be called by name of Mass 
Spectrum-A and inserted in Table-1. 

However, in spite of the consideration that ‘ 
may indicate the spin of particles, the equation (1) 


? 


shows that the mass of an electron or a neutrino 
appears respectively when 7=1/137 or =O contrary 
to the fact that these particles are both equally 
fermions. Here one inevitably meets with difficulty 


about interpretation of ‘7’ 


in the equation (1). In 
short, it may be said that Mass Spectrum-A has 
inconsistency in itself. The reason which caused such 
self-contradiction, we suppose, is that the mass 
spectrum has approximately been interpreted as an 
arithmetical series of the equation (1) whereas ‘it 
may probably be a geometrical series with a small 
common ratio. Therefore, we first presume the fol- 
lowing equation as the true mass spectrum at which 


we have aimed ; that is, 
Pn=137 0%, (2) 


where the electron mass unit is used as before and 


Table 1. Comparison between two types of mass spectra of elementary particles 
: Mass spectrum-G Mass spectrum-A 
Name. 6f Observation value n= 7-0" hte aay ot 
Particles 
Mass (772,) Spin (4) Mass (77,) nN Mass (7 ,.) n 
VY ~2200 (4) 2193.1 15% 2260.5 1614 
1836 y% 1833.8 1849.5 Vy, 


1470+ 100 

—~ 4300 
~980 
~800 
—~560 


535+35 


Notes: @=1371/27-5=1,1959---. 


1507.0 
1301.5 
959.0 
822.0 
548.0 
479.5 
274.0 
205.5 


1402.2 
1282.2 
980.4 
819.8 
373.2 
524.2 
280.2 
214.3 


* As ¢* is more than 10! times the lifetime of ¢°, it is assumed that ¢* disintegrates into 
a #*-meson and two neutrinos in the same manner with x*; ie., C+ (or x*)-—>p*+2y. 
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w is a certain constant of this exponential function. 
In order to know the value of w, we ask for 
collation with recent observations”) and provisionally 
settle the next assumption. 
o?/2=m15,/my.~ 276/210 ~1.31, .°, o=1.196, (3) 
where 77, or #24 is respectively the mass of a 
7- of p-meson. 
Secondly, in appliance of above value of w, we 
investigate other mass ratio between various kinds 


of elementary particles under the same note as is 
expressed in 7, mp, ---, and so forth; viz., 
my |p = 2200/1836 = a, 

Mey [1x = 1470/1300 ~ w1/2, 

m| 7115 980/800 = w, 


MY [70 = 800/560 ~ w", ete. 
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Here we become aware of the fact that these 
above mentioned relations are so suggestive that we 
are obliged to determine the final value of w by the 
following method with reference to the equation (3); 
namely, if the mass of an electron should be de- 
termined when 7—=—27.5 at the equation (2), then, 


1=137 w7275,  *, w=1371/27-5= 1.1959, (4) 


With this value of w, we have calculated other mass 
values of particle in the equation (2), called by 
name of Mass Spectrum-G and inserted also in Table 
1. The agreement between the calculation and 
observation values is remarkably good as weil as in 
case of M.S.-A. 

Different from other newly discovered particles, 
protons and electrons, because of their stability, have 
been so minutely studied since former days that the 


}t, (mass of particles) in je 


Qe Fly Eee Be, Miah ee Glasses 


ON LOSS Ske 


12-14. 15° 1G0 47 


Figusds 


Letters to the Editor 


mass value of them is particularly reliable and precise. 
With regard to this proton mass, therefore, we will 
examine the deviation from the observation value in 
these two types of mass spectra. For the proton 
mass, the calculation value of M.S.~A is about 13/7, 
greater than the observation value, but in M.S.-G 
the calculation value is smaller only by about 277,. 

Further, M.S.-G has also an interesting charac- 
teristic that ‘7’ may probably indicate the spin of 
particles, but no inconsistency is thought to be found 
out in itself. The electron mass is obtained when 
n= —27%% and clearly points out its spin, a half 
integral number. Although the neutrino mass is 
obtained when x=—co, it is quite favorable that 
infinity has the same significance for both full and 
half integral numbers; viz., that infinity is thought 
to represent, simultaneously, each case of a photon 
and a neutrino without any trouble. 

Therefore, we dare to propose our Mass Specttum- 
G because of its rationality and its good agreement 
with recent observations. 

(Now Fig. 1 shows mote clearly each characteristic 


of Mass Spectrum-G and-A.) 


Appendix 


In view of the above discussion, we infer that 
Mass Spectrum-G has been obtained by satisfying 
the following assumption ; 

(1) The mass spectrum takes the shape of the 

exponential function as follows, 


Lrn=Mgo”, 
where, 


[ty =the mass of each particle, 
muy=the standard mass=137 777, , 
w =the constant of this 


exponential function, 
nw =full or half integral number, 

(2) Hither ‘7’ is full or half integral number 
which corresponds to the spin of the particles 
being either one or the other. 
w takes the maximum value of all that may 
have possibility to satisfy the above assump- 
tion (1) and (2). 
The condition (3) is indispensable in order to obtain 
the unity of the mass spectrum. 

Now the mass spectrum which may have possibility: 
to satisfy the above assumption (1) and (2) is 
generally expressed as follows, 


3) 


2 


zy. @a+1) 
=p) (= 5 
Se : 1 


where ‘a’ is. the integral number; 70. 
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Therefore, general expression of w is, 


‘See 

Miz, \3(2a +1) 

(iS - 
Wy 


Hereupon, the maximum value of w is obtained clearly 
when «=O, then, 


2 

Mts\ 

Omax= | = : 
iy. 


—cf. the equation (3)— 


’ The reason why we must choose the maximum 
value of w is a future problem, but we anticipate 
that, in future, what it means will perhaps be under- 
stood as the state of being the most realizable in the 
way of distribution of the static energy p,,¢® to each 
elementaty paiticle. 

The authors thank Mr. Y. Nambu, the professor 
of Osaka City University, for much helpful discus- 
sion and advice. 


1) Y. Nambu, Prog. Theor. Phys. 7 (1952), 595. 
2) Experimental data mostly owe the following 
papers ; 
J. B. Harding, Phil. Mag. 41 (1950), 405. 
C, O’°Ceallaigh, Phil. Mag. 42 (1951), 1032, 
Report of a conference on V-particles and heavy 
mesons, Bristol, Dec. 1951. 


On the [Interaction Forms 
of the Beta-decay 


Yasutaka Tanikawa 
Department of Physics, Kobe University 


August 1, 1953 


We proposed a formulation of the beta-decay on 
the basis of the following postulates : 
(a) The primary interactions between nucleons, 
leptons and bosons, by which the beta-decay inter- 
actions are derived, are venormalizable. 
(b) The Fermi and the Gamow-Teller interactions 
are approximately equally present in the beta-decay 


- matrix elements. 


In the previous letter,!) the primary interactions 


which satisfy these postulates were given by 


H,/ =a bp de) o* +f (Ge bx) ¢ + compl. conj., 
(1) 


or 


Hp! =8/ Op toby) 08+! Ve tsby) ¢ 
++ compl. conj. (2) 
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where dp, dy, Ye and #, are proton, neutron, electron 
and neutrino wave functions, and y or g/ is a scalar 
or pseudoscalar boson field. 

The transformation under space inversion of 
fermion wave functions leads to another possible form 
than (1) or (2). Following Yang and Tiomno,” 
if it turns out that protons, neutrons and elections 
ate all of type A, while the neutrino is of type B, 
we have the following interactions instead of (1) 


and (2) 
H,/ =2( bp ts¥y) 0*¥ +f (bo by) y+ compl. conj., 
(3) 
or 
H = gpa! Gp dy) g/*+f/ Ye tbx) 9! 
-+compl. conj.. (4) 
On the saine footing mentioned in our previous letter, 
if we assume a mixed theoty of (3) and (4), the 
Fierz interference factor of the beta-decay can be 
cancelled out. We have the beta-decay Hamiltonian 
which just corresponds to a definite combination of 
the Yang-Tiomno direct interactions (.S/— 77+ P7’). 
The Yang-Tiomno interactions 5’, 7’ and 77 are 
obtained by replacing the neutrino wave function , 
in the Fermi direct interactions of the beta-decay S 
(scalar), Z’(tensor) and, (pseudoscalar) by 7; ¢y.- 
Tokyo theoretical beta-decay group has strongly 
suggested (S—7’) or (S—7+4/) combinations on 
the basis of the B—7 angular correlation of Sb!*4 and 
the 8 spectral analyses of Fe*, Tc and Rb*?.5) 
Our theory might give a theoretical reasoning of 
this combinations. 
This letter resulted from discussions with Dr. H. 
Umezawa, Messrs. S. Morita and S. Tanaka. 


1) Y. Tanikawa and K. Saeki, Prog. Theor. Phys. 
10 (1953) 232. For more complete references 
to the literature see this letter. 

2) C. N. Yang and J. Tiomno, Phys. Rev. 79 
(1950), 495. 

2) Private communications. 


On the Electronic Structure of Li 
Atomic Orbital Approach with 
Configurational Interaction 


Kazuhisa Tomita and Kiyoshi Fukui 
Department of Thystes, University of Kyoto 


August 4, 1953 


An atomic orbital calculation on the ground state 
of LiH was cartied out including all the electrons. 
This is the case which was left untouched by Fischer.) 


Supposing that the ground siate of Lil is '), 
we adopted the following six lowest configurations : 
P= (My|V 48) {|Xj@ 418 Xa X58] 
+|%)8 ya LR Xa), 
Vyr=(Mu|¥ 48) {|%a 2,8 %3a X48] 
+ [x8 40 498 xqal}, 
Vin = (Mir 24) |Z, 48 X44 X48), 
Pry = (1/V 24) |%1a 4B Xoa %oBI 
Vy = (1/24) |%a 248 tga. 258) 
Vyr=(/V 48) {\210 18 x20 x56! 
+1108 112 228 x5a!}, 
where 7, % and zs represent the 1s-, 2s- and 2/e- 
orbital of Li atom and y, the 1s-orbital of H atom. 
a and f are the spin eigenfunctions. The same forms 
of y’s were used as in the case of Fischer: 
u=Vv az emar, 
yo [1 Cea 7 5 = a, Ko) 44] ; 


TT ae 
Kol =V 65/37 re-Or, 


y3= O)z re-er cos @ > 
y=" a3lz eas, 
with @=2.69, 6=0.658, c=0.545 and d=1.00. 
By using the linear combination of the type 


Fig. 1. Energy curves for the ground state of LiH. 
I, Il, HI: diagonal energy of single configuration 
Vy, Vir or Vir. 2, 3, 6: result when 25-3 or 6 
configurations are considered. Dotted curve : observed 
energy. (Only in this case the origin of the scale is 
taken to be the true atomic state which lies 0.066 
a.u. below the calculated reference state.) 
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VI 
P=DCr Vr, 
B 


‘the total energy was minimized to give the ground 


state for the three values of internuclear distance R 
(2.64, 3.02 and 3.4 a.u.). 
were taken into account successively and we obtained 


Higher configurations 


the results shown in Fig. 1, where the atomic refer- 
ence state was taken as the calculated total energy 
of infinite nuclear seperation. 
The binding energy 0.0725 a.u., which is expected 
as an underestimation, amounts to 75% of the 
observed value. The first three configurations prove 
dominant in lowering the energy. This involves 
the presence of s, /-hybridization in the ratio 
(Cy M11) /(C1 V1) ~0.5 and also non-negligible im- 
portance of the ionic structure LitH™((1m~0.3). 
The fundamental frequency 1.13 10% cm™' is near 
but smaller than the experimental value 1.4 x 10° 
cm, which is considered reasonable in tendency. 
Having found some errors in Fischer’s table of 
integrals in the course of calculation, we corrected 
them and re-examined the valence shell treatment. 


(Cf. Fig. 2.) 


Inclusion of polar structure gives too 


Fig. 2. 
and III correspond to those in Fig. 1) 


Energy curves in 2-electron case. (acon Bh 


big binding energy and too small nuclear distance. 
Fundamental frequency is far from the observation 


in any case. This type of treatment, therefore, seems 


Ae 


far less reliable than expected hitherto.” 

Further increase of the number of configurations 
amplifies the difficulty of calculation, but will give 
little improvement. Therefore a more practical way 
seems to limit ourselves to the first few configurations 
and to deform the component atomic orbitals in order 
to reach a better result. 


1) Inga Fischer, Atkiv for Fysik, 5 (1952), 349. 
2) Hlutchisson and Muskat, Phys. Rev. 40 (1932), 
340. 
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Interference Terms of B-ray 


Angular Correlations* 


Masato Morita 
Departinent of Physics, Tokyo University 


August 12, 1953 


A whole table of $-ray angular distribution func- 
tions /;7/44(@) has been constructed by Yamada 
and the present author!) for each pure type. In this 
note, 7/7,7/44(0)’s for the interference terms between 
The notation and the 
methods of calculations are given in our previous 
paper.) 


The interaction Hamiltonian for B-decay is assumed 


different types will be given. 


to be a linear combination of five relativistic invariant 
terms 


Hea S Cy Pip PEC AAEC RP, 


with the coupling constants G';’s which are all real. 
The results are: 

1) Allowed. A\l isotropic. 

2) First forbidden : 


Sand 7 

F,19(0) =Gs Gr [{eM* (Br) M (Bs x7) Bea as 
x { (Ly) + (KL 324-25 —M2) Pa (cos 6) $ 
—{iM* (Br) M(Ba) tec. }{ ( (1/3) KLo+ Mo) 
+2L49(cos 6) 5], 

Fo} (0) =Gs Gr{M* (Br) M (Bij B) +ec.5 


(—KLyo$3Ly—3M 0) (1/2 2°) Po(cos 6). 
S and 4 ; 


F9(0) =—-G 5 G4{iM* (Br) M (a x7) +c.c.} 
x [{(2)3) KN + Ly Mo F413) K Lae 
+Ly-+ M2 }P2(cos 0)], 

Fo! (0) = — Gg G 4{M* (BP) M (Beg) +e.0.5 
RACK Ly 38D 4B Ny) LAY 2") Py cos 8) 
V and 7 

F490) =Gy Gr [fe M* (P)M (Ba) Fee} 
x {((1/3) KLy-—Mo-) —2L 49° Po (cos 8) $ 
+ {/M* (#7) M (Ba x7) +e.c.}{ (2/3) A Mo- 
—Ly-— My) + (1/3) KLy°-Ly-— Ms) 
x Py (cos 0) }—{M* (a) M (Bs x7") +e.c.$ 
x {((1/3) K Lo-—Mo-) + Lig7 Po (cos 0) 5 
+{M* (a) M (Ba) +c.c.5 Zo], 

F(0)=—Gy Cr [LE M* (a) M(Bes*) tee} 
x (3/2V2_) Lyy7 Po(cos 8) 
+{M* (7)M( B75") +e.c.5 
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x {AL yo-— 3 L738 Mo} (1/2 2 ) Py (cos 6)). 
V and A 

F.9(0) =Gy Ga [{2M* 1) M (a x H) +.€.5 
x { (LI) + (Lg K+ Ly — My) Px (cos 0) 5 
+ {M* (a) M (ox 7) +e.c.${ (1/3) A Lo+ Mo) 
—Ly_P5(cos 0) $1, 

Fy) (0) =Gy G4 LM* 1) M(Bi7) +00} 
ef L sl 8V 9 E22.) 
—{£M* (a) M (Bex) +e.c.}(3/2%2 ) Ly] 
x Py(cos 0). 
T and P 

~ Fog? (9) = — Gr Gp {FM (Ba - 1) M(Br5) +c} 

x {(1/3) AZo +- Mo}, 

£09 (0) =Cr Gp {2M* (By5)M (Bi 5") +e.0.} 
x 3/2 Ly» Po(cos 0). 
A and P 

Ly =C4 Gp [EM* (9-17) M(B 75) +e.c.5 
x {(1/3) A Lo —Mo- } 
+LM* (75) MBr5) +ec.$Zo], 

Fo (0) =G4 Gp EM*(B 15) MBs }) bec} 
x V 3/2 L497 P,(cos 6). 


3) Second forbidden : 

Sand 7 

Fo (0) =— Gs Gp {2 M* (Ry 5®)M(A 55") +e.c.5 
« [{(1/30) AS Zo+ (1/6) A? N04 (1/2) KL, 
+ (3/2) My y+{ (1/6)? Ly.4 (1/2) KZ, 
++ (9/14) Log+ (3/2) V4}. P5(cos 0) 
+.(27]7) Log P,(cos 8)] 
+ Gs Cr UM* (Ry i*)M(Ti9*) +e} 
x [{ (1/6) (42 Z,— KP M) + (3/2) (Lo— MJ} 
+ (4/30) A Ly0+ (1/6) (42 L,—K? My) 
+ (5/14) A’ Lo3-+ (12/7) Ly—(3]2) AG, 
— (3/14) Mos} Py (cos 0) + { (15/7) K Log 
+(9/7) (Ly—Mg)} P,(cos 0), 

Pa3) (0) = Gg Gp {M* (Ry g®)M(Sizz®) +c.c.} 
x (10/Y°3 +) [{@]150) (=H L044 5.KO LZ, 
— SK? M9) + (1/14) (—K L934 329-33) } 
x Py (cos 0) 4- (5/28) (—KL934-3L5 
—3o3) P,(cos 0) ]. 


The other terms have not been calculated. Some 
of them are easily deducible from the present formulae 
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by the rule described in our previous paper.! 
ever, they might not have importance. 
sions for Ly, 44;, Mii Le Ma Mie 
V4 have been given by Konopinski and Uhlenbeck*), 
Smith?) and Yamada and Morita’), respectively. 


) How- 
The expres- 
and 7.43; 


The other notations are as follows : 


By Be MeN 2 | 
L >=(4 3 r) 
oe 25 


ae fa cos(0_; —6o) +f, £-2 cos ( on —§_s) a 
3 cat 


470 
p2 2 
Ny- = ( Zs _ ’) 
= 2a 


f=) fo Cos (0~; —89) — £3 g—» cos (0; —d_g) 
x 7 z 9 
4p 


> 0, 


The arrow in each case indicates the approximation 


aZ<l. 


to 


The author wishes to express his sincere thanks 
Profs. T. Yamanouchi and S. Nakamura, and to 


Dr. M. Umezawa for their kind guidance throughout 
the work, and to Mr. M. Yamada for carrying out 
the check of /;,7,°4(0)’s in the second forbidden. 


* 


1) 


2) 


Note on Coexistence of Tensor and 


This work has been performed during the author’s 
stay at the Yukawa Hall, Kyoto University, 


Kyoto. He is also greatly indebted to Prof. M. 


Kobayasi for the hospitality. 


M. Yamada and M. Morita, Prog. Theor. Phys. 
8 (1952), 431. 

E. J. Konopinski and G. R. Uhlenbeck, Phys. 
Rey. 6B (1941), 308. : 


3) A. M. Smith, Phys. Rev. 82 (1951), 955. 


Axialvector Interactions in B-decay* 


Masato Morita 
Depariment of Physics, Tokyo University 


August .12, 1953 


The coupling constants for B-decay must be taken 
real (or be in phase) if the invariance with respect 


to the Wigner type time reversal!) or the charge 
conjugacy”) is restricted. Then it follows easily that 
either the Tensor or the Axialyector interaction is 
absent to make the 1/// term in the allowed spectrum?) 
vanish, while the Axialvector interaction is excluded 
by the, experimental evidence concerning the e—y 
P49) angular correlations for P32 4:5) and He®®), 


oe ae 


Tt may, however, not yet certain whether these 
invariances should be persisted: We have two different 
kinds of time reversal”), ie., the Wigner and Pauli 
types. These two do not necessarily result in the 
same consequences, and we have at present no criterion 
to choose one of them as the correct one. It is also 
probable that the difference of neutron and proton 
does not originate entirely from their electromagnetic 
properties only, and this may bring further inequiva- 
lency between them. 

In this stage of development, our research of - 
decay is required to be phenomenological without @ 
prioré restrictions. The coupling constants G;, 
therefore, are allowed to take complex values also, 
Then the e—y angular correlation functions % will 
be given by the following formulae in respective cases. 


Fermi : 
Nosr=|Cs M(B) |? {Zo—2A, cos J} 
+{Gy MA) |? {Zo+24A, cos Of 
—M* (B) M (1) [{Os* Gy +Gs Gy *}Lo- 
+{tGs* Gy —iGs Gy*} 2A, cos 0]. (1) 
Gamow- Teller : 
WM or4=|GrM (Ba) |? { Lo+ (2/3) Ay cos 05 
+|G4 M0 (a) |? {Zo>—(@/3) A; cos 0} 
—M* (Ba) M (6) [{Er™* Gat Cr G4*} Lo- 
+{iGp* C4—i Gy G4*} 2A, cos 0). (2) 


The notations are as follows: 
%8’s ave reduced nuclear matrix elements. 


Lo\ (# 7 Pel 
Beh 27 2 47 UW’ 


4n As ae 
; re Va F oe ga fr00s (d-)—0)) = ae 
2n 4x 2 


The suffixes of / and’ g are quantum numbers 
x.5) The arrow in each formula indicates the appto- 
ximation aZ<1. Since we usually neglect in this 
approximation the terms of (a7)” for ~=2, a7 is 
not discarded here. 

By performing the integration of jsin 6d0-, we 
obtain the correction factors of B-ray spectra. The 
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third terms of eqs. (1) and (2), called 1//V terms, 
distort the allowed spectra. We can make these terms 
vanish by putting Gy/Gs or Gal@r=g exp (in/2), 
where g is adjustable real number. Then, from eq. 


@), 
Wor scl + (//3V fg) cos 0, 


where 


1+ (622/p) s—g? 
1+ ¢? : 
The data on P3 show fexp(g) >19. The spin 
of P8? seems to be 1. The bounds of the value of 
g are as follows: 


0.18=e=0, 
0.28>>0,- 


Ig) = 


(2-29) ¢ 
(WS16). 
J(g)w=2.2 is given in Table I. “We “cin nat 
determine the value of /(£) w=.9 experimentally for 
0.18=e=0. The property of /( 2) w=1.4 is almost 
the same as that of /(¢)jy=0,2 

More accurate information of 2 is not to be ex- 
pected from the data on He.® We have no choice 
between Scalar and Vector interactions because of the 
lack of experimental data.” 

The author wishes to express his sincere thanks 
to Profs. T. Yamanouchi and S. Nakamura, Dr. M. 
Umezawa and Mr. M. Yamada for their kind 
guidance and valuable discussions. 


* This work has been performed during the author’s 
stay at the Yukawa Hall, Kyoto University. He 
is greatly indebted to prof. M. Kobayasi for the 
hospitality. 


1) -L. C. Biedenharn and M. E. Rose, Phys. Rev. 
83 (1951), 456. 

2) H. A. Tolhoek and S. R. de Groot, Phys. Rey. 

’ 84 (1951), 150; Physica 16 (1950), 456. 

3) M. Fierz, ZS f. Phys. 104 (1937), 553: 
This is not derived from the data on He, be- 
cause f-ray of He® has a large maximum energy 
WV and the 1//V term is small in high energy 
region. However, in the cases of some elements 
the B-rays have small //o. Then it is necessary 
to put G4 Gyp= 

4) C. W. Sherwin, Phys. Rev. 82 (1951), 52. 


‘Table I. fae y=2.2 + - 


= 11,29 ; ~03. aaa) 


0. 0895 0.179 0.5 oo 


--1.016(Min.). 0.736. 1 


1.016 (Max.) He 0.743 =] 


Ce eet 
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5) ™M. Morita, Prog. Theor. Phys. 9 (1953), 345. 

6) B. M. Rustad and S. J. Ruby, Phys. Rev. 89 
(1953), 880. 

7) E.R. Caianiello, Nuovo Cimento 9 (1952), 336. 

8) M. E. Rose, Phys. Rev. 51 (1937), 484. 

9) The experiment is very difficult in the case of 
0-0 transition. See. J. M. Blatt, Phys. Rev. 89 
(1953), 83. 


On the Gauge Invariancy and 
the Structure of Elementary Particle 


Yasushi Takahashi 


Institute of Theoretical LOS Nagoya Universit y 


August 27, 1953 


Inspite of the great success of the theory of re- 
normalization, some difficulties remain dissolved even 
in the quantum electrodynamics, one of which is the 
ptoblem of gauge invariancy, particulary the problem 
of the self-energy of photon.) In this note I would 
like to consider the source of this problem in con- 
nection with the vacuum expectation value of the 
energy-momentum tensor of the system composed of 
the particle and the electromagnetic field. 

For simplicity we confine ourselves to discuss the 
spinor field as vacuum particle in what follows. In 
the 2nd approximation of perturbation calculation, 
the vacuum induced current is 


aju(a) =—sie Ky, y (v— x’) Ay (07) da’, (1) 
where 
zs : OA (x) OAr(*) 
Rees gra cg 
OAx(x) OAp(x) 
—Ony ax, = aXe dir(a)dir(a)). 
(2) 


Because we treat the self-energy of photon only, we 
can separate it by 


co 
| Krad =Kyy , (3) 
—-o 
and in this case we may write further 
Liiy = 0, = (1/4) Kya Onys (4) 
so it is sufficient to know Ay). 


From 
(-#*) dr(e—2/) =218(a—2/),. (5) 


-we obtain 


(i=2") 


OA py (x—2x/) 
Ap = Ar(e—2)2) 6) 


Therefore 
0 1 
5g APRS | bx 472) dra) di! 
(7) 
is obtained. From (6) we find 
9 0 en ae 
(El=sx) ax ace x’) 
i) 
=_— Ap(a—<x’), (8) 
Oxy 
0 0 
ree Maal 
Ox? {gaat G2 )} 
Se | 4c a dp aes 
27 Oxy! 
and 
0 ) 
en Lee Sey 
ax {x Ax (x x dt 


a J Ap (x ae ote gore 
Oxp y 


(10) 
Therefore from (7) and (10) one obtains 


ie ae SE 
2: I y7==2 ax {x2 437(0) $+-4x? ae 47 


=2 {27-1} Ap (0). | (11) 


On the other hand since the vacuum expectation 
value of the spur of the energy-momentum tensor of 
whole system is 


*(Oan20=2x? Ap (0),9) (12) 
we have 
1 er 


0 
a ——— \o—— » 
7 1 A= B28 (94220 ee Favos 


accordingly the vacuum induced current is 


=i - 0 2 
Bin (ays ae (Gyr (010208 an0 )An(a. 


(13) 
Thus the froblem of the self-energy of photon ts 
veauced to ¢@,,>9. It is specially important that 
this is the equation independent of the method of 
the integration. 

Unfortunately the present quantum field theory 
gives the quadratically diverging (0). If we 
substitute this diverging (9, ,)o into (13), the current 
is 


OjuCr N= Gay lim ES. 2 *) Ala); 4) 
(14) 


which agrees with the value calculated from (2) in 
the straight-forward manner. 
It must be noted that we have only mass x as 
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4 quantity with dimension in the starting point of 
field theory. Therefore from the dimensional consider- 
ation we must have 


€03,>.0=ax! (15) 


with a dimensionless constant a. If we substitute 
(15) into (13), we have 

Oju(x) =0 
and the self-energy of photon vanishes. 

Judging from the above fact, we may conclude 
as follows: the frocedire of the temporaly cut-off 
during the calculation which contradicts with the 
point model of elementary particle gives the non-gauge 
selfenergy of photon. 

This fact is analogous to the case of the self- 
stress, when the problem was reduced to the diverging 
self-energy of electron.” 

It is very interesting for us to examine whether 
(13) holds true in the higher order of perturbation 
calculation or not, the non-gauge term of two gamma 
decay of z°-meson and the intimate connection between 
the above analysis and the subtraction method of 
Dirac, Heisenberg,  Weisskopf and Umezawa- 
Kawabe.®) 

These points will be discussed in latter occasion. 

The author gratefully acknowledges the encourage- 
ment of Prof. S. Sakata and he is also indebted to 
Dr. H. Umezawa, Messrs. S. Kamefuchi and S. 


Matsumoto for their valuable discussion. 
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On the State of Solid Hydrogen 


Kazuhisa Tomita and Isao Mannari 


Department of Physics, Faculty of Science, 
University of Kyoto 


August 28, 1953 


To explain the well known anomaly in the’specific 
heat of solid hydrogen below 10°K Schafer!) proposed 
a model in which each molecule is immersed in an 
axially symmetric field of the type —A/s°(cos 0), 0 
being the angle between the molecular axis and the 
crystalline hexagonal axis. 

It is interesting, therefore, to see how the newly 
developed method of nuclear resonance throws light 


sec, 


1.0 08 06 Ou 0.2. ° 
\fr  <— CK) 
Fig. 1. Temperature dependence of characteristic 


time t, (The slope indicates the height of 
barrier which hinders molecular rotation.) 
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on this problem, and so an analysis was made of the 
proton resonance data observed by Hatton and Rollin.” 
(a) Characteristic frequency t, of the molecular re- 
orientation was obtained from the spin-lattice relaxation 
by using the one parameter theory.*) (cf. Fig. 1.) 
Its temperature dependence suggests the magnitude 
of the local field by which the change of orientation of 
each molecule is quantized or hindered. The barrier 
height is estimated to be approximately 3°K(Z7 < 
11°K). 
about 50 gauss, in the lowest temperature modification 


(b) The separation of resonance peaks, 


was found near the value 41 gauss* which is expected 
when each molecule is confined to the lowest orient- 
ational state /=1 and /Z;=0. This suggests the 
existence of an axial local field, an example of which 
Schafer assumed. 

In order to examine the nature of the local field 
at the lowest temperature we calculated the crystal 
energy and anisotropy as a function of lattice defor- 
mation assuming the conservation of the hexagonal 
symmetry and also that of the volume of the unit 
cell. For the sake of computational convenience we 
studied the case of pure ortho-hydrogen, which, al- 
though absent in nature, is expected to give a goad 
idea concerning the character of lattice deformation. 
Assuming that each molecule is confined to the state 
/=1 and J7Z;=0, we calculated the potential energy 
by using the intermolecular force according to de 
Boer, which includes overlap, quadrupole, dispersion 
and induced dipole-guadrupole forces and gives a good 
result for second virial coefficient.) Kinetic energy 
was estimated from a fiee particle model, i.e. a free 
particle of the molecular mass was considered to 
move in a spherical space (the radius of which being 

taken as the distance between the minimum in the 
two body potential and the closest distance of 
approach) and also to move in a deformed sphero'd. 
_ The degree of deformation which gives the minimum 
_in energy was found to be slightly affected by the 
kinetic energy. (cf. Fig. 2(a)). 

Under similar conditions except for the adiabatic 
change of the orientation of the central molecule, we 
also obtained the anisotropy, which can be compared 
with the former calculation due to Nagamiya and 
Urano®) using overlap force only. (cf. Fig- 2(b)). 

The characteristic results are: (1) The close- 
packed structure gives an unstable energy and an 
incosistent anisotropy. (2) Lateral contraction of 
14% gives the minimum -—6.5x10-4a.u. in the 

energy, which is of the same order as the observed 
_ —2.93x10~4a.u. in normal hydrogen. (3) At the 
position of the minimum in the energy the anisotropy 


gives a consistent sign and amounts to A=5 x 10-5 
a.u., which is approximately the same in order as 
that proposed by Schafer. Retaining overlap force 
only, we obtain essentially the same result as Naga- 
miya and Urano, however the situation is modified 
appreciably by the inclusion of the other types of 
intermolecular force. The magnitude of deformation 
seems too large possibly because it is not the natural 
case, and also because of the roughness of our calcu- 
lation and the intermolecular force employed. An 
exact determination of lattice structure of a sample 


including ortho-hydrogen seems highly desirable. 


In the higher temperature region, however, 
Schafer’s simple theory seems inadequate in the fact 
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Fig. 2. (a) Calculated energy per molecule | 
“(pure ortho-hydrogen) 
T: Total energy 
P: Potential energy 
XK: Kinetic energy 
(b) Calculated anisotropy (pure ortho- 
hydrogen) 
A: Total anisotropy energy 
O: Overlap force 
D: Van der Waals force 
Q: Quadrupole force 
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that it expects a curvature and peak height different figure, which is expected to correspond the exact 

from those observed in the specific heat-temperature observation. 

plot. The dependence of the anomalous heat on the 

concentration of ortho-hydrogen and the narrowing of 1) K. Schafer, ZS. f. phys. Chem. 42 (1939), 380 

nuclear resonance at about 1.5°K combine to suggest 2) J. Hatton onl B. Vv. Rollin ees Rove oss 
__a Co-operative appearance of molecular rotation in the A199 (1949), 222. 

solid phase. Consideration of the statistical distribu- 3) N. Bloch Beret E. M. Purcell: and R. V. Pound 

tion of the ortho- and para-component in the lattice Phys. Rev. 73 (1948), 679. we 

seems indispensable for the understanding of the 4) J. de Boer, Physica 9 *(3942), 363. 


specific heat. 5) T.Nagamiya and Urano, Busseiron-kenkyu (in 


Japanese), 51 (1952), 64. 
* After taking polycrystalline average and consider- 6) R. W. Hill, Proc. International Conference on 
ing the intermolecular interaction, we obtain a peak Low Temperature Physics (Oxford, 1951). p. 8. 
to peak separation about 1022 smaller than this 


ERRATA 


On the Inelastic Collision between Molecules, II 


K. Takayanagi 
Prog. Theor. Phys. 8 (1952), 497 


On the Inelastic Collision between Molecules, III 


K. Takayanagi and T. Kishimoto 
Prog. Theor. Phys. 9 (1953), 578 


In the last part of Appendix IV, paper III, we wrote that “cross sections of the process (*) and (**) 
are same”. However, it has been found to be wrong, because we had failed to notice that is Ds are 
normalized 

PH ay Ay 2)| | Yee As 2) |2=2| Vem (1) Vermr (2) || Yam A) Vem (2)) 2 
for our case. The same is true for the inverse processes. This factor 2 always cancels the statistical factor 
zv(=1/2) in the equation (7) of paper III, and we must correct (11), (12), (14) in that paper as 
Qe) ; Q@ : QM=1: 0.23 : 0.11 (11) 
PO) =2.00 x 10-2 (12) 
Ayaho=hy, Ay’ shel = he's 
Hy=XQ= Ag, Xa = Ho = Xp’ (14) 
The general feature of the theoretical dispersion curve, however, does not change. For the same reason we 
must multiply the cross section itself of paper II with 2. 

Furthermore, the following misprints should be corrected: paper II, p. 507, first line: (//—m”) should 

read (//—m/) ! paper III, p. 588, in Appendix III, 


2 
(47/5)? pa Vowr* (0; g1) Vour* (02 G2) 
Wt ee 
should read : 
(47/5)? 3} Vou* (Oi g1) Your* (02 Yo) 
Bb ,w/=—2 
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Deuteron Stripping Reaction 


Shiro YOSHIDA 
Prog. Theor. Phys. 19 (1953) 1 


The equation (3-6) is incorrect and the right side of this equation should be multiplied by factor 2, 
and the right side of equation (3-22) also should be multiplied by 2. g and 9/ in equations (3-17b) and 
(3-28) should be multiplied by factor 4. The figures of the 6th and 7th columns in Table 1 should be 
multiplied by about 1/4. In equation (3-16) @?/2// should be replaced by 24//2?. 


Theory of the Normal Modes of Vibration in Crystal 
Sadaaki YANAGAWA 
Prog. Theor. Phys. 10 (1953), 83 


The following figures should be inserted. 
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On the Heisenberg Treatment of the Field Variables 


Ichie WATANABE 


Institute of Science and Technology, University of T ok yo 
(Received May 17, 1953) 


The simultaneous integral equations of the vacuum expectation values in the Heisenberg represen- 
tation are proposed, by the aid of which we reduced the equations to gain the expectation values, the 
‘S-matrix and the bound state solutions. The relation of these equations with the methods of Dyson, 
Bethe-Salpeter and Tomonaga is obvious. The practical calculations are carried out for the system 
containing one Fermion and the neutral sczlar mesons. The application to other general systems may 
be readily possible. 


§ 1. Introduction 


Recently the progress in the formal treatment of the field theory seems to aim for 
the two directions. One of them is the covariant description of the field theory. It was 
advanced by the treatment in the interaction representation by Tomonaga,” Schwinger” 
and Dyson,” and has gained many successes for the problems of the relativistic phenomena 
and the relativistic subtraction. The description in the interaction representation is connected 
tightly with the perturbation method, because it gives the special roles to the free fields. 

Another direction of the formal progress is the attempt to overcome the perturbation 
method. It is well known that in the nucleon—7 meson system as their mutual interaction 
is rather strong, the perturbation method is not suitable. As to this difficulty, the treat- 
ment based on the Fock’s Schroedinger equations was proposed by Tomonaga” for the 
system of one nucleon and by Tamm” and Dancoff” for the system of two nucleons. 
Recently Lévy has applied the extended Tamm-Dancoff method to the deuteron problem 
and gained very reasonable results. Thus the treatment in the Schroedinger representation 
is found to be effective for overcoming the limit of the perturbation method. But its 
non-covariant expression is inconvenient for the relativistic invariant treatment. Especially 
for the high energy phenomena the covariant treatment will be unavoidable. 

From this consideration it should be desirable to treat the problems in the Heisenberg 
representation. The first study of the treatment in the Heisenberg representation was 
attempted by Yang-Feldman.» They showed that it may be possible to obtain the S= 
matrix in the Heisenberg representation. Recently Bethe-Salpeter” have proposed an integral 
equation for the Feynman’s amplitude function and from it reduced the covariant bound 
state equation. The field theoretical foundation of this equation has been worked out by 
Gell-Mann-Low™ by the use of vacuum definition and other treatments in the Heisenberg 
representation. But as the nucleus of the Bethe-Salpeter integral equation must be gained 
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from the terms of the Dyson’s perturbation series, this equation is not perfectly free trom 
the perturbation method. 

It is the purpose of this paper to propose the simultaneous integral equations for the 
vacuum expectation values in the Heisenberg representation and to advance one step further 
in the direction initiated by Yang-Feldman and Gell-Mann-Low. Our equations ate obtained 
by using the Schwinger’s integral form of the equation of motion and the Gell-Mann- 
Low’s vacuum definition, and seem to correspond to the Fock’s simultaneous differential 
equations in the Schroedinger representation. (§ 3.) Solving the equations we shall obtain 
the Feynman’s “ scatteristic”’ expectation values” (which are the matrix elements of the 
field variables based on the free states of the infinite future and the infinite past,) and 
the S-matrix. If we expand it in the power series of the coupling constant, the each 
term of which is identified with the corresponding term of the Dyson’s perturbation series the 
relation with the perturbation method is obvious. (§ 4.) Further with the use of the Gell- 
Mann-Low’s method, we shall gain the equations for the bound states similar to the 
Bethe-Salpeter equation. It is shown that the equations correspond to the Fock-Tomonaga 
equations in the Schroedinger representation. (§ 5.) 

These treatements are carried for the system containing one Fermion and the neutral 


scalar mesons. The description for other general systems may be readily possible. 


§2. Vacuum and vacuum expectation values 


(a) On the definition of the true vacuum 
Gell-Mann-Low has defined the vacuum in the Heisenberg representation (the true 
vacuum) as follows 
cV,=U-"(— 0, t')9,(2') (1) 
or 


OG UN ogra) tr Ne (os 


where U/(7, ¢’) is the transformation matrix which is taken as to identify the field variable 
F(t) in the Heisenberg representation (the Heisenberg operater) with the field variable 


4(¢) in the interaction representation (the free operator) at ¢=/’. The relation is 
written as 


EPC) =GEPIFONG WS (3) 
OCS, ee S = 
jC) (de le, )U(tt), Ue, =I, (4) 
at 
And @,(¢’) is the vacuum state in the interaction representation (the free vacuum) 
for the free operator F'\¢) which is transformed by U(z, ¢’) from the Heisenberg operator. 
Here if we vary the time ¢’ that the two operators in the different representations 


coincide, the true vacuum vector %, will not vary except any numerical factor. Therefore 
. / B)¢ . ‘. : 
in ¢’—>— oo the definition (1) is expressed as follows 


cE = 0,(— co) ; (1)! 
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_namely the true vacuum is the free vacuum for I) which will coincide with F(¢) in 
t’—>— 2. Similarly in ¢/—> + co from the definition (2) ®,(4 00) is the true vacuum. 
We shall use these Gell-Mann-Low’s vacuum definition hereafter. 

We express the transformation matrix element from P,(— 2) to D,(+ 00) as 


(Po*(+ 0) %,(— 00) )={ )F=(U(+~, —w)),. (5) 


By the Dyson’s perturbation method it may be written 


n=0 7! 


(U( +00, —e) y= SP abe atey PH) Hie)))o 


35> j dhe dey (PH), Hil tn) Yo 


BST PUN (45). 2) Hi (4y)) oP (Mpa) HT, (%n)) )o 


2! p= 

Dip 
a ee 

op 2 q 

apse Se OEY: ; ; 
edd uate ta as | (6) 
where 
ig= 3 ai dar dty§ PHA 2)» 0° Hy (n)) Yu (7) 


The commas between the interaction operator express that we take the connected graphs 
in the Feynman-Dyson diagrams. In the present field theory 7 has the infinite imaginary 
part. So as to keep the unitarity of the transformation matrix, we must make the 
following agreement according to Feynman.” That is, we use always 


U(+0, —w)/(U(+0, —~)),, 
instead of O(+0, —00).. 


By some consideration it is known, this agreement is equivalent to use 
Ot, 2) /( 0 £) do 
instead of (/(¢, ¢’) generally. Then for the arbitrary ¢’ we may conclude that 
| 28, = 0,(0!) (8) 

namely the free vacuum %, (¢! ) is always the true vacuum. 

By means of the above nature, the Feynman’s vacuum expectation value of an arbitrary 
operater /* 
(D,* (+ 0) FO,(—0)) =(F)T=(FU( +0, — 2) o a) 


_ we may translate to the true vacuum expectation value, 
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(UXFY ) =(F), (16), 


that is 
(F),=(F )s/( = (FU(4+ ©, —0)))/(U(4 ©, — 00) )o: (11) 


With the calculation similar to (6), we have 


(FU(+0, Se 2 SP ender, PEMA) «TT (4n)))o 


—o@ 


s= s eS j ax, dt, PF, H,(%,), he) H,(%n)))(O(+ Serena S f. 


(12) 


then 


ORS 5 oP" Jar dx, (PUP, H,(x,), ++, Hi(tx)))o (13) 


The equation (13) express to take only the connected grsphs in the perturbation calcu- 
lations as we are doing in practice. 
(b) Tsolation of the vacuum expectation values 

A chronological ordered product of the Heisenberg operators F,(4,), F,(%s), °°; 
accompanied -+1 according to even or odd permutation of the Fermion operators ¢/ and 
(), we write as follows 


eP(F (4;)Fo(%s)-*). (14) 


From its true vacuum expectation value (eP(/, Cane: o(4)-+:))y we isolate the 
parts composed by the products of two or more vacuum expectation values, and the remain- 
ing we express 

(EPP (43) x Dg 4a) 0) Noo (15) 
which means 
(ePF (44) P(e) ++) o= (eP(Fi(ay), Fos), +) )o 
+ SelePF (1), Falta), +) ol@P( a - 
+ BeleP-))o(@P(") pole) or ae (16) 


where >} represents the sum of all possible terms and «¢ represents -t1 according to even 
or odd permutation of ¢ and ¢ like ¢ of (14). For instance 


(eP( (24) ¢ (2) (45) di (44) )o 
=(eP(P (ay), $(42),'P (45), (44)) do 
SL (eP(P), $(a4)) eP(d (re), £(%s)) Yo i 
= (PCH), $Os)) ol ePW (a2), FL) Jo (17) 
The expectation values containing the different number of ¢/ and ¢ vanish of course. 


In the Feynman-Dyson diagrams this Process corresponds to isolate the graphs decom- 
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posed few independent gtaphs. And as it is carried together with all higher order cortec- 


tions of the vertices or lines in the diagrams, it has generalized meaning independent of 
the petturbation method. 


Specially after the next section, the mixed expression : 
(PA (4) F(4), ORE AF Doky (18) 
will be necessary. It means 
(eP(F (4) Fe(42), BACAR =) 
=(eP(F4(41)) Fs(%5); F(45), -*+) Yo 
+ Sret{eP(F, (4%), >--) \okeP(Po(%s)s +) Nos (19) 


namely it contains the terms decomposable between /,(x,) and F ots) 


§ 3. Reduction of the simultaneous integral equations 


For convenience we carry the process in the Fermion and neutral scalar meson system. 
We express the Fermion free operator $,,(%) which coincides with the Heisenberg 
operator (1) on the spacelike surface o’ 


$o (xr) = |s@—x) inf (4) dey, 


of 


— js (4#—4,) 7p (41) doy, +8| de, s(x—4,)b(4,) P(x), (20) 


orl oll 
where the surface o’ is arbitrary. These notations are all the same to Schwinget’s.” 
If we take the plane ¢/—>+ 00 and ¢’—»—©o for a’, we have 


Pala) =| sea) ref @doy te fdes(e—a) Oe) — 21) 
P(x) =| sen) rb (a doy —s | desea) 6a) PCr). 22) 


From these equations we reduce 


(Pro tp.) (+) | (s+is\) (t— 4) 9 4) doy 


taf de (o+is) (x4) a) OC), S13) 


oll 


019%) (0) =[ 6-18) (en rH dow 


=e | dr (s—i0) (wn Sn). (24) 


—-—o 
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~ 


The definition of the free vacuum are written 
D*(+ 0) Prat iptt) (x) =0, (25) 
(Po 19%.) (4) P)(— 0) =0- (26) 
By the use of the equations (23) and (24) and g(x’) at +” on the surface o”’, we 
make the expression as follows 


Prati) (2) GA") I — G4") ($-o—7P2) (2) 5}. (27) 


From (9), (25) and (26), we know, the value of (27) is zero. 
By the equations (20), (23) and (24) this expression is reduced in the following 


way : 


({ i a) 78 Wed, Gal) |+is® (2x) rp {P(4), d(x'’)} \doyrs 


4g | dr (ln) ie (2 <4) 3 (2 — 2) (POH)PC), FO) ME 


- oo 


=(| (Ga) rue(e 2") PY), FO") 


oll 


—s(a' =x) re (22) (n), (2"")} 


+s (a! < +) ty ih (44), P40") ) dow )F 
taf de elas!) 4is(2'—2)) (PED HL), H"D))E 


=(e(2'—2"") P(( Ce Te P (%,)doy,, P(4")))F 


oll 


4(- 2 2/)s@— ake igs eae Se =. a 


@ 


i 
te fdr (oe (2! —4))s(a- 4) F650 (2’— 4) (POCA) (4), BO") )F 


o! 


te | deo! 250! x) (POH) Hn), HA") 


=(eP(Y(z’), b(x"’)))F— eet! —7 J yo 


foo} 


— | deisel PEED) HOMIE (28) 
where we have used the relation 


LP), BC") Je (4! — 2) 2POO), ")) — | Gh P(e")}) (29) 
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and 
2) = eal as 2) +2, 30) 
Using the relation (11) and the fact that (28) is equal to zero, we get 
(eP(f 2"), $4") )o 
= sole 3") te | dea! 2) (PE), FA) )e BD 
Paves bites lcularions 
(eP(P(2"), $4") )o 
= spat") $¢ [de kePO(e), BOSE) )ase(—#")), G2) 


Zz 


(ePb(4), 62) g 
= idy(x!=2!") —g [dr Ap(a— 2") (PG) O()s $2) ew G3) 
Generally for the products of more than three variables 3 
(EPP) 5 Pen), $A) 1 BUw)s POD 1 Bm Yo 
= 5 | eit x(q —1,) (PBC) (ee), $2) 4 BE nd) 


Hg | diese PH a) BU) 8 (44), BED» Fm) Jose = 20 


== g | din de(.—m) (eP($(2,); mie CAL ACAE B(H2)s os P (%m)) )o- 
(34) 
The left side functions of (34) are antisymmetric for ¢ and ¢ respectively and sym- 
metric for ¢. 
Thus the simultaneous integral equations are obtained by means of the Schwinger’s 
integral form of the equation of motion and the Gell-Mann-Low’s vacuum definition. 
In order to rewrite these equations into the momentum space, we use the following 
expressions : 
h pike 
y= [oor oe 
ak 
(2m)?’ 


é()= Hoa pr SP O=B-o> | (35) 


| eike dk 
a + Po —te (27%)* ‘ 

thy — Xp pike” ae 
ie hk? + x, —1€ Ce en 


p (2) = \¥ (2) go the 


4,(4) = 


Sp )-= 
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and use the notations of the following way : 


hat Bah er ak’ gh I del cl — thet g eP(d pl Ay Bin Se 
S a h o= - [= f( ); ¥ ( ne 
(POE) BO) = | Ee Gas = 
From the equations (31), (33) and (34) we get 
Fi Z / hy 
(P(A), BR") p= OH RDA rie - 
aS ee \ dpleP(b(! yaa DR) Yo» (37) 
itis x 
(eP(b(2), 82") oH OR +2") ron ae 
Ae pegs \O POL DID) SON a (38) 
ve Ve pie EE 
(eP(P(Ri)s 5 $a), 0s PL), +) Yo 
ac AT | dpPEE—D OD)“ Y)o 
= eee SNe le 
roe [ao ePCs BH —LAD), =~) ot TE 
a Gag JOP FMD HD) ns 9) 
ae 


where we omit ze for convenience. 

Solving these equations successively we may obtain the same results with the Dyson’s 
diagrams is obvious. Namely for the Fermion path, the meson =F and the vertex of 
the emission or absorption respectively correspond 7(¢hy—x,/k’+%,), —i/k + and 
ig / (27), and the energy-momentum conservation is in being for ade vertex. 


The total energy-momentum conservation comes into being on each expectation value 
and it is contained with the form 0(4,4-+--/7,+-::—2,—::-). 


(eP(P(A,), Pa eMelez, hte f(Z,), ac) Jo 


Therefore if we put 


sg f PONEMISGRN AY 7 He waco oie tn Ry teats 
ey ie he oe Le 4%, 
x OC be +Ay+ dys), (40) 


(37), (38) and (39) may be written as the equations of s(4y, °°: 3 24, °++, fj, -*-). 


These functions are the matrix element of S—matrix. The equations are generally non- 


linear, but if we neglect the pair creation of Fermions, the equations will be linear for 
the s—functions. The details will be discussed in the next section. 


$4. Matrix elemenis for scattering 


(a) Feynman expectation values and S-matrix 


For the momentum expression of the free operators we express 
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p. (x) <= |e. (2) gike dk. 
P(r = | P.(h) eh ak, (41) 
Q, (x) 23 js ( h) eke, th 


where 


= ior pace ee =4 (ye oe 
— D 2 ee} is i +6 ° 
k= (kz, Vi +h), h=(h, V +), (42) 
* 4 ; 
The state where are 7 Fermions of momentum hy -*,, and 7 mesons of momentum 
ht, **+, Jim in the infinite pest is written as 


> 


P(—0 3 ky +, bys he, pate , An) 


=e a Fi) Pn Fn) Pi — Aa) Pg (1) O05). (43) 


Similarly (+ 00, ---) is written by (kh) and Haus h). 
Specially if we take the Feynman expectation value of an arbitrary: operator 7 by 
one Fermion states, it becomes 


(O*( 4.00 5 #) FO(— co ; B)) /(0,*(+ 00) @,(—00)) 


: ; =(P(p.0(2) » f, $_.. (2"))), ; (44) 
From (35) and (41) 


#.(0) = | 9.(4 ev tke ae =| Thy Cree EN hE: (45) 


(az)? 


(27)° 
Similarly 
Pk b) = {= ane gitto- bre E(), (46) 


By the use of the Dirichlet integral 


sin dx 


lim of flay" d= nf(0) (47) - 


we get 
ees! 
o. (27)* B+ ke 
Lies 5. ahd 1 
= i OKO, giles foe —_ +370 (#? +} e Bp et a (falas 
fete (27)? e Bt he? +170 ( 0) f(A) = Tak Shin). (48) 


On the other hand we have the relation 


— I, 


2(27) "Ie! (2h’y— hy) 3( — 2") (49) 


(p. 29, (2°) )o= 


' and we may put as follows 
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. ky —x tk yy — HX) ' 
(POW), FB PUY) ote hOB a (50) 


By means of (48), (49) and (50), the expectation value (44) is written as 
(PGra(h) F Poh") )o 
a GR Oka” 

= lim |——— a 
one (2m)*  (27)" 


g- Hot “hone esrb 9H" (e PUGCE), F, BR) Yo 


we a -(ikely — hy) F(R area (ikel’y—x,) 
47 vo 


= (22d! (2 hh B 5s (BY vce (Ei) of Ter 5 Ko) (Pw (be) Po (2) Jo « 
(51) 


Therefore we may write the operator / for the Feynman expectation values by one 
Fermion states in the following expression : 


=| (anya, dhf EP Us 5 Ie) 9 (Ee). (52) 


Similarly we may write the S—matrix. For instance the S—matrix for the scattering 
of 7 Fermions with the emission or absorption of 7 meson may be written with the s— 
functions defined in (40) 


yaa (2m) imt™ gp. dh, dh,---dlig dl, -dl,, 


NG Pen at se <I em mma ey (re aay my ee) )-+-P (By) 
x 6(— hie -$(— hy) s (Ke ad eae (Pi h,3t 1’ and L,)P(d,) + -o(Z,). 
(53) 
(b) Variation function ‘ 


The treatment like as in previous sections should be necessary for the strong interac- 
tion as the nucleon and z—meson system. The calculations up to this time seem to show 


us that we may neglect the terms for the pair creation of nucleons in such condition. In 
this case, in the equations (37), (38) and°(39) we may Pee 


(PE) SU) =I WHE EE, 
(PUL), 1 Ble) y=0, n> 2, 


For the most simple example of this approximation we write the equations in the case 
of one nucleon. 


Applying (19), (40) and (54) in (37), (38) and (39) we have 
Shs k) = (—2) (—7zky —x,) a = se Be kb —1 :. 
|e dp s(p; kp; &) Gop age 
(55) 


(54) 
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s(k; hy, Pick? ee 


apy —7 
pt epee & Sa O eM s de id TL PEL PRS ov Pra aae 
ene ll4 ae te 
k+h,)% 
Tease kth BLD IAG (2 oa Re Se a, 2) | 
pa then ee f Reelin (ad Pe les Lb) 
dp sk; —1+-f, ly, ++jJins p)i PI ZH nad 
Ga)? iJ P+x? (lp) +p 
+ 315(h3 hp cores Ay» ign have J) ieee ES Ba | (56) 
s=] (¢—h,)* + x 
where l=h+ hiyt-+ +hy. 
The above equations are linear for s(4; /,, --:, 2,3 2). Solving them we will gain 


the S—matrix elements (53). If we want to take account of the subtraction of nucleon 
self energy, we must multiple the factor (1+ 0x)2(éhy—%)/#°+%2)) on the left side of 
(55) and (56). 


The variation function, from which (55) and (56) are reduced, may be gained as 


eae ty arrer ek ie . ey —% yg tRT Ko 
K=| CG: k)+s(k; k))dki ae 0 (14+dui47—* ) 


xy Ro + xy? fe 
fs 2 | db lesley at ae mae 
ee n! : Ve a nay Mie Jog ee 
x| —s; a Pas tee gf rae ie ee ity “Yo fay 5 Tins L) 
é ee B+ xy 
% ky — ie 
+505 hy, —Jm; k)i- 5 
( a a B+ x, (22)? 


TBE fee Jago Teg HD) a 
He + fb 


(A—-h)* +x 
— eS k—h)y—x 12 
ee nia I, pe ha fi Asoo BY eon a Ns 
+ ses hy Goel Bia rae Caer (27)? 


z ily —%, 


p20 6d tay oy ins aga g dh | xi oe) 
x2 a: s( > ys ln 3 J) 24 2 en Ore 


By the- variation 


ws =0, OK =0, 
Os Os 
we gain (55) and the first and second equations of (56) with the self energy subtrac- 


tion. Then s=s is concluded. 
On the other hand (57) are reduced by (55) and (56) as 


— (fe ctei pry ta” (1436 PtH"). (58) 
K= | dk (hs Bi ( ee Exh?) 
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From (58) spur K is 77 of (7) which is neglected the terms of nucleon pair creations 
and take into account the nucleon self energy subtraction. 

Practically in the case of the strong coupling the S—matrix (53) gained by these 
process will not effective, because the incident particles already are not free particles but 
the particles bound with the meson cloud. Therefore we must use the connected treat 


ment of the bound state and the .S—matrix to gain the exact solutions. 


§5. Bound state equations 


(a) Reduction of the bound state equations 

Bethe-Salpeter have used the sum of the irreducible terms in the perturbation series 
of the vacuum expectation value (eP(¢(1,) $(42) (45) $(4s)))o for the nucleus of their 
integral equation.” 

But it seems to be impossible that we carry the process free from the perturbation 
method. Therefore we should give up the good idea, the irreducible correction, for our 
general equations. Again we start from the equations (31), (32), (33) and (34) 
teduced in section 3. 

Practically we treat only one Fermion system neglected the Fermion pair creations. 

Using the relation (54) or 


(eP(O(2'), 8(4")) po tde(a’— 2"), 
(eP(b(%), ie 8(4n)) o= 0, na>2 
from (19), (31) and (34) we get 


(54") 


(PE), $4") w=— se 2") 

+8 | dx solo 2) PO), H2”)))v, (59) 
(PU) $n) 5 HED) 

=e [desea —x)| (PU )8C), $0. BLE)), 

+ BiH) EPOCH): $V): ead» “5 HA) 0} (60) 


Applying the Gell-Mann-Low’s method™ we may obtain the bound state equations. 
Namely when +5', 1) ***, Jno > 4s we may put 


(ePP(2"), $(94), +) Bn) P(2")) Jo 

=U(PO(#"), 81) 1 B(Gn) Ve eB) Yas (61) 
: where (Fle= (CFE x). (62) 
Y x is the bound state with the total energy-momentum K. 


By means of the Gell-Mann-Low’s average process in 2,/’—>0o, 


the inhomogeneous 
terms vanish. Therefore from (59) and (60) we get 
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(P(x) leas | de, Se(4— 4) (PP (44), $C) [x (63) 
(P(g (x) ’ b(9) dinates O(4n) ) = 
a6 | dese x) (PWG), 8), 604). ss 60) ) Lx 


a > 2 4,(4,—J;) (P(o(4); b(9) ee b(ys-1)> O(Is41)5 Sar b(In)) ix]. 
(64) 


The equations rewritten into the momentum space are 


7 oe. thy — xy 
WO) b= gt TS [a PME—2), SUD) xr (63) 


(PUPA), b(n), 4 :BUVin)) xe 
24 T= "0 | | ae PUM), $()» Ua)» $n) ) Li 


One oe pxe 
+B pe POE): Ua), 8a) $Uaeds lef — (66) 


where we express as 
(P(o(4), b(%,), aa) # Uin)) Ix=X(k; It, rae Jin) (B+ iy ++ Ig —K). (67) 
We operate 7(2/7+4+%,) on (65) and (66) and integrate with «/%, and we get 


fbi 


OR CRD eae eer ae (68) 
sa 


O{0(K— My: hq) 7 FH} HK My Tog 5 Beyy *7+ Men) 


1 | fet Bde Ins Ibis ey Th) 
AES 


AE s ae NBN k, r See a hy, re) iis Is 4.15 | 
=! P+ pe 


(69) 
Thus we obtain the equations for the bound state solutions. ‘Next we return to the 


Schroedinger representation and show the correspondence with the Fock-Tomonaga equations. 


(b) Schroedinger equations 
The operator hy (X) in the Schroedinger representation which coincide with the 


Heisenberg operator at t’ are written 
Pu(zy=P(x, v) (70) 
and from (35) - 


iy (B= $B 1") = = {oo tye Pns | EBS aCe. 1) 


Simply we take /’= 0. 
The free state in the Schroedinger representation are written 
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eS ce x Ae —i(k j +h 
@s(t)= 1 b(k ; 0)b(—hy 3 0)-+-B(—Aen 5 0) Fo & (Ko thyot+ > +hno) 4 


—J 
V/ 77 ' 
nu! we 
and for the bound state we use the following expression 
Vi DHE pea SEA, tI oy hey) OF OR. (73) 


From (62), (67), (71), (72) and (73) 
¥ (h, L; ho ane, Jin) = ( or ym) oa tkot | 
=| —aky Ait Very (P(h(R), 61)» 77> 9An)) |g ef Mao Hho Ky) 
Vn) (2m)? (x)? (2m) 

x : —Aiiyy ek Altny 


ants (2m) (2a) » sar)? 
~ O(k+ heen Py faa K) e? Mot +lg— 4o)e, 


Res la) 


(74) 
On the other hand 


(POEs 0) $a)» 5 $Uin)) Le 
= dk, Hh E h wee L reo 
~ ae (WB, ba), BUA)» + $n) ) Lx 


== - RAGS Hes in) OCR + Thy 400+ + in — BK) 04 Cro tino FYE, 
D7). 
(75) 
Therefore if we put 


Widnes ie) 
= . WB Iie Tins Igy oy Teg OBA MA tig — Ke 0 lave Ro Ko) 
ae 


a ek (76) 
and in the equations (68) and (69) instead of 


(Ko hyo: = Tiny) & (KI Tin 3 Iiyy +++ h,) 


we put (AM —Ryy)h(K—hy+ lin 3 yy ++ Atm) and. integrate with : dhsy 
eee Ling 


> > 


rae a Val (27)? 
(ony?” we get the equations for X°(K—/,-+-/, 3 Ay --*5 Aen). 


They are the equations as follows 


84K Wyo — By (CK hey Tig) He) 1} 74K (KR — hig — Tig Tay 5 Te) 


: > 1 eee > > > > - > 
ees {| Fijge tier ees hes hr; hy; hey) 


e adh, —7Z =e Ve a 4 =? =>: =2 > 7 
pe (an)! het pe Vunk (K—hy+: hey 3 hy, Mia hy He: Se, Yes cv -f, 


(77) 


Neglecting the momentum. recoil, namely 


On the Heisenberg Treatment of ‘the Field Variables 385 


COmRAI — in)? x2)? x and 7,—1 
we get the following equations 
(~—K,) ti (K)=¢ jai (K—h; h), (78) 
(iy + Pei OCR 2} ice y, ; hi, see, hn) 


ea Sol ee SDS > 
=2{{ai rer jE Oy es ny ae Iyy +, Rn) 


7 By ey # > = —> = > > — 
Sean Mites Ngo Magee iin) (79) 


This is the equations used by-Tomonaga which have a simple analytic solution.” 

In this section we have not tefer to the two Fermions system, but the equations for 
it will be reduced from (31), (32), (33) and (34) by the similar process and will be 
more complicated than (68) and (69). From the first and second equations we. shall 
obtain, as was expected, the Bethe-Salpeter equation in which the nucleus is limited only 
by the first term in its perturbation series. 

Generally for the problems like as in the charged meson system or containing the 
nucleon pair creations, the equations will be much complicated. But the relation with the 
Dyson’s perturbation or the relativistic subtraction should be obvious. This correspondence 
should lead to any effective strong coupling method founded on the exact field theory. 

The author thanks to Prof. M. Nogami for his kind encouragement. 
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Tomonaga’s intermediate coupling theory of the meson-nucleon scattering is applied to the case of 
the strong meson-nucleon coupling, using the simplified model of the charged vector longitudinal mesons 
interacting with a heavy nucleon. The remarkable feature in the strong coupling limit is that, besides 
the ordinary levels of the nucleon, its isobars and the’r excited states, there exist another kind of the 
excited levels (the “higher levels” defined in Sec. 2) which play an important role for the scattering 
problem. : 

Our result agrees with the former conclusions of the Wentzel’s strong coupling treatment. Com- 
parison with the case of the intermediate coupling region is discussed. 


§ 1. Introduction 


Recently, Tomonaga” proposed an approximation method which deals with the’ scat- 
tering of mesons by nucleon for the intermediate coupling strength of the meson-nucleon 
system. In this method, the meson field was expanded in the momentum space by a set. 
of complete orthonormal functions, g(f), 9, (f), where 
f k ke 


Ait oe ers Kt 
K, KVK . K 


% (f) ai af, 


and the problem was treated by the picture: how the 8-mesons, which are the mesons in 
the configuration of g,(t), is scattered ‘by a ‘‘clothed”’ nucleon, where the latter is de- 
sctibed approximately by taking into account the whole number of mesons lying in the 
configuration of ,(f). 

In this paper, we discuss the meson-nucleon scattering using this picture, under the 
assumption that the coupling is very strong.** Although our result agrees with the well 
known conclusions of the strong coupling theory,” this method will serve to clarify the 
physical content of the strong coupling approximation from somewhat different view point, 
as well as to see how the various approximations, which were assumed in I when the 
coupling is intermcdiate, break down as the coupling becomes strong. 


*) We assume ¢g (t) to bé real. Although Hayakawa”) proposed a method in which only the mo- 
mentum representation is employed without introduc’ng the 8-representat’on, we shall follow the notation of 
Tomonaga in order to reserve closet correspondence with I. 


**) This means that only the zeroth order terms in the ex 


pansion in the reciprocal coupling constant are 
reserved, é mae 
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We use the same simplified model as in I, that is, the charged vector longitudinal 


mesons interacting with a heavy nucleon. The Hamiltonian is therefore 
H=Ky{A*A+B*B—V[(A+B*) 0+ (A* 4B) Q*) 
+ | Ki ((A*—VO)a, + (B*—VO)b,)} do+ce. (1) 
+ | S(a,*a, +6,* 6,)d8 | 


where and hereafter the same symbols and notations are used as in I, if not specially 


mentioned. 


§ 2. Mesonic proper field of a nucleon in the limit 
: of strong coupling 
The eigenvalue equation of the mesonic proper field of a nucleon is 
(2—2,) O=0, (1) 
where @ is the Hamiltonian of the self-field divided by X,,, 
2 = A*A+ B*B—V[ (A+ B*)O+ (A*+B) OF] (2) 
and 2, is its eigenvalue. Following Wentzel® and Tomonaga,” we transform Q) 
into differential equations. For this purpose we introduce the canonical variables 1, y, ,, 
and 7p, by 
| A=1/2(4—iy +if, +f,) 
| B=1/2(x+0 +1p.—p,) 
and further the polar coordinates 7, @ by 
x=r cos 0, y=r sin 0, 


where [x, 2,]=[y, £,]=2 and other commutators vanish. 
Then the operators A and'B (and their complex conjugates) become 


(3) 


Boe. fo) z oO 
BEE ‘as Bal ri. See FES} 
Pati gst 100 


The angular part is separated by putting for the wave function 


rea g(4, y) eee Sas ay Sf (reer . e 
Ba oar Tea ndeome ) 
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Mae T/ 2; Geap2. go 3 
and (1) is transformed into a set of differential equations 
[—a@?/dr? +m(m—1) /P +r —2(2)4+ 1)) S)—2Yrg.¢%)=9, 
(—a?/dP? +m +1) /P+7—2(2,41) lg 1) —2V7f(7) =0. (5) 


The solutions of (5) in the limit of strong coupling were obtained by Went- 
zel” using the W. K. B. approximation. We shall now summarize some relevant results 
for the later discussions of the scattering problem. 

(a) The energy levels which follow from (5) are divided into three classes. 
The first class consists of the levels which lie near 2,—=—1/?/2, and we call them herea- 
fter the ‘lower levels”. The levels of the second class are situated above the lower levels by the 
amount of 2/72 and are called the “ higher levels”. Other levels exist, forming the third class, 
which lie between the first and second classes. However, as will’ be shown later, only the 
first and second classes are important for the scattering problem. 

(b) The solutions of the lower levels are given in the first approximation by put- 


ting in (5) 
Ir) =s(r), Y 
[—a? dr? + [P+ —2V7r—2(2, 41) | f(r) =0. 


This equation gives for (7) solutions which have large values only near the point r= I. 


¢ 


If we neglect the “ centrifugal force” term 7°/r°, which gives the effect of the order of 
1/V, they are the solutions of the harmonic oscillator, whose origin is displaced by — 
Then the eigenvalue, which is exact up to the order of 1/J/° and belonging to the charge 


and oscillator quantum numbers (7, 77) is 
Qn = — Vif 2 +n 1/2 [2 (7) 


where K,,(7°/2V") is the well known isobar separation and (7+4+1/2)e is the charge 
of the total system, bare nucleon plus its self-field. 7=0,1,2,---is the quantum number 
representing the excited states of each isobars (including proton or neutron). 

(c) The states which belong to other levels than the lower ones have positive self- 
energies. For them, the potential has its minimium near the origin, and the wave 
functions of the less excited states have values only near the origin, while very highly 
excited states have wave functions which extend as far as >~V7. The former states form 
the third class mentioned in (a) and the latter the higher level class. 

Now, as mentioned in (b), the wave functions of the lower levels have their large 
values only in the region y~ 1”. Therefore, only such states which have wave functions 
extending as far as r~ I’ can give non-vanishing matrix elements for the transition from 
the lower levels. This is the reason that only the lower and higher levels are important 


in the scattering problem; and the wave functions of the higher levels, which have values 
neat y~ I” have the approximate relation 


ANU) ace) . (8) 
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and the corresponding eigenvalue 
Gora 32 
The relations (6) and (8) and the normalization of /(-); both for the lower and 
higher levels, 
lear 1/2. (10) 


will be frequently used in the subsequent discussions. That the higher levels are really 
relevant will be shown more explicitly in the next section. 


§ 3. Transition matrix elements 


Using the solutions in the last section, we calculate the matrix elements of A, B, 
etc., which are needed for the scattering problem. Here A, B etc. are defined as in I by 
A=A-VQ@, B=8-VQ, (11) 
A* = At —JO,- BF=BF2VoO*. 


With these operators (2) is written as 
Q= A*A+ B*B—V’. (12) 


In the following, we shall mainly consider about A. Similar considerations can be applied 
for other operators. 
Corresponding to the separation of the energy levels into two classes, we divide A 


into two parts, in the representation in which #2 is diagonal : 
A=A+A’. (13) 


ha ee 9? 
Here, A has non-vanishing matrix elements only for the transitions among “ lower levels 
and among “higher levels” while A’ has only those matrix elements which cause transitions 


between lower and higher levels. Schematically 


low high 


Similarly, Q' is also divided into two parts 
OM =O” -O, (14) 


Then for 71, we have approximately 
A’=—V0Q""', (15) 


and if we introduce a new variable 7 according to 
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r=r+V, 


A can be expressed from (3) and (11) as 


A=te(r4+<)— Ep tee ° (16) 


Before going to the evaluation of the matrix elements, we should now investigate 
which matrix elements are really relevant for our problem. In the following paragraph, we 
shall show that only such two types of the matrix elements as 

(| A\2") 2" |A*|Z) 
and (17) 
Saal) (hi ARE) 


(and the similar ones for B, JB* and their combinations with A, A*) are necessary to 
evaluate. Here, / and /% stand for the “lower” and ‘‘ higher” levels, respectively. 

To show it, we note that what we are going to do is to describe the scattering pro- 
cesses with terms which do not vanish in the limit 1/]/—+0. Now, when we write down 
the matrix elements of a scattering process 4d—>/’, where the initial and final states 4, 


both belonging to the lower levels, using such quantities as 
(7’\ Ald), ('| A|z), (@|A'|Z), (RIAD, (18) 


then we have, in the scheme of the perturbation theory, the following three kinds of the 
lowest order matrix elements : 


2 r |.4*|/') (2|A*|L4) /(2ra —2,,), (19-1) 
s Lp] AH!) Ch AMNL) J (Qi — Qa), (19-ii) 


2p AN) (A! Alh) (| A La) /[ (2rg — Qt) (Qe — &,,,) \.(19-iii) 
Here, (19-i) stands for the processes which take places among lower levels only, (19- 
ii) for the processes caused by the (even number of) operators A’, and (19-iii) stands 


for such processes which contain some number of quantities ("| A|// ) between the first 


and last transitions (/'|_A’ 


Ly) and (/,|A"|A"). Taking now into account that (l'| Al2) 
is O(1), (/|A’|X%) and (4|A’\Z) ate both O(V), and Care is O(1) or at most 
O(V’), and remembering that 

2,—2,=O(1), 2,—2,,=0(K), 


we can see that each of the matrix elements (19-i, ii, iii) has the 


following order of 
magnitude : 


(19-i)=O(1), (19-11) =O(1), (19-iii) SO(1/V). 


A a RO 3 ee A Fe ; 3 . 
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This proves our statement in eqs. (17). We note that single elements such as (/'| A’|/) 
are not necessary; the energy denominators in (19-ii) being put out of the summa- 
tion symbol since 2,,—2,~21l can be regarded as independent of the suffices /’. 


Having made clear which matrix elements are really relevant, we now turn to derive 
some useful properties of the matrices (/’|A4 A*|/) and (2’|_A’A*'|7), etc. 

(i) W\4d*|2) 

In the expression (16) for A, we can immediately show that the last term has a 


vanishing contribution by the approximate relation /(r)=g(r) (eq. (6)) for lower 
levels.* The second term can also be neglected since it contributes only the effect of 


O(1/V). Since the same can be said about A*, B, and B*, we have from (3), for 


the transitions among lower levels 


(20) 


From them, we have 
[4, A*]=[B, B*]=1/2, 
other commutators vanishing 
and 
(n—1, m—1|A|n, m)=(n—1, m+1|Bl x, m)=Vn/ V2, 
etc. (other elements are zero). For the later purpose, however, it is more convenient to 
introduce a new operator u and its conjugate by 
VS 2e* Av’ 20-0 B=, 
V 20-8 A* = V 2¢* Bout, 3 Cay) 
which have the commutation relation 
[a a* fsa. (22) 
Here use has been made of the fact that A, B etc. in (21) do not contain 0/00 
and therefore commute with exp(+ 2). 
(ii) (/'|A'A*’ |Z) 
From the relation (15), we have only to calculate (/’|Q’Q"|/) and GOV ONT)s 
For (/’|Q’Q'|l), we have from the definition of Q" 


0110'O') = 2 10Q|) —SC1alu") Ea). 


*) f(r) —g(7) is at most of the order of 1/V°. 
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The first term in the right hand side is identically zero from the definition of Q, 


2=( 90): 

and in the second term (/’|Q|/) has non-vanishing values only for (7, m+1\|Q\z, m) 
and the value is 1/2 from (4), (6) and (10). Thus we have 

(n, m+2|Q'Q!|n, m)=— (1/4), 
or in the operator form”, 
| O'Q'=— (1/4) exp (210). | (23) 
Quite similarly, we can get 

QO =O'Q* =1/4. (24) 

The following relation, which follows from (4), (6) and (8), and can be used 


for deriving (24) from (23), will also be utilized in the next section : 


exp (+il)) Q¥! = —exp (—i0) Q’. (25) 


§ 4. Derivation of the effective Hamiltonian 


We shall now proceed to the derivation of the effective Hamiltonian which is to be 


used in the scattering problem. Using (11), (13), (14) and (15), the Hamiltonian 
(1) becomes** 


H=K,2+H,+A,+H', 
Hy=\K,, (A*a, + B*b,)d8+c.c., 
H,=)\S(a,* a, +6,* 6,)ds, 
H'=—V\K,,(Q' (a, +6,*) +Q(a,* +6,) |ds . (26) 


As can be seen immediately from these equations, the transitions of states of the 
“clothed” nucleon from lower to higher levels, and vice versa, are described by 
the single term //’, which contains the large coupling constant 7. Then, if we can 
eliminate this term by a suitable canonical transformation, and if the transformed Hamil- 
tonian, //, is closed up to the zeroth order in 1/1”, we can use such. Hf to treat the 
scattering problem without referring to the higher levels. 


Such a ttansformation is in 
fact possible and given by 


Hf =exp(+G)/T exp(—G) 


s =H+(G, H]+1/2[1G[G, A]J—-- (27) 
wit. 


*) Eqs. (23) and (24) hold also for (//| | 4/), si f 
nee to der:ve them we have t | 
mality of the wave functions. ; ition Re 


*#) See note adidid in proof. 
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Q,'= Qy! ( ene | 
G=—=1_=2 1K, b.*\de pS @ 


where, in (28), the quantities Q,/ and Q,! are defined by 
O'=Q,'+ Q,! 
2114) =(1Q'|2), (AlQ,'\Z; =0, (29) 
(Z| 2.12) =(21Q"|2),  (10."|4) =0. 


In order to show that this is just the required transformation, we first note that in 
the second term in (27): 


LG, H]J=K,[G, 2)+[G, A,]+[G, +16. A1’| 
the commutators [G, //,| and [G, 17,] vanish. Then, using the relations 
3 [2, O))==20/, (2, OF = ae a! 
[2, 0.=210/, [2,0,*]=— *, (30) 
which follow, for instance, from 
QL2, O,)|2) = (2.—%,) ZO |4) =-2V7(|Q,'|2) 
we get immediately 
KylG, 2]=—A’ (31) 


and this cancels //’ in the original Hamiltonian. Next, using the relations which follow 
from (25), (24) and (29) : 


O,*! = —exp(— 277) OJ, 
Q.*' = —exp(— 210) Q,, (32) 
[O,'+0.', Of —Q,']=1/2-exp (276), 
we have 


[C,H] = | Aisle (ag +0,*) —e- (a, * +4.) [a (33) 


00° 
Further, the third term in (27) is, by (31), 
1/2: [G,[G, A]]=1/2-[G1G, Ky 2] 


=1/2-[G, Hs (34) 
Collecting these results, we finally obtain 
H=Ky 24+ Hi,+H+F,; 
=) (Kg le(7g +55*) 07" (ay * +4, ) 08)". Sa) 


BK 
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If we neglect the quantities of the order of 1/V in K,, 2 and A, (II) can 
further be reduced by using the results in the preceding section. First, from (13), (14) 
and (15), 


2=A*A+ B*B-/? 
— A*4+ B*B—V[O' (44+ B*) +0(4*4+B)] 
+ VO OV TOMO KV (35) 
Since the higher levels have been eliminated, we can express 2 by quantities of the lower 
levels and c-numbers. By (24), the last two terms in (35) combine together to 
give —I*/2, which, when multiplied by K,,, is the main term of the nucleon self- 


energy, and can be dropped hereafter. Then from eqs. (20) and (25), the second term 
vanishes : 


O'(A + B*) + 0* (A* +B) 
= (Oe + OMe) F=0. 
Therefore, by introducing « and u* of (21), we can express K,, 2 simply as 
ed a Mga ih (36) 


Next, we reduce the expressions for //, and /7, by introducing a new set of variables 
x, and y, defined by* 


1 T5 é i355 
a; Rave TOA CE tore VN ie sree "(,* +5"); 
(37) 
ae »+t0 5 h = owt , 
Neo (4, +05), fata "(#,*—1y,*). 


These new variables satisfy the commutation relations 


Ee M 23,*l|=[y, ’ 7',/°|=0(8-38'), 


other commutators vanishing, 


(38) 


and especially, they commute with u and u*. 


After all such procedures, the following expression is obtained for the effective Hamil- 
tonian // of the scattering problem : 


H=H,+H,, 
M,= Kyu*u + (Ko (Cares da, ast See 


Hy=\Su, Sg aie 


3 a8, 


(IIT) 


1 ike 
1K [Kos (I's +I'g* asf, 


*) We could of course introduce them before we perform the transformation (27), (28). 
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§5. Seattering of mesons by a nucteoa 
Because //7, and //, in the Hamiltonian (III) are commutable, we can consider them 
separately. 


In the first place, we transform //, into the momentum representation by introducing 


a(f) =og)(£) + fx, ¢, (£3, 
a*(f) =a* g(t) + Jr,* 9, (£) a3. GAGS, 


and get immediately 
Hoi (Dalat : . 


Since we have [x(f), «*(f’) ]=0(f—f) from (22) and (38), we can conclude that 
the x-mesons, i.e., the mesons whose total energy is represented bY F/;, . are not 
scattered by the nucleon. 

If we consider for instance the case in which a positive meson is incident, this state can 
be regarded as a superposition of the state of the 1-meson and the state of the j/-meson 
with an equal weight (see eq. (37)). Then we can see that half of the incident positive 
mesons, i.e., 1-mesons, will not be scattered and just the remaining half, i.e., -mesons, 
of which half is the positive and another half is the negative mesons, will be scattered. 
This agrees exactly with the conclusion of Tomonaga’s treatment’ that the radially polariz- 
ed mesons, which occupy a half of .the incident positive mesons, are not scattered 
and only the tangential mesons, which occupy the remaining half are scattered. In 
fact, it is very easy to show from (37) that our x and y-mesons are just the radially 
and tangentially polarized mesons of Tomonaga, respectively. 

To obtain the solution for y-mesons, we now transform y, and y,* into their mo- 


mentum representations by 
I(E=Il7,¢; (as, (40) 
y* (fb) =I 7 *%, (E48 
and further, we introduce the real variables p(f) and 9(f) by 
pe UM ie A Oe, 
MD) OY y*(£)), 
(41) 
| p=3, JO +970). 


Then, they have the following commutation relations : 


ate PCE) JH1 (AE) — ~9,(t) ea), (42) 


other commutators vanishing, 


and in terms of them //, in (III) is expressed as 


4 Dries ach 
H=*| {a+ Kg( Oat 
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‘i ae gf) K YK q(t)dtf. (43) 


The scattering problem is solved by obtaining the normal modes for this Hamiltonian. 


The equation of motion for g(f) is 
g(t) + K°9(f) =¢0(f) J A7e, (E)a(f) i 


— (KVK—Kylo()KVKa(hdt, (44) 


00 
where 
Besa IC V ko, (£)° af. 


This can be solved easily, and if we seek for the solution of the form 


¢(f) =0(f—p) | => + 120 (K—E)| R(t, 8), (45) 


K 


this is the solution under the boundary condition that at infinity, besides the incident 
plane wave with the momentum } and the energy 4, there exist the outgoing spherical 
waves. The scattering amplitude in (45) is given by 


g,(p)* 


GE)" 7 fee ag 2\0(K-E df 
ei KE f+iz\o(kK ) Po (£) 


Rp, p)= | (46) 


and this agrees completely with the heretofore obtained conclusion.” 


§ 6. Discussion and conclusion 


From the above considerations, we can see how the strong coupling approximation is 
carried out in our picture, where the scattering is described by the coming in and out 
of the §-mesons accompanied with the transition of the nucleon state. We shall now 
compare this strong coupling approximation with the three approximations which were 
assumed in I: 

(a) The number of the 3-mesons is restricted at most to one. 

(b) No negative 8-mesons are considered for the process 7* + P. 

(c) The one-level approximation. 


The approximation (a) is no more adaptable when the coupling is strong, because 
in this case, as shown in Sec. 3, we have to take into account the transitions from the 
lower to higher levels, and we have the possibility that two (or more) 8-mesons are 
(virtually) emitted when transitions from the higher to lower levels take place. If 
we start, however, from the Hamiltonian (II) or (IIL), where effects of the higher 
levels have been eliminated, the assumption (a) may not be so bad an approximation. In 
fact, if we solve the scattering problem under this assumption, with the Hamiltonian (II), 
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the solution is still representzd in the form like (46), where the first term in the 
denominator 


ae oe 
| eae ay 
is replaced by (K+) ~', which is not so much different from (47). 

The break down of the approximation (b) is quite obvious, since when the coupling 
is strong, there exist stable proton isobars of higher charge numbers and the charge ex- 
change scattering can take place. 

Finally, the one-level approximation (c) does not hold in the strong coupling limit 
as is obvious from the fact that, besides the lower levels, we have to take account of 
the higher levels. If we treat the scattering problem with neglection of the higher levels, 
the conclusion that +-mesons ate not scattered remains unchanged, but the scattering 


amplitude for 7-mesons, in the one y-meson approximation, for instance, becomes 


(fe 


2 Sa i ae aE BIS SO (48) 
poe dtin\a(K Lee (hdt 


that is, the term (47) drops from the denominator of the exact solution (46).*:** 

In this paper we considered only up to the. zeroth order in 1/J, as the limit of the 
very strong coupling. If the terms of O(1/I”) were included, we could also discuss the 
effect of the level (7=0, 7=3/2), which played an essential role for the ‘‘ resonance 
scattering’ in I, and we then might have the resonance effect for the incident mesons 
with energies of the order of K,,/l/~ (regarding A,,/l”° as larger than the meson mass). 
One of the suggested methods to include this effect is to apply the transformation as in 
Sec. 4 for the elimination of the term HZ’ and then to treat the transitions between lower 
levels more accurately. But to carry out through such a treatment, we shall need some 


refinement of the theory as well as the more detailed knowledges of solutions for the 


self-field. 
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The cross sections for pion-nucleon scatterings are calculated in the symmetrical /s—/s and /s—fv 
a yuee assuming phenomenologically the effective interaction Hamiltonian which permits the virtual 
transitions of a nucleon to or from its excited state of spin and t-spin 3/2, which is described by the 
Rarita-Schwinger theory for spin 3/2 particles, accompanied by one pion emission or absorption. For 
ps-fs theory, the linear fs—fs coupling term is transformed into the sum of the equivalent 7v coupling 
term and the meson pair term, the coupling constant for the latter being chosen effectively small relative 
to that for the former, taking account of the strong damping effect of nucleon pair formation. The 
basic equations are solved quite analogously to the well-known treatment of resonance fluorescence, in 
the approximation of neglecting nucleon recoils. In order to obtain the agreement of the theoretical 
curves with the experimental ones, the various coupling constants and the characteristic two adjustak le 
parameters G and 4E are determined quite sharply, @ being the effective coupling constant dete:mining 
the strength of viccual transitions to or from excited states and 4/ being the excitation energy of nucleon 
isobars. The determined values of the above coupling constants are quite reasonable and the satisfactory 
agreement of the theoretical curves with the experimental ones is obtained for both types of couplings. 
It can be said, however, that the #s-/s coupling is rather preferable to /s—/v coupling, thus concluding 
that the symmetrical /s—fs theory can be considered to be satisfactory if the appropriate accounts are 
taken of nucleon isobars and the present model for isobars is also satisfactory at least as far as the pion- 


nucleon scatterings are concerned. 


$1. Introduction 


According to the experimental results on photo-pion production and pion-nucleon 
scattering, it has been suggested that the nucleon isobars of spin and isotopic spin 3 /2 
may be considered ‘to: exist as possible virtual states. It has not yet been. successful to 
explain the above nucleon isobars theoretically with the present meson theory. On the 
other hand, various phenomenological approaches have been made, assuming the virtual 
transitions of nucleons to their excited states of spin and isotopic spin 3 /2 accompanied 
with emissions or absorptions of —mesons. Such investigations for anomalous magnetic 
moments of nucleons were made by one of us” and Hamada,” for 7—-7—production and 
m—nucleon scattering by Minami et al., whose results are all considered to be satisfactory 
in the present status of field theory. In all the above investigations, the nucleon isobars 
are assumed to behave as if they were the elementary particles of spin” and isotopic spin 
3/2” and an effective interaction Hamiltonian is introduced permitting the transition of a 


nucleon to or fromm its excited state of spin and isotopic spin 3/2 accompanied with single 


meson emission or absorption. This interaction Hamiltonian contains two parameters, 
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one of which is the effective coupling constant G. determining the strength of the above 
mentioned virtual transitions and the other of which is the excitation energy AE, i.e. the 
mass difference between the excited state and the ground state of a nucleon. 

Starting from the same standpoint, the effects of nucleon isobars upon static nuclear 
potential in symmetrical pseudoscalar meson theory for both types of couplings were calcu- 
lated recently by T. Matsumoto, T. Hamada and one of us,” who obtained the results 
that in general the nucleon isobars. induce a very strong central attractive force and a 
strong tensor force of right sign. However, the quantitative results depend very much 
upon the above mentioned two parameters G and JE. In order to determine these 
parameters, the 7—nucleon scattering is the most appropriate because the theoretical curves 
are very sensitive to their values, as is shown below. The foregoing calculations of the 
<-nucleon scattering cross section are very unsatisfactory especially for /s—fs coupling, 
because the dimensionless fs—/s coupling constant f°/47%c is chosen as 1.5, which is ;the 
inevitable choice in their calculations. In /s—ps theory, the characteristic meson pair 
coupling term, which results from non-relativistic approximations to the relativistic linear 
coupling term and is intimately connected with nucleon pair formation,” gives rise to very 
large cross sections. Thus we must inevitably choose /*/47%c~1.5. According to 
Brueckner, Gell-Mann and Goldberger,” the reactive effects of a strongly coupled mesic 
self-field markedly inhibit the nucleon pair formation so that the pseudoscalar coupling terms 
which do not involve nucleon pairs are strongly enhanced relative to those involving pair 

formation. Therefore, it is not permissible-to choose /°/47%c~1.5 simply, as was done 
by Minami et al.” In their calculations also, no detailed discussions are given about the 
accessible domains for the values of two adjustable parameters G and JZ. 

In order to avoid the above defects of previous calculations” and to determine the 
accessible domains for the values of two parameters G and JZ and at the same time in 
order to see whether the good agreement between theory and experiment is obtained, based 
upon our phenomenological treatment of nucleon isobars, we performed the calculations of 
m™—nucleon scattering cross sections using quite a different method from Minami et al.’s” 
The starting point is quite the same as in the calculations of nuclear potential by one of 
us and two others,” to which the details are referred. Summarizing them, an effective 
interaction Hamiltonian mentioned above is first introduced. The ps—ps coupling term is 
transformed into the sum of the equivalent ps—pu coupling term and the meson pair term, 
the coupling constant for the latter being chosen effectively small relative to the one for 
the former, taking account of the strong damping effect for the meson pair term. Then 
the perturbation calculations’ are carried out up to the second order. Here we must take 
into account the effect of damping for the virtual transitions to excited states. We employ 
quite the same procedure of Weisskopf in the treatment of resonance fluorescence.” The 
essential point for the basic equations to be soluble is that there is only one virtual state 


which can resonate, which is the case for the present calculations if we neglect nucleon 


recoils. Thus we neglect nucleon tecoils and take nonrelativistic approximations. In § 2, 
we solve basic equations in the above way. In § 3, we calculate the cross sections for both 
ps and pv couplings using the above mentioned interaction Hamiltonians. The comparison 


ee ; , 
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of the theoretical curves with the experimental ones are done and the accessible domains of 
two adjustable parameters G and 4/ are determined in § 4. The satisfactory agreement 
with the experimental curves up to date ate obtained if the adjustable parameters and 
coupling constants are appropriately determined, whose values are quite reasonable from 
theoretical standpoint. Furthermore the above parameters are specified quite sharply. The 


discussions and conclusions are given in the final section. 


§2. The derivation of the scattering cross section 


To avoid the difficulty of vanishing denominators of some matrix elements through 
nucleon isobars, we employ the Weisskopf’s damping theory” for resonance fluorescence, 
which is generalized in this section so as to involve the intermediate states which do not 
resonate. 


The total Hamiltonian of the system is 
H=H,+H'; Gig) 


where H, is a Hamiltonian of free nucleon, nucleon isobar and meson fields and HH’ is 
an interaction Hamiltonian, which will be given in detail in §3. A state |¢), which 


satisfies the Schrédinger equation 
Beige) 
th-—|0\/=fi\¢), 2 
ee cD) lp) G2) 


can be expanded as follows : 
CD) =|.) cEimet|ih (3 ) 


where |¢,,) are the eigenstates of free Hamiltonian 7, and m specifies the number of 
particles, their momentz and other freedoms. From eqs. (1), (2) and (3), we obtain 


m= (Gh) * 3) Anim cEmnt [ta (4) 


wheres EE — Fin A= (Gul 1 Em)- 

To solve the~basic equations (4), we assume that the initial and the final states 
involve one meson and one nucleon at rest, the recoils being able to be neglected entirely. 
Then the only one intermediate state can resonate (see § 3), which is essentially necessary 
in order to be able to solve eq. (4) along the following line. Neglecting, furthermore, 
the intermediate states which imvolve more than three mesons, the equations (4) are 


reduced as follows : 


q(t) Be (7h) =u Teint (t) eH atlih a3 (ih)- ps \ Hx, a, (¢) ehbs ata 
j a 


2h) 933] Hija) liej att, (5a) 


CF 


seg) =O? Hin aad) EAT + GAY" DH ys, aD HOM, (Se) 
t 4 
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fc; (Z) sans (ch) ies q Ga (Z) ee + (ch) cs ~ | eG, b, Ub; (¢) ais ed wer (5c;) 


L 


aa) 


% 5 On. he #y . = y s Reg bz tlih 
ab, (t) = (th) “Hy cy (t) eH be tte 4 (ih) 1S Fy es ac;(t) ch GOzF/in 
ej 


= (zh) se H,, a Ga (2) foe 4s ‘ha (54) 


where the symbols a,c, c; and 6; refer to initial, resonating intermediate, other inter- 
mediate and final states respectively. The symbol means the integrations over momentum 


variables and S| and S’ the summations over other freedoms. It is to be remarked that 
the direct matrix elements between initial and final states appear in eqs. (5), which is 
necessary in our case (see § 3). 


Following the procedure of Weisskopf,” we try to solve the differential equations (5), 


by putting 
a(t) =e-T*?, (6a) 
Qe ( t) a Bee [e- 4/24 Lacy t [it __ e142] ; (6 Cy) 
ej (t) = Beye PHA + Beg eee _ 4) (6c;) 


Above assumptions satisfy the initial conditions a7(0)=1 and a.,(0)=ac; (0)=0, As 
-I” is much smaller than 7, which can be confirmed in § 3, we will, in the following, 
confine our discussions within the time interval 1/7 <¢<1/T. 


Substituting (6) into (54), (5c,) and (5c;) and integrating over ¢, we obtain 


—T¢/2+- Lab; tte __ --rt/2+ Ec, bh, ¢lih 
16 O =H Bol é 2 1 we he PLC 0% fia | 
Eab,—ihl'/2 Enh, —thy [2 
T¢/24 Bah, tlih (Legh gtlit 
+ Hp. 4 Beyf é tes 1 Ls é 7 : 1 | 
ci Fab; —thl'/2 Lie 5b, 


e—Vt/24+- Lab; Plage 1 
Fab, ~thl'/2 


+ Hy a ave) 


By] (ay —i82'/2) eo. T¢/2 4 EL p-¥it+ Br wt) He, Le 


—T¢/2__ Fb, aelit —yt/2 b= Cob] Th 
b; £ab,—thl 2 Eeyh,—thy [2 
' —-T¢t/2_ Eb, atlit Eb, cg tit 
4 DTN Hap Hh ap Bay| et aaa 
Ch b; £ab,—ihl"/2 Lic4b, 
, r —Ttj2 hb, abet 
b; Liab,—thl"/2 : 


mis 2 ,, dy £16 5c p(£2,) lz, = (22) oie a 


Prion-nucleon Scattering and Nucleon Isobar 403 


=e 7 pepe £0 (4a, leo, aoe at) eee Pentiin Br 


as Vises: Hy, cj Be; p(£,) Lepan st -27) e 4/2 
a STD; Hy. a P(ES,) eh a (—in) e—Té2, (8) 
Be; [Bacj—ih/2] ra Re eg Meee eT Tez ma Ate P (@) eel: atlen | ( 9 ) 


where we used the following relations : 


—T¢/2__ pb, atfik -[t/2__ Eb zat [it 
33) a x = SS b AQ ) Fai ae Exe , 
6; SDE ay F-GhT/2 23 23 | 4) a2 9 (Lai) Bacarra 
= 35 S| £6) 42 04s) | 5 8 ep, (im) e Pt? 
t Spin 


= VFS) 0 (Zs) le, =£0,(— 2) Tile, 


and the terms which contain the non-vanishing denominators are neglected and the symbols 
>} and 5} mean the summations over various possible final and intermediate states. 
= ~ 


B) 
Equating the coefficients of equal time factors in eq. (8), we obtain 


27 et 
ae MN, £0 P(E6:)| 254 = Le" (10) 


FF ea— 12 Sp (E,) | ave Hoga > Heh, yoy Be} 
= poe 


Bo= (11) 

7 being the total transition probability for the spontaneous emission of one meson by the 
nucleonic transition from an excited state to its ground states and 7, being obtained from 
7 by putting Zs,;=Za. Concerning the states c; the perturbation method will be a good 
approximation, so that from eq. (9), neglecting the second term of the right hand side, 


we obtain 
: 
dd j a wei fy, a 


we aa 
acy fh 2 Lar; 


(12) 


Cj 


Finally we substitute eqs. (6) and (7) into eq. (Sa) and neglect the terms involving 
e142, because we are only interested in the time interval 1/7 <¢<1//’, obtaining for 
I’ the expression 


P=-— h 2 Hac Poot LS Ha Fibs at Lab, Hy, st Pe 
ah 


+ Heo, pil se, ey Beso (2o,) zs, 22, ' (13) 
ig 


in which we again neglect the terms containing non-vanishing energy denominators. Thus 


the solutions are obtained completely. 
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The total transition probability per unit time 7, is _ 
4 _Si{ Jan (OP (14) 
tb; 
From eq. (7), the amplitude a, (¢) can effectively, if we neglect the terms of the order 


of 1/¢y in w,, be replaced by 


: Ho ee , Eabjt}it _4 ¥ 
a, (t) = (Ao, Bey + Db jc; Bey + Hs, a) my = eer 7 ae, (15) 

Cj ao; 

from which we obtain 
w= feu, y)d2 , 
2 ! pager are Oe 
w,(9, ¢) = |75,.ty Peg + S3l1 5:05 Pes + Fh, al 0 (Ez,) bape : (16) 
ej 

The differential and the total scattering cross sections are given by 
da /ai2=w(8, o)V/y, (17) 
=wV/v, (18) 


where J7 is the normalization volume and v is the velocity of the incident meson. 


§ 3, Calculations of matrix elements 
The interaction Hamiltonian density of our system” in fs—fs theory is given by 
Al (@)=A” (4) +f" wt BP; 
F(x) =f BU aL (2U*U + UZ) (Gir br t+ dybx)» 
2xhe 2xhe 


‘ be BU? o 675: * 
Ha) =F Binr tap 5 = saad [#- or Toi 24 it rr Po 


2x Bas Ox, 


+e Gt ton, r—yt7s Tv $y ) we | | 


Vy 
Mae E aU au* — = a”. ; 
= 1d je o 0.) Be h 0; pie ilps) oe ed 
2x a a ai ae Ox; re rs ee tnt Ox; iP 
HO (2) == (8, 7,4) 20e mac bT 40) 20s 
op Ox, a 


v 


ete iG es al ie Fe au* 
mp DORN Oe shee tah ee (- Sh, + Ord 3 | 
He ti, V3 hs On; 5 ase! eens Sy oes 


- Von AOU. 
(3 = Pi bp oe VS by) ced + Comp. Conj. 


(19) 


] 
First two parts, //“? and 77, are the hs of Dyson transformation” of the linear ps 
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coupling term, the former being the meson pair term and the latter the equivalent fv 
coupling term. The symbol —> means the undergoing to the approximations of nucleons 
at rest, 7 takes only 1, 2 and 3. «, and ¢), are the proton and neutron field operators 
respectively and /; represents nucleon isobars, the suffixes ++, +, 0 and — denoting 
the charge number of each state and x and / are the Compton wave length of a nucleon 
and a meson respectively. The meson field operators are expanded as usual ; 


1 = 
OU aw Seas ST a + 0%, eur. 
( ) Vv V “Ee 5 (a aK : :) 


(20) 


DoH OE Sif at att ah) a, 


20%, € 
o,= V p24 Fe. 
Four independent: positive energy solutions of Rarita~Schwinger equation at rest are 


(1) See =e, OFF (2) 3- {EPPS esd, ) 


5 1 syle 
Vv 3 5 PO; ={1e, b.+,/26¢ ae ot, 
a Pee eet ws 9 ee Te : 39 j (21) 
Vas WP=| eet —/ Peto, 
Ls Z 10 Z 
Qh Ve =” 0 ’ Cia a of é,= 0, 0, 1 ’ 
; Vie Min : | /2 ay) nea 
a oe i ) 
where , and ¢/_ are given, in the Pauli approximation now adopted, ¢/ =I a g-=|t} 


a) at4+p—mt+Pp scattering 
The possible second order diagrams are shown in Fig. 1. 


P Te Ese 
ie vwobmr 
nuckeor 
P any P 2S Ve ® \ aN MORRO 


Fig. 1. The second order graphs for r++-/->x*+/ scattering. 


It is easy to-see that the only resonating intermediate state is V**(4) or V**(3), if 
the spin of initial proton is parallel or antiparallel to the direction of the wave vector 
- of the incident meson, that was necessary for the basic equations to be soluble, which we 


assume in the following. Then the differential cross section is given by eq. (16) § 


V 
do(9, Deore | Hcp Beat 2 Hazes Bes + Higa (Eo) \no,—<2 57, a8. 
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Heya in Aa b; Ma 55-8 MAS p, Hy, ay Ben gl £4) \ ro, =Eq 


P= PAYS | 


/ 


tale G ey 
Peis %: We a ’ Vicon ai a (Fé, E15, co I (£9,)) l#o= En ; 
acy t 2 


First of all we evaluate y,, which is equal for both isobar states !’**(4) and VT eSy 


or for both spin directions of an initial proton and is given by 
r= (4/3) (G2/Amhc) (h/t) pe (22) 
where £=|k|=|k,|=%, and Kk is the wave vector of the scattered meson. The first term 


of /’ is, for H,=F, given by approximately from eq. (13), 


S77 Fics Heya G2) (eae 
ik aha (2 2/4) 74 Res 
which is very small compared with j,, as the normalization volume /7>1/p". Thus it 


is confirmed that 7 > /’, which was assumed in the previous section, and we can neglect 
I’ compared with 7, in the denominator of /?-). The second term in the numerator of 
B-, can be estimated to be of the order of one-tenth of the first term, and to have a 
phase factor differing by just 7/2 from that of the first term. Therefore we can neglect 
this term, because this neglection induces the error of only about one percent in the 
differential cross section as the term containing /-, gives the main contributions to do(4, ¢). 
The values of the typical matrix elements are 


oe 2 \ 
rhe Ea = (=) 4 Ves “| (x. Ie.) —- (6: Kk) (o- ) | ’ 
ITE @ Vrke a. 
Tebs Hi. = kek) == (Ger ‘Fe 
ite cores ( L Vo | y 53 SoS. | (23) 
! ! 2 hic 
Hi Hou=(-F-) HEL (GB) (8) 


‘ 
where use was made of some techniques in the evaluations of matrix elements containing 


nucleon isobar states, which are given in detail in another paper.” The final’ state density 
is given by 


pL) 25,22, = Vok/ (20) he (24) 


Thus the differential cross section is, summing up over the final directions of spin and 
averaging over the initial ones, 


ao, 1 f k ) 5 4412 cos°6 ju 2 
sae 6 az : +407 (") 
a pe G . 9| (de—€)?+ (7,/2pc)*] paver 
+ua( k\i (4412 a ay Uf Cares) 
#7 81(de+e)? AS EPA ND 


Ors je! 2 
tae ose (ae) (ee) ce : 
CHE nraee ys a (—8+ 24 cos’@) 
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+ud( ke ) (—8 +440 cos’) (dee) 
LU fee Ceo ah (a/2pe)? | 


9 


+ Uyto(" ales) ~ (8:8 cos" Oi Age) 
ed) 36/ [wde—e)? + (7 ay ope) | 


= ye & )( i) sorees uf ( Rk me By s cos 


le € 


=u 4¢(* p ) ie ne) Ce an HE (25) 


where tr=f/4the, og=G /Anhe, and dE=demc* is the isobar excitation energy, 
fi,=€mc is the Se of the incident meson and thus Zy,4=(de—€) mc? and Baa 
=(4e+6€)mc*, Ena=eme. 


The total cross section is, after the integration over the direction of final meson, 


SF ag ean 8 RD a ee oe 8 
fe at L ) 9[ (dle —e)*+ Ge/ape) bao NBs ) ( ee’ 81(de+e)? 


(CK Ce (epee Ca 


fees S 2x7. ft. 1 84 de 6) (dee) (yr, /2ue)?| 
: Ra Tahoe 32(de—e) 
$ a Us ) ( ae ) 9e[ (de—€)?*4 (7,/2pc)*] | ae) 


b) 2 4+p-7°4+/ and 77 +por' +n scatterings 

The only possible resonating intermediate state is ”°(4) or V’°(3), according to 
whether the spin direction of an initial proton is parallel or antiparallel to the direction 
of an incident meson. The possible final states are (7, #) and (7°, 7). The possible 


second order diagrams are given in Fig. 2. 


es 
CE Ye RF Qe 
5 2 \ mo 
Vv’ vil Py 
\ \ 
aN be Ne Me 
P ; | Pp JU \ PR Tc Tt * 


Fig. 2. The second order diagrams for the scattering x~+/—>2~-+-/ and 2--++-f->n9-+-2. 
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The calculations of matrix elements are almost the same as the previous ones, and 
only the results are given below. The decay constant 7, in this case is the same as in 
the previous one. Then the differential cross sections and the total cross sections are 


WE vale tee pene of Hey 
ees [vé( ke ) 4 (Ls cos) S +4u7( © ) 
aed pe pe? 81[(de—e)? + (Fa/2pC)° 2] 2x 
\4 9 ats 
+ud( Ba) 4(1+3 cos at) ute k YC Ls ) 8(1+cos’4) 
pL a(de+e)’ pL Bia 3e(de+e) 
2 R re Na 4 2 v 2 — ks KS 
zal -) ( ft ) +a k ) 8(—1+5 cos eas €) 
p Zee hes pL 27(de+€)[ (de—€)* + (7n/2pc)*| 
yt Z )( Le y Apatlsmaand att 1) 
pe 7.\2x/ 9e[(de—e€)? + (7,/2pc)?*] 


a ugu{ )( pL ) 16 cos 4 +a;(+ ) (é ) * 8cosf 
pL 2x/ 3(de+e) Ls 


(kh N* fot 16 cosf( de—e) 
460 - > 
: i( pL eS) 9[(de—€)?+ (7a/2pc)*| (27) 
ats Se E [e( k ) MS ELE sue ( hk \'. 8(1+43 cos’) 
p fe * 81| (de—€)?+ (7/2pc)*] p 81(de+e)? 


Blige (Grane elem ee 
—ud( k ) 16(—1+5 cos’0) (de —e€) 
pl B1(de+e)|(de—6)*+ (72/2He)"| 


" tte 32 cos’ 4 (de—e) 
ae a te ) 9e[(de—€)?+ (7,/2p)7] CB 


gas ke 8 3 L \4 
fe f Ge ) 81| (de—€)* 4 (7 ope © ué(“-) tees 


+u;(4 hee ye 5 ee be de y(E) ne ae 


2 ; 16(de—e) ¥ oa 
i( i MUM ICs rere ys. trae) Cy 


pp sale te id 8 g 
Fl ( a mremernias . ie it) au toy 
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A bt ) 360. ONG 543 thea eT } 
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2x/ 27 €(de+€) 


fais NC 
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Thus far we are only concerned with ps—ps theory. In the ps—fv theory the only 
differences are the absence of the meson pair term 7/7“ in the interaction Hamiltonian and 
that the coupling constant //2x is replaced by g// in the equivalent ps—pu coupling term 
H¥, The cross sections for this case, therefore, are readily obtained by the dropping of 
some terms corresponding to the meson pair interaction and the replacement of //2x by 


g/t in the previous expressions. They are not given here in detail. 


4. Comparisoa with experimental data 


eZ e) 


In this section the theoretical results are compared with the experimental ones, which 
are denoted by rectangles in the figures 3, 4,5, 6 and 7. The data denoted by @ refer 
to the measurements by Anderson, Fermi, Long and Nagle,'” those denoted by 5 by 
Anderson, Fermi, Nagle and Yodh'” and the lowest energy data denoted by ¢ by Angell 
and Perry.” 

First of all we discuss the results for /.s. coupling. The essential difference between 
the ~.s. and the f.7. cases is the absence of the meson pair term in the /.v. case. The 
contributions of the meson pair term 
to the cross sections o, and g_ are 
the terms 16 7u/'(p4/2x)°/p° in eqs. 
(26) and (29), which represent an 


isotropic scattering cross section inde- 


Os=(oh $)pair=l. 85 


/ 


pendent upon the incident pion 
energy. This term is too large 
(5.984, mb~600 md) to fit the 
experimental data if the /.s. coupl- 


150 


125 ing constant is chosen as_ usual 
(a,=f"/47hc~10). Thus we must 
take the accounts of the strong 
100 damping of the /.s. coupling con- 
stant for the meson pair term.” 

If the above damping effect is 
neglected entirely, the permissible 
maximum value for v; is 1.85. The 
theoretical curves for this case are 
represented in Figs. 3 and 4 for the 
a, and the g_+<, cases, where the 
a.) abscissas represent the kinetic energy 
of the incident meson in J/ev. The 
rough agreement with the experi- 
50 100 150 209 250M2y mental ones is obtained except the 


: ow energy data. However, the 
Fig. 3. The total cross section 6+ for af=1.85 and BY ? 


: , ; 4s 
without the damping correction for the meson pair term. above extreme small value for Uy 
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(1.85) can hardly be appropriate. 
At=Oy4)pairv=1.95 ee is, as mentioned in os intro- 
duction, the most unsatisfactory 

2 point in the previous calculations.” 
If, on the other hand, we take 

into account of the effect of the 


damping for the meson pair term, 
we can assign the usual value to ,, 
while (%,) air can be decreased by 
about a factor of ten.” The best 


attainable agreement of our theo- 
&Q 00 150 ae 250Mev retical curves with the experimental 
ones can be obtained if we choose 
g,=9 and (V,)pair= 1.5, the damp- 
ing factor for the meson pair term 


Fig. 4. The total cross section ¢--+-09 for af=1.85 and 
without the damping correction for the meson pair term. 


being 6. The curves in this case 
are given in Figs. 5 and 6 for the 
two types of scatterings. Thus we 
mb = A,=4 can conclude that the fs—fs meson 
m5 (a Hpair=1.5 theory can es expe the pion- 
nucleon scattering data, if the ap- 
propriate accounts are taken of the 
damping of the characteristic meson 
pair term. The theoretical discus- 


sions about the quantitative value 


1SO 


125 for the above damping factor are 


given in the next section. 
100 If we take the above damping 
factor oo, namely (Uy) pair==0, we 
can make 7, as large as 12.5, which 
15 corresponds to the choise v,=0.07 
in the ~.v. coupling case, and the 

curves for this tase are represented 
50 in Fig. 7. From the figure we can 
readily see that the departure from 
the experimental data in the lower 
energy region becomes very remarka- 
ble, thus obtaining another important 


conclusion that the effect of the 


25 


50 100 )~—s«NS 200 250Mev small damped meson pair term can 


Fig. 5. The total cross section ¢+ for af=9 and (af) pair never be neglected especially in the 


=1.5. lower energy region and_ therefore 


Pron-nucleon Scattering and Nucleon tsobar 4i1 


+O. Cie 
_ Os)pair=1.5 
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Fig. 6. The total cross section ¢=+-69 for af=9 and (af) pair 
SSE : 


mb 
V5 
150 
125 
100 
15 


50 


25 


50 100 150 200 250 Mev 


Fig. 7. The total cross sections ¢+ and o)+-s- for ag=007 
(or af =12.5 and (af) pair=0). 


the fs—Py theory must be te- 
garded as preferable to ps pu 
theory for pion-nucleon scatter- 
ing data. 

As to the values of the 
parameters “,—=G"/47hc, the 
effective coupling constant de- 
termining the strength of virtual 
transitions to or from excited 
states, and JH=dezyc*, the 
excitation energy to excited 
states, they are determined 
sharply in spite of the very 
rough data of the experiments 
up to date, quite irrespective 
of the values of the othet 
coupling constants and the types 
of couplings and scatterings. 
Namely, the most adequate 
values for vg and Je turn out 
to be the same value for both 
types of couplings and scatter- 
ings and for the various values 
of other parameters. This is 
due to the fact that the height 
and the width of the resonance 
peak are determined only by 
these two parameters. From 
the above figures, it is concluded 
that we must choose as Jd€= 
2.3~2.4 in order to obtain 
the most suitable position of 
the resonance peak and as 
Ug=G /4the=0.1 40.05. \ in 
order to obtain the most suita- 
ble width of the resonance peak. 
It must be remarked again: that 
the above two values are de- 
termined quite sharply. Con- 
cerning the values of de, the 
further theoretical discussions 
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are given in the following section. The rather large value of Ug=G'/4zhe compared 
with u,=g°/47he ot (U/2x)°u,= (4/2%)°(f?/4zhc) means that the nucleon isobars could 
produce a very large effect to, for example, the static nucleon-nucleon interaction potential,” 
which will be investigated in detail in another paper,” if the above model for isobars is 
really a good approximation to the true situations. 

As to the permissible domain of the fs—fzv coupling constant o,=g°'/4thc, we will 
not here give the corresponding figures and we will mention only the results. The values 
0.07 =u, 20.06 reproduce almost the same curves as those shown in Fig. 7, which 
cotresponds to 4,=0.07. The values outside the above domain produce the marked depar- 
tures from the data. 

Finally we will discuss the angular distribution of the scattered mesons. In the present 
investigations, we neglect the motions of nucleons entirely. Therefore we must recognize 
a rather large errors about the angular 
distributions. The curves shown in Fig. 


8 are those of the differential scattering 


ae AS, cross sections given by eqs. (25) for 
=== peui 


do, and (27) for do_ and (28) for 
do, for the kinetic energy 135 Mev of 
the incident meson. The _paranieters 
being the ones which attain the best 
agreements concering the cross sections 
a, -and Soi 6,3. pO 1,e aca, 
U7=9, (G7) paiv=1.5 for f.s. coupling 
and v,=0.07 for ~.v. coupling. The 
experimental data denoted by various 
limited vertical lines are those taken from 
reference 11). Nothing definite can be 


said at present from the above figure. 


The small predominance of the backward 
30° 60°. 90° 120° 450° gq scattering of the theoretical curves for the 


: é.s. coupling compared with f.v. coupl- 
Fig. 8. The differential scattering cross sections ere é z 
da +/¢@2, da—/dQ2, dao!dQ for 135 Mev incident pion 
ictic eheray: the meson pair term and the other terms, 


ing is due to the cross terms between 


which are proportional to’ cos@ in eqs. 
(25) and (27). The differential cross sections for p.v. coupling and do, for both coupl- 
ings are symmetrical with respect to the forward and the backward directions. Though 
the present data are very rough, they seem to show a rather predominance of the backward 
scatterings, thus obtaining a conclusion, that the 7.5. coupling seems rather preferable to 
the p.v. coupling also with respect to the angular distributions. The quantitative dif- 
ferences between them, however, are very small owing to the strong damping of the meson 
pair term in the present calculations. s 
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§ 5. Diseucsions and conclusions 


First of all, we discuss about the quantitative value cf the damping factor for the 
meson pair term. According to Brueckner, Gell-mann and Goldberger,” the /.s. coupling 
constant f°/4zk%c for the characteristic meson pair term is strongly damped owing to the 
presence of a. strongly coupled mesonic self-field ; and the considerations of a simple subset 


of radiative corrections to the nucleon propagation function show that the effective coupling 
constant for the meson pair term must be replaced by 


(7? /4hic) / {14+ (3/47) (f° /47hc)}, i: (31) 


while the radiative correction to the equivalent #.v. coupling term is much smaller and 
is neglisible. The most appropriate value for the (4,) paiv= (f°/47 Ac) air is found to be 
1.5 in our calculations, to which corresponds the value a,=2.4 according to cq. (31), 
which is too small to be acceptable. Our choice of d,=9 and (4) ,9i-=1.5, which attain 
the best agreement with the experimental data, means a damping factor for the pair term 
is about 6, while this factor becomes about 3 for v,=9 according to (31). Thus the 
quantitative value for the damping factor is not coincide perfectly with the theoretical 
predictions.” Especially the extreme small value of (4) pai==1.5 can .never be attained 
by any reasonable value of f.s. coupling contant u,, if the damping correction is correctly 
given by eq. (31). Our strong damping correction factor (~6) is, however, rather small 
compated with the theoretical predictions of Wentzel,”” who obtained as the above damping 
correction factor the following expression 


asi + (f° /4mhe), (32) 


whose value is 10 for our case (4,=9). It is clear, therefore, that our correction factor 
6 lies just in the intermediate in the above two theoretical predictions 3 and 10. Thus 
we can say that our determined values v,=9 and (Uf) pair==1.5 may be reasonable theo- 
retically also from quantitative considerations. 

Concerning the theoretical adequacy of the two parameters %4g=G"/4mhc=0.1 +0.05 
and Jé=2.1~2.4, nothing definite can be said at present. It is, however, certain that 
these values are never quite unreasonable from theoretical considerations. 

Finally we discuss the excitation energy 4E= deme?=2.3~2.4. As we neglect the 
nucleon motions entirely in our calculations, we can not distinguish between the. c. 77. system. 
and the laboratory system. The total energy 4’ of the incident meson in the c.7. system 
is obtained from that in the laboratory system £ by the relation 


El = §EMe? + (ane?) | { (Me)? + 2Me E+ (me!) . (33) 
Using above relation, the excitation energy in ¢.7. system is different from that in the 
laboratory system by about 20 percent at about the resonance peak (€~2). As the above 
difference between them is rather large, we cannot, therefore, say nothing quantitative about 
the excitation energy JZ from our calculations. 


Finally we will summarize the main conclusions as follows : 
(i) The fs—ps meson theory can well explain the pion-nucleon  scatteting data, if the 
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‘appropriate accounts are taken of the damping of the characteristic meson pair term, the 
most suitable choice being 6 for the damping factor. 

(ii) The effect of the small damped meson pair term can never be neglected especially 
in the lower energy region and therefore the ps—ps theory must be regarded as preferable 
to ps—pv theory for pion-nucleon scatterings. 

(iii) As to the two parameters G°/47hc and JL, both of them can be determined very 
sharply as G?/47hc=0.1+40.05 and E=2.3~2.4 mc’ quite irrespective of the types of 
couplings and the values of other parameters. 

(iv) The rather large value of G°/47hc indicates that the presence of nucleon isobars 
may induce large effects in various other phenomena, if the model in this paper is a gocd 
approximation to the true situations. 

(v) As we neglect the nucleon motion entirely, we cannot distinguish the c.72. system 
from the laboratory system and so we can not say nothing definite about the angular 
distribution of 7—mesons and the quantitative value for the excitation energy AE. 

(vi) The values of all the parameters determined in order to get the best agreement with 


experimental data are quite reasonable from the theoretical standpoint. 
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§ 1. Introduction 


Recent experiments on .photomeson production have been explained phenomenologically 
52) As is well known, isobar states 


3, 4) 


by assuming the existence of isobar states of nucleons. 
can be introduced field-theoretically using the so-called strong coupling theory. However, 
a serious difficulty in this theory is that the recoil effect of a nucleon has been completely 
neglected. 

On the other hand the results of experiments by MIT group” and also CIT group,” 
in which recoil momenta of protons were measured to determine momenta of neutral 


) 


pimesons, are explained very nicely with the concept of isobar states.” Therefore it seems 


appropriate to investigate tlie recoil effect in the strong coupling theory. 

Although several authots have already touched on this problem in different ways,” 
they have always abandoned the recoil term in their final estimations assuming it to be 
very small. Recently. Matthews and Salam’ have extended Tomonaga’s intermediate coupling 
theory taking into account the recoil effect. They assumed the neutral pseudoscalar field 
since this type of field can be solved exactly, neglecting the recoil effect. However the 
Hartree approximation may not be suitable in this case where angular correlations may be 
important, for it consists of only S-wave functions. 

In order to avoid this: difficulty we assume a charged scalar field, which is sufhcient 
to introduce isobar states in thé charge space. Fortunately Tomonaga has given a lucid 
explanation of the relationship between Wentzel’s strong coupling theory and his own 
intermediate coupling theory, both of which neglect recoil effects. We shall compare our 


results with Tomonaga’s. 


§ 2. Formulation 


The total hamiltonian is given in the momentum space tepresentation as follows : 


H=H,+H;, ’ 


* Now at St. Paul’s University, Tokyo, Japan. 
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A= | VE + € {a* (he) a(he) + 0* (Te) b(ke)} dle 

az | V P+ PSA (p) ADP) +B (P)B.P)} D | 
pees jer dp! die 3 6(momentum) (4,*(p’) + B,* (p')} 

x {A,(p) +B, (p)}2,* (p") Bus (p) | {a(h) —8* (i) } e+ 


b 


+ {a*(k) —6(k)}r_] “SAR , ( 1 ) 


where we use a natural unit system 2=1, c=1. All notations are listed as folloms: 


u 2 --- coupling constant A,*(p) ++: creation operator of a nucleon 
x peomecant= restumass which has momentum yp and 
pt --» nucleon rest mass , ee ; 
*(p)e i or “of an -anti- 
k oe mcshal mi deneatin B,* (p) +++ creation operat 
nucleon which has momentum 
P --- nucleon momentum ; 
c p and spin r 
a* (ht) creation opens of a positive c,,7_ +++ charge exchange operators” 
meson which has momentum / u,(P) ++: spinor amplitude of a nucleon 
6*(k) +++ creation operator of a negative which has momentum p and 
meson which has momentum & spin 7 


There are no nucleon pairs assumed in the following discussion even though Matthews and 
Salam have pointed out that they play important roles in the pseudoscalar theory. Further- 
more, it is assumed that a total charge is a positive one and a nucleon is in a ground 
state, although it is not too difficult to solve it numerically taking into account excited 


states, that is, isobar states. 


Let us assume that all mesons are in .S—state and use the Hartree approximation for 
Schrodinger functions in Fock’s space : 


Pon=Cn,n IES (ky) IP-FECRS Ys 
A=1 A=1 


n+1 n ( 2 ) 
Pomsi=Cnst,n IT fF. (AX) Hf (25) , 


where ¢, represents. a proton state with x positive mesons and 7 negative mesons and 
Yron41 tepresents a neutron state with 7+1 positive mesons and w negative mesons. In 
this approximation we drop a nucleon part of the wave function assuming that the nucleon 
momentum is determined by momentum conservation for a given set of # and ky as 
in Matthews and Salam’s paper. Since /, and f_ are normalized respectively, i.e., 


[fi@ak= | 2 @dk=1 , ; 3) 


we have a condition for coefficients c, , as follows: 


Di (Cn, nF ont, 9) = ds (4 ) 


n=0 
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Using these functions we calculate an expectation value of the energy of the total 
system 
H= FH, + ff, . (5) 
Here we assume that recoil momentum of a nucleon is always less than 4, that is, we 


take only the first term of the expansion of the nucleon energy : 
Vp + ppt p?/2p. (6) 
Considering momentum conservation and the use of S—functions only, we obtain 


i= Sin\ (Vee Se \AO+LM)dk-e., 


+O [(ves ha rE) onions (2) ) dh - Ges at Bb. C7) 


When we evaluate the other part H,, we make the same assumption on nucleon momenta 
and find 
4 eas 
u,(p + Ie) Ru, p)=1— 22 Te : (8 ) 
84 | 
An9 = 
H, can be calculated in the following processes, each one separately : 
1) Production of a positive meson $n, Prsi,n> 
2) . Destruction. of a negative meson 9%, ,—> $n, n—15 
3) Production of a negative meson $141, n> Gn+i, nti» 


4) Destruction of a positive meson $n41,n— Pn n- 


Then we find 
Ot lr Mi caren] | ES a ale(1 sa (f2(2) +/2(4) dk) 
=| ee | (9) 
DAA Vb degre Cornats| | pecee (1 = a [enw +f2 (4) ake) 
| Hide LG ah io 
BEV 


To make a comparison with Tomonaga’ s results, it seems convenient to introduce the 


following notations’: 
(vers 
ives 


if (e) Ze aa) eye Ld 
lez Pe ae en fff ay ae z ve 


a ()dk=a, 
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fM)_ah—| LM) hog, 
V Be Bev P42 


\ JAGE Ap F_fi(h) tf2(2))dk=M , | 
Nees 2ye 


Esto in| Bf 28) 4f(k) dhe" 
OU TEs 


Using these notations we rewrite the expectation value 


A= Si n(ato)ezn+ Dd) mae {(w4+1)a+nb} Cy's1,n > (12) 


> 
H,=>) 2f'iVn4+1lh—nvnt 1 k'}c n,n Cn+i,n 
ae s] afl {Vu+ 1 g—(“#+1) SHALE Vig Cn +1, n+1 ° (13) 
n=0 
Although 7, and /_ are unknown functions and should be chosen to give convergent 
integrals, we do not intend to discuss these functions in details. Here we assume these 
integrals themselves as numerical parameters. Substituting (12) and (13) _into (5) and 


taking into account (4) we minimize the expectation value of the total energy (5) and 


obtain 
f' (Vn —n Vn 2! \on, n-it (1a+nb—EL) en,» 
+f (Vnt+1n—nVn4+1#+)Casi.n=0 5 | 
f (VU 1 h—nV 041M) on nt (nt latnb—L)enun | 
Hf LHFA EEN) VHT E Venera O. | 


(14) 


§ 3. Discussion 


It is seen that recoil effects appear not only through changes of magnitude of a, 4 
&, 4 but also through new terms /’ and yg’ which are not considered in Tomonaga’s 
calculation. If we transform (14) into simultaneous differential equations using the same 
procedure in Tomonaga’s paper, it is found that these terms induce the third order 
derivatives which, may be interpreted as a “‘ Zitterbewegung’’. The recoil effect in the 
above discussion appears as an effect of fluctuation which is caused by the collision between 
each meson and the nucleon. 


Ratios of a, 6, 2, and % to the same kind of quantities of the non-recoil case depend 
upon the function form of /, or f as follow: 


an 1 ee 

== fi NERA dk] \ VP +2 (Adak, 
Jon14 5 \ertwan| | vere nian 
ae reve [ee@an] | Vere dk, 
Ong 20 
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gene ee ey pee Ae ee dk, 


ee Bue : Vie a x VE +e : 
go 1 ( BL (dk hf ao 
aa 1 2 SA ah a 
S non Bye % VR +x VR + / 


Although these ratios are sensitive to the so-called cut-off procedure, both increases of @ and 
6 and also decreases of g and / at first sight correspond to the weakening of coupling 
constant /’. 


However, since there are two other terms ¢’ and i! in (14), a more careful exami- 
nation of (14) should show their effects on 7’. Assuming the following simplification : 


a ah, £—h,. and g'=/', 
we rewrite (14) 
—V(Vn —nVn A) Cx ONS W) tn n—V(Vn+1—nVn+1 7 ae = es 
—V(Vnt+1—1V n+ Wc, + Qeei— WyGiars 
—V(VYn+1—(n41) Yn a)enss nvi=0,; 
(16) 


where the same notations as in Tomonaga’s paper are used, i.e., 
Pia en b/w We el eds 


Numerical solutions of these equations are shown in Figures 1, 2, and 3 correspond- 
ing to °=1, 4, and 6 in the case of 7=0.1. The abscissas of these figures express /V; 


D . . 
012345678910 012346678 910012 


Figa2 Fig. 3 


the number of mesons which exist in the vicinity of the nucleon, and the coordinates 
express the amplitude of the probability, i.e., 
Cy, N]2 for even JV, 


Be ,. for odd WV, 


En+1/2, N=1/2 
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The dotted curves show the non-recoil cases which are given by. Tomonaga. 

From these results we can conclude that the recoil effect which appears through the 
term 7 becomes stronger with increasing I’. With a strong effect of recoil, which causes 
a weakening of coupling, the bare nucleon probability always increases. According to 
Tomonaga his intermediate coupling theory gives almost the same results as the strong 
coupling theory in the case of /’?<4. Therefore it may be plausible to conclude that 
recoil effects reduce the coupling. In the above discussion the value of A is taken arbitrarily 
for the purpose to examine the effect qualitatively. We shall discuss the magnitude of 4 
in the following paper. : 

The author would like to express his sincerest thanks to the Foreign Student Summer 
Project of M.I.T. for giving him the opportunity to visit M.I.T. He is also grateful to 
Professor B. T. Feld for his interest in this work, and to Professor H. Feshbach for his 


valuable suggestions on the numerical calculation. 
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The method of Matthews and Salam in the intermediate coupling theory is applied to the nuclear 
forces in the neutral /.S(/s) meson theory. The static potentials are obtained, in one pair approximations, 
including the damping effects of the pair coupling term. The ‘S-wave probabilities in the meson cloud 
of the two nucleon system are d’scussed. 


S$ 1. Introduction 


The quantum theory of fields describes elementary particles as quanta of free fields. 
The states, in which definite numbers of these bare particles are present, constitute an 
orthonormal set. The transition probabilities between these states are given by the matrix 
elements of an interaction Hamiltonian. Such a perturbational treatment is very convenient 
to treat the annthilations or creations of elementary particles, and successful when the in- 
teraction is very small. The quanta of free fields are, however, fictitious mathematical tools 
and do not correspond exactly to the physical particles. Wentzel gave us one picture of 
a physical nucleon in his strong coupling theory.’ Tomonaga” developed the intermediate 
coupling theory and discussed in detail about the meson cloud surrounding a physical 
nucleon.®”” © These considérations lead us to an alternative description of elementary par- 
ticles. 

We can imagine a group of the state functions 


(Go| 20%. 104 9)-7+ 570 ry IP op 2 vi) We gpy >) (1-1) 


¢ is an eigen function of the total Hamiltonian, and describes the state in which the 
number of physical A-particles in state 1 is 7‘, the number of physical A-particles in 
state 2 is w4,---,the number of physical /-particles in state 1’ is 7,7, and so on. These 
state functions are not orthogonal each other in general. The angle @ between two state 


functions ¢/, and #, determines the transition probability between them, and it is given by 


cos’ = ($y, e)?/ (Pr, $1) Por 2). (1-2) 


Two states in which no transition can occur between them are orthogonal. Then the 


; group of functions of (1-1) will be divided into subgroups which are orthogonal each 


other. 
The theory must deal with the relations between the various angles 0's: given by 


(1-2). It is desired that only the conception of physical particles is used, but in this 
paper we seek the () in (1+1) in terms of bare particles, by the intermediate coupling 
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theory. Following the elegant method of Matthews and Salam” in which only one virtual 
nucleon pair is considered, we treat a few simple example. 

As a simple example to construct ¢ in eq. (1-1), we treat the static two nucleon 
problem in neutral PS(/s) theory in I. The static potentials are given including the 
damping character of the pair coupling term. But our approximations are uncorrect for 


the small nuclear distance compared with the Compton wave length of the meson. 


§ 2. Static nuclear forces 


1. The method of Matthews and Salam and the Dyson-Foldy transformations. 


The Hamiltonian for the interacting nucleon and neutral pseudo-scalar meson fields, 


with pseudoscalar coupling is, in the same notation as in Matthews and Salam,” 


Hal, pH, 
Ay=Sap>\\aF (P)a(P) +452) 6(P)} Po 


+ \dKg* (KE) 9K) 4K, (2-2) 
H,=f'\dp dp’ dK S60 (momentum) 
x (a (p") +4,(p") (a. (DP) + OF (p)) (9* HK) + 9K) ) 
x iu, (p') By sts (Pp) TG gs (2 x 3) 
fa2" (any 'f, = (pe +e), Ka (KE+ 2) (2-4) 


The representatives of the state vector ¢ in (1-1) for the two nucleons are in one pair 
approximations, 


(b|pr, Pr, K..., KK") = (¢|2, 22) (2-5) 
and 
(opr, gp, De VY Ky, a) = (¥|4, 2). (2-6) 


(2-5) and (2-6) represents no pair component and one pair component respectively. The 
conservation of momentum implies that ' 


a oe oe ‘ Z { ~ 
PtP + SK =p" +p" t+ p+ ge + SK’ =constant, 


and is zero in the center of mass system. The procedure parallels closely that of Mat- 
thews and Salam. The expectation value of the energy is 


(4) LP) = (Pl |2,0) (2,206) + (YZ 4,7) (4,2| 2) 


= (¢|7|2, 2) (2, nlp) + E(|4, 2)3, - (2¢7) 


where 


(lp) =1. 7 (2-8) 


We minimize LY, 
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dX=9(($|A|¢) —E(¢|g)), ; 
=0(Y—E(¢|2n)2), (2-9) 


where 


Y= (¢'|A|2, 2) (2, x\¢). (2-10) 
1 2 n i 
V=SN EK) "SAP + A" + DK) | Gl, PY Kt, K")/? 
+f" Sin? ( (Ope, Dp) (p|p2-', p, Ke... >) 
+U(pi", ps) (Pier, pr, Kt, K"')) 
x (pr, pt, KO. Kb) +e0. 
+2°(n4+1)'?hadp AK" OSV (p,. ge th KS) 
x (OID! BP pn. at', KA, K) (pp, pr, K---K'g) 
2 er tdpe SV ip! gi Ke) 


<Vlp! PPh Ko; Kt) (pt, Bee K,--K|g)], (2-11) 


where 
OU (p+ K,, ,)-=ius (p+ KEK) Sr, up) ()-™, (2-12) 
VDss Wy EL) = iu (P) Br, 4, (GQ) (Ka), (2-13) 
pap +K", p'=p,+ K", | 
= (p'+K"), G=— (pK). . (2-14) 


The one pair components (¢|4, 7) in eq: (2-11) are expressed by the no pair com- 
ponents (|2, 7) using the equation 

(¢|H1—£\4, x) =0, (2-15) 
and taking only the pair creation or annihilation parts. The terms thus obtained correspond 


to the diagrams like Fig. 1. 


Fig. J 
aE ! | | 
N W Ww A of 
(a) oe © (d) | au ion 


The terms corresponding to (a), (b) and (c) are the vacuum effects and these are 

omitted. The terms (d) and (e) contribute to the modifications of uw, in eq. (2.17), and 

(e) contribute to the short range nuclear forces, but these are neglected for simplicity. 
Since we are hete interested only in the static nuclear potential, we may use the 


following —Tomonaga approximation 
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(Olds Bo KS, RY=@e, FURS. (2-16) 
hee Sig the. wave finction ‘of the’ nucléons includingvspin ‘functionspithen we slave 
VS 20, Ce + 20'8,, Ca Cn +20? (n= 1) pn Cua): (2-17) 

where . 
m= 3/0 (AK) + Pl ASAP YP (2-18) 


! ” ote oe n—1 : 3 
Bu=fi\ (dK) "S1/4 {Uwe pry + Uns”, BP) FA) I PCS) | Eos 


f= — FE) ABS POE, KOVR, a, EY) 


Vp gt IOS) V4 (pr ge 


v 


9, n—1 = ‘ ee “erry |2 
x (Por p24 pil bag Ski) =1 FR") FUR") NECK ) se 2 
2:20 


We replace v,, (%, and 7, by the similar approximate expressions used by Matthews and 


Salam.” 


On — 24/u~u=\K,|F EK) “aK. (F231) 
In the case of one physical nucleon placed at the origin, 


S720 Cpr PY Stk, Ose ) AG an oe Ns 
8,t 


where 
GA) = 40/4 p/P" 


If we make the nucleon momentum zero, then 
1/2-S1U (pr; Dt )~iK, (Ky)? (2x). 
$e 
In our problem, we fix one nucleon at F,, and the other at W,. Then, we may have 
it 
1/230 (ot, PY) ~1K (Ky? (22) et eB, 
4 
i} 
1/2290 (pe, Dy) wT) aa 
St 


where xv, and rv, is spin directions of nucleons 1 and 2 respectively and 


Pa~ ING KK) FP B)dK +0, (2-22) 
G HE) = 1d) Aa) TK OF EK (2-23) 

We evaluate 7,, in a similar approximation. 
ety? (4x) Kale ae ee eh Ral IG) PP css, (2-24) 


where we assumed that the virtual nucleon momenta ate very. small compared with x. 

Matthews and Salam showed that the approximations used in evaluating d, and f,, 
are not bad in the case of one nucleon system. The substitution of & and’ 7 given by 
(2-22) and (2-24) for B, and 7, in eq. (2-17) corresponds to the Dyson and Foldy 
approximations. The interaction Hamiltonian is transformed by the Dyson-Foldy trans- 
formations” into two parts, taking the leading terms in /, 
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H" =, + fH, (2-25) 


where //, is the gradient coupling term, 
Va 
His Sey eR) + (a4) 3( Ry) 6(r)ar, (2-26) 
and /7, is the pair coupling term, | 


y= ZY ueceaed ear, (2-27) 


The state vector ¢’ has in this case, only no pair components 
(fpr, pt, Kt. 1K") =(¢"|2, 2). (2-28) 
Here again, (¢’|2, ~) are assumed to have the form 
(2, n)=@)2"C, I FURS. | (2-29) 
We can obtain the expectation value of the energy immediately, 
TA, + A= nc, +22"6C, Gi + 0? a1) PC. Cy a0|5. (2730) 
where ; . | 


A= 2A (py +2) 4K MPR hd ~ ||P OK) JK + 22/2, (2-31) 


Ga=L_| Ko (4,4) e~** se (o,4) Cpe a F(K) ak + C.c. 
x 


=/"\G UK) PK) dK + cc 


GK) = EK (ade (ode, 
CP) 706 ye pt Ty pt: = 2 
Peres ah is fo tReet tia CK) AK) +c.c., 

x 


y S2-* (an) ye (2-32)* 
These values are the same with a, 8 and 7 given by (2-21), (2-22) and (2-24) 
pectively. We can say, therefore, that the Dyson-Foldy approximations correspond to 
one pair approximations of Matthews and Salam assuming that the virtual nucleon momenta 


are very small compared with z. 
Then, the minimal equation for (Y—2z), is given by 


(2-8 C+ G (ni Cait (t+ Die Guat) 
a (!"'(n—1)"” terete (x+ BYE T yi G A.) 0; (2-33) 
where 
é=h/A, G=G/A, P= P/ A; AHA, 24) ni, (2-34) 


This equation has the same form as that obtained by Matthews and Salam, and was solved. 


*) g in A, CG, and? means the expectation value. 
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exactly by them using the method of Glauber and Luttinger. Hence we have the spectrum, 


(1—4P2) [1 +28 (14+2P) +2€J=2m+1, (2-35) 
and 
(nlC”) SKrle as) At )exp(— 1720 +r)2°--i0'?x]} dx, (2-36) 
where 


d=G42P),, P= =2P)U4+2P) 5 (2-37) 


and A” is a normalizing factor. 
The energy of the lowest level is given from (2-33) by 


Ga 1 ae ls rae? 
PR RB) = — = Aer 16 3g: 2-38 
( ) AGE IE) oo [ P”| (2-38) 


In this expression, the term G represents the contribution from the gradient coupling term 
of eg. (2:26), and P (or P) represents the contribution from the pair coupling term 
of eq. (2:27). 


2. P-wave cloud and S-wave cloud. 


If ? is very small we can take (JK) approximately, by the discussion given by 
Matthews and Salam, as 


FUK)~E,(K) = 15"? Ki? (42)! (de® 4 (apd, R), (239) 


For the P-wave cloud, /” is actually small compared with unity except for the region of very small 
R,—R,, [;5"” is a normalizing factor. It is not clear that this P-wave cloud is a good approxi- 
mation, however, as the pair coupling term may have considerable effects on /(AC). This 
will be discussed in the calculation of the ratio of S-waves to P-waves in the meson cloud. 
To derive the long range second order potential where the pair term has not a large effect, 
we can use (2-39) for (4X). A, G and P are now evaluated as follows. 


1 oh ee en 
TA 1A ae (0,4,)e™ 4 ar (a.45)e%™ as 6G (2 -40) 
Taga LPG ie \ hee) (7,4 )e= Ps (0,4,) eB? PK + C.E.5 (2°48)5 
HepD iby fo ee ie Pie (ees + ¢~ih Fe) (aA en eras (4,4) cE) dK VP +c.c.. 
2-42 
Denoting 
+==p|.R,— R,], (2-43) 
and using ; 
La | (2-44) 
we have 


A parte ne (01d) 4), (2-45) 
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Beh Pg wy aa 
=> J [ete(~) (0,4) (md) ), (2-46) 


8 dah e* 45 : 
Py= (4 MEY (ed) + (aed)) — f. (2-47) 
The energy /°(2) is then expressed by 


2 


BPE) Gd) (ode 
eta) E(x aca! we) bees) ae 


LCP (RY (Lod) + (ord)) ©" 
x+ 2(p/x)? (6,4) (a4) ae Ee 4 (2-48) 


Pa 


When the nucleon is separated infinitely, Z (+) gives 


E,, (0) =—1/4( f?/z)z. (2-49) 


This is twice the energy of one nucleon given by Matthews and Salam. The potential 
energy between two nucleons is given by 


V,(4) =£, (4) —£,() 


Be SV Lo) 225 A) (od ex (1/4)2(f2/4)*( 1/2) (ad) + (oA) e~* [xP 
4 (Fe x ) ‘ ; ( oA)e pe 1+ (4/x)* pf (0,4) + (a4) )e*/x 
(1/4) (77/42) (1/2) (4,4) + (0,4) Je“ /4F | 
ee / . 
x4 p(p/x)? (0,4) (a4) e7*/x 228) 


Taking the terms of the order of f° from (2-50), we obtain the second order po- 


tential, 
Ba eet AA / ees) (9,4) (9, e*/ x 
= — p( 2/42) (4/2x)* {(a,09) + (14+3/44+3/27) Si} 77/2. (2-51) 


This is well known second order PS(/s) potential. If we neglect all the contributions 
from the pair coupling term in (2-50), (7) is identical with (2:51). In the case 
of the gradient coupling only, our approximation is the same with that of the first order 
approximation in the perturbation theory. The pair coupling term contributes to diminish 
the potential energy as it appears in the denominator of the eq. (2-50). The pair coupling 
term has appreciable effects only when the coupling constant is very large or the distance 1 is 
very small. The factor containing spins in /-term represents the effects of the interactions be- 
tween one nucleon and the P-wave meson cloud of the other nucleon through the pair 
coupling term, and the interference of these effects. We can see from eq. (2:50) that 
S-wave interactions through the pair coupling, although this is very small, act to diffuse 
the direction of the spin, whereas -wave interactions through the gradient coupling act 
to make the spin vector coincide with the line joining nucleons. 

However, we can not expect that the eq. (2:50) gives the fourth order potential. 
This is because we have used one pair approximations and /-wave cloud that is obtained 


in the absence of pair coupling term for the F(X), as in the case of one nucleon 


ial,” ary i from virtual nucleon-pair 
problem.” The fourth order potential, arises almost entirely os Pp : 
formations. Hence we return to the eq. (2-30) and we tentatively assume as 
approximation that the distribution of a bound meson is spherically symmetric. 


FUE) ~Fi (2) = Lo? (By) 28 (CE eRe), (2-52) 
as it is suggested from eq. (2-33). Z,'/° is the normalizing factor, and we take 
Hage Ty 20: (2-53) 
Then, the energy given by eq. (2-38) becomes, 


G _ Any 
(Asi ey ee 


am 


E(x) ~ E(x) = — 


1 f= 4 PIA) (2-54) 


We omit the second term of (2-54) which is O(/) and small when the coupling is 
not so strong, for the sake of simplicity in the following discussions. In the eq. (2-54), 


at 


A= Pe, (2-55) 
A 

ey Gk: | Aye 2-56 

C1 /E(£)el(od) + (4) — (2-56) 


teare “/7) (n/*) PL /P) +e" /xP. Beyer? 


Then the potential energy becomes, 


V2) = Ba) = 
a —(f°/47) 1/16(p/x)*[ (6,4) + (0,4) )e~*/4fP 
Lt (f°/4m) (i+ pe/x e7*/x) (1+ p/* e*/x) 


(2-58) 
V(x) must be multiplied by the S-wave probability which depend on f. The denominator 
1+ (/°/47) (1+ (44/x)e~"/v) tepresents the large damping effect of virtual nucleon pair 
formations which corresponds to that was discussed by Wentzel,’ Drell and Henley,’ and 
Brueckner, Gell-Mann and Goldberger.” The factor containing spins is the effect of the 


gradient coupling between one nucleon and S-wave meson cloud of other nucleon and the 
interference of these effects. 


3. The linear combinations of P and S waves. 


Next, we take as trial wave functions for the meson cloud the linear combinations of 
P and S waves, 


fy UL) =F, (KL) + 0F acer (2-59) 
where /,(IX) and /,(4K) are given by eq. (2:39) and eq. (2-52). The coefficient 
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u of Ss waves is determined by minimizing the energy. A; G and P in the eq. (2-30) 
_ are, in this case, 


A=A,+4A+u2A,, (2-60) 
G=G, +uG, (ake) 
» P=P,4uP+uP, (2-62) 


where A,, G,, P, and A,, G,, P, are the same with that are given by (2-40), (2-41), 


(2-42) and (2-55), (2-56), (2-57) respectively. A and P are the interference terms 
between P and S waves and are given by 


A=\K,F*(K) F,(K)dK +c. 
= (1 )p((o,d) +004))—, (2-63) 
x Xx 
Sen Bi ait 7d | eK 4 ¢ peek Be) Fe (FS) ce Veet ope ee) 


Fk) dk |+c.c. 


= (EY LY C4 perr/2) (ord) + (nd) (2-64) 


The energy becomes 


— (G,+4G,)” 


POR a) = (2-65) 
(4, ee oe A,) +2(2, +P 2p) 
The value of u which minimize the energy A°(+, “) is 
gee 288 (A,+2P,)—G, (4+2P) (2-66) 
2G, (4,+27,) =, (A+2P) 
This is expressed as 
(f2/42)(H/2)°S,((S?—S,82) ae 


~ (4S) Su— (1/2) 52) + (2/47) (4/8) (4SPSi— 1/20/09) SyS8) 
where we have used the abbreviations, 
= (z/p)\+e/4, 
oa ((0,4) + (0,4) )e/x, 
oe (x/ pt)? + (0,4) (0.4) e-*/2- (2-68) 
When the distance between two nucleons becomes infinite, or the coupling constant 


becomes zero, the .S-wave probability converges to zero. Hence, for the large distance + 


or for the small f, the long range force ’” given by eq. (2- -51) which is obtained using 


the P wave cloud is a very good approximation. 


Taking leading term in (/%), v is approximately given by 
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ENGL UN Oe ea 
1+ (7/47) (4/*) So 
The S wave coefficient uv is then, for the small 7, (/°/47) <1, 
wr — (1/4) (2/47) (1/2); (2-70) 


and for the large 4, (f°/47)>1, although our approximations-can not be applied to the 
case f° / 42> 1, 
ur — (1/4) (a /4)°Sy (2-71) 


The S-wave probability increases as f increases from the weak coupling limit f=0, but 
converges to a certain value in the strong coupling limit. This is the damping character 
of the pair coupling term in the /’S(fs) meson theory which has been discussed by 
several authors from different standpoints. 

The potential energy for the ?+ S waves cloud is evaluated from the equation, 


3 =H (x, u) —E° (co, “), (2-72) 


where E°(x, 4) is given by (2-67) or (2-69). Expanding (2-72) in powers of f, we 
can get the second order potential, but we can not get the fourth order potential” ”” 


because of our poor approximations for Wezel: 
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The transformations of the full Lorentz group are generalized in de Sitter space-time from the stand- 
point of the group of motions. When the curvature of the space-time tends to zero, the generalized 
transformations tend to the well-known forms of the corresponding transformations of the Lorentz group. 
Some properties of the transformations, especially those of the generalized special Lorentz transformation 
are studied. In connection with this research the important 16le the group of motions plays in relativity 
is considered and the difference of the notion of the invariancy in general and special relativities is also 


studied. 


§1. Introduction 


Special Lorentz transformation plays an important role in the special theory of rela- 
tivity. In this paper we are going to obtain a transformation in de Sitter space-time [.S] 
corresponding to the Lorentz transformation in Minkowski space-time [J/]. Lorentz 
transformation as a transformation in [/7] has various properties, so we may generalize 
it from various standpoints such as that of the group of motions, that of the generalized 
uniform motion*, etc. In this paper we shall take the first. standpoint, i.e. we shall 
obtain the generalized: Lorentz transformation from the standpoint of the group of 
motions in the sense used in Riemannian geometry” using the fact that the Lorentz trans- 
formation is a motion in [/7]. As will be seen later, a generalization of uniform motion 
in |S] is obtained as a byproduct. 

First in § 2 and § 3 some considerations are made about the physical meanings of 
the group of motions and the coordinate systems used in this paper. In § 4 and § 5 the 
infinitesimal and the finite forms of the generalized special Lorentz transformation /, are 
determined in the coordinate system of (4.2). Then some properties of this Z, are studi- 
ed in §6 and § 7. Lastly in § 8 the infinitesimal and the finite forms of Z, are obtained 


in another coordinate system in which (8.6) holds. 


*) Since Lorentz transformation was first obtained in relativity in connection with the problem of equi- 


valency of the observers moving uniformly relative to each other, we may first generalize this notion of uniform 


motion suitably and then may define the generalized Lorentz transformation in [.S] as a transformation con- 


necting observers in such a generalized yniform motion relative to each other. 
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§2. Group of motions in a space-time and the equivalency of observers 


Mathematically speaking, the fundamental principle of special relativity is that the 
physical laws are invariant under the transformations of Lorentz group, while one of the 
leading principles of general relativity is that all the physical laws are invariant under all 
transformations. However the meaning of the term “‘ invariant > as used in both principles 
is not necessarily the same. In the following we shall first explain the concept of the in- 
variance in general relativity.* 

Now let A, B,---be tensors expressing physical quantities, then a physical law in 


general relativity is expressed by one or several tensor equations of the form : 
F(A, Byres Via, }=0; (231) 


where 7; denotes covariant derivative of the tensor. If we regard this (2.1) as an equa- 
‘tion for A, By; p,A,--, it is form-invariant under any coordinate transformation and 
in this sense all coordinate systems are equivalent. This is the meaning of the invariance 
in general relativity. (Here it is to be noticed that some of these coordinate systems 
have no such physical meaning as observation system.) In general, however, this (2.1) is 
not necessarily invariant in the sense used in special relativity. To clarify the circumstance 
we shall give an example. 

If we regard the fundamental tensor 2; of the space-time as a physical quantity its 
components are functions of the coordinate variables and their functional forms depend 
upon the coordinate system. Hence in the equation c/s*=0, i.e. g,;¢4'dx/=0 concerning 
the. path of light, (7, 7=1,---,4), if we regard ds° as a function of v,,; and dr’, this 
law is form-invariant under any coordinate transformation, while on the other hand if we 
regard this ¢/s* as a function of +* and dx‘ the law ds°=0 is form-invariant only under 
conformal transformations in the space-time and not form-invariant under another trans- 
formations, and further the quantity ds” is form-invariant only under the group of motions 
which forms a sub-group of the above stated conformal group. 

Therefore from the standpoint of the form-invariancy of ds° as a function of 2* and 
dx’, it is only the observers relatively connected with each other by the motion of the 
space-time that are equivalent. This is the meaning of invariancy in special relativity. In 
the theories which treat of such invariancy it is needless to deal with the coordinate systems 
which have no_ physical meaning, since motions are, in general, accompanied by some 
physical meanings.** Moreover it is not only to be noticed that tensor equations are not 


necessarily form-invariant, but also that invariant laws are not necessarily to be expressed 
by tensor equations.*** 


*) See also the references 2) and 3). 
**) Meller laid stress on the motion in a curved space-time and called it a generalized Lorentz trans- 
formation’). It is to be noticed, however, that his terminology differs from the present one. 
***) For instance, if we take (yi 0/0ct++72) $=0 where pig) Heii as the generalized Dirac equation, 
this equation is form-invariant under ‘any motion, though it is not of tensor form. If we wish to treat Dirac 
equation of tensor form, we must take (7é Vitm)p=0 using covariant derivative 7; in place of d/dxt, 
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From the above consideration we can conclude that when we wish to discuss about 
the invariancy of a physical law we must first make clear in what sense the invariancy is 
treated, otherwise the deduction will be meaningless. 

It was first emphasized by Robertson in his relativistic cosmology that the concept of 
group of motions plays an important role in the theory of equivalency of observers in a 
curved space-time. We may rather say that the equivalency of observers relatively connect- 
ed with each other by motions was the starting point of his theory.” 

As is well known, the group of motions of [J7| is the full Lorentz group with 10 
parameters, and in this sense we may regard the special relativity as a theory concerning 
the physical laws form-invariant under the group of motions of |Z]. Hence in order to 
construct in a curved space-time a theory which corresponds to the special theory of 
relativity in { 17], we have to deal with the physical laws form-invariant (in the sense 
used in the special relativity) under the group of motions of the space-time. For this 
purpose, we must first make clear the group of motions. In Riemannian geometry, however, 
it is well known that the number of the parameters of the’ group is 10 only when the 
space-time is [7] or [S], and is less than 10 in another space-time. Accordingly from 
the standpoint of the group of motions, [.S] is the curved space-time in which the generaliza- 
tion of the Lorentz transformation is dealt with most naturally. 

In this paper, we shall first determine the forms of the transformations of the group 
of motions in this [S] so that’ they may tend to the well-known forms of the correspond- 
ing transformations of the full Lorentz group when the curvature of the space-time tends 
to zero, and then we shall study some properties of the transformation corresponding to 


the special Lorentz transformation. 


§ 3. Standard coordinate system in a curved space-time 


In Minkowski space-time [17] there exists a standard coordinate system in which the 
values of the coordinate variables correspond directly to the results of our measurement or 


experiment. Namely, it is the coordinate system in which the metric ds° takes the form : 
de= —dv’—dy—dz +d’, (3-1) 


where, for brevity’s sake, the units of length and time are taken so as the light velocity 
in vacuum is unity. On the other hand in de Sitter space-time or, generally speaking, in a 
curved space-time, such a standard coordinate system does not exist. Furthermore it is very 
difficult to determine theoretically such a coordinate system. This problem will not be solved 
till we succeed in clarifying the law which connects the values of the coordinate variables 
and the results of our observations in a curved space-time. 

Therefore we can not decide what coordinate system in [.S] is the most suitable one 
for our present investigation. In the following we shall explain this in detail: In the 
coordinate systems of [.S] treated later in which ds? takes the forms (4-2) and (8-6) 
respectively, if the constant #2 which gives the curvature of the space-time tends to zero, 
both ds?’s tend to the same (3-1). And it is impossible to determine theoretically which 
coordinate system is the fundamental one corresponding to (3-1) of [M7]. To answer 
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this it is necessary to compare both systems by experimenting in some way or other. But 
it seems to the writer that at the present stage even by experiment it is difficult to solve 
this problem completely, and moreover it should be noticed that there exist many coordinate 
systems with similar qualifications. Hence in this paper we shall not deal with this problem 
further and shall content ourselves only with the investigation of the transformation in SR: 


corresponding to Lorentz transformation in the two coordinate systems stated above. 


§ 4. Tnafinitesimal form 


As is well known, [S] is a Riemannian space of constant curvature whose signature 


of the fundamental form is given by the type (~——+). Its curvature tensor Ki sim 
satisfies 

Kiym=P (Sin £a—Eu Sim) (4-1) 
where # is a constant, and its line element is reducible to the form 

as =—e™ (dx +aday+dz) +d? (4-2) 


by a suitable choice of the coordinate system. In (4-2) the units of x, y and 2 are 
taken so as the light velocity may become unity when £ tends to 0. If & tends to 0 
[.S] tends to [M7] and (4-2) to (3-1). 

Transformations which keep (3-1) form-invariant constitute the full Lorentz group © 


or the group of motions in [JZ] using the terminology of geometry.* @ is a continuous 


group of 10 essential parameters and in the coordinate system of (3-1) its 10 indepen- 
dent transformations are given by 


G: Lis Ve t3% Ky ie, Tas U ; ee Le Lae (4-3) 


using the operator forms of the corresponding infinitesimal transformations, where 7,=3,, 


T,=0, and 7,=0, give the translations of the space-frame ; R= —20,+ 90, R,=—x0, 


+20, and k,=—yd,+.xd, give the rotations of the space-frame ; U/ =9, gives the transla- 
tion of the time-frame ; and 
L,=00,+23, [,=10,+y3, L,=10,+20, (4-4) 
give the special Lorentz transformations. Finite forms of these transformations are also 
well known. For later use we shall give the finite forms of Z,, (a=1, 2, sys 
Mopar gh de eile a Vi-v, y/=y, /=2, f= (t+ 0x) /V1—v’. (4-5) 
The corresponding forms of Z, and /, are given from L, by the cyclic changes of x, y 


and 2. 


In [.S], the transformations which keep its ds” form-invariant (i.e. its motions) also 
form a group of 10 parameters as in the case of [J | and the concrete forms of the 10 


P ; ‘ 
) We study the problem from the standpoint of the continuous group of transformations so that we 


do not dea] with the transformation which has no infinitesimal transformation such as a reflection a’=— 
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independent elements in the coordinate system of (4-2) are given by the following operator 
forms :* 


GS: repegs 733 Js tiga Sten Fors a eo Sigh Os Ss (4 6) 
where 7, and R,, (a=1, 2, 3), are the same as those in @, and 
U,=h(40,+ 78, +29.) —d,, 


—~2 9 ° 9 a» 9 4 ‘\ 7 
Soe {eo 4 (a2 — 7 2) 0, 4284 (yd, +20.) —2kx 9, etc. Sete 


Any transformation of (% is given by a linear combination with constant coefficients of 10 
operators given in (4-6). Hence in order to obtain the generalizations of the transfor- 
mations in (4-3). we have only to determine the linear combinations of (4-6) which 
tend to the operators of +(4-3) respectively. By this method we can easily obtain the 
following 10 transformations in place of those given by (4-6): 


Aa OAS AS a at Do be er cal Oh fed ay Bak Med (4-8) 
where U=—U,=—k(40,+y0,+20.) +3,, (4-9) 
l= (TS) = {2 -e*) + 2 4-29} 0, 
2k 2k 22 
—kx( y0,+20,) +40, etc.** . (4-10) 
Evidently when £->0 we have UU and Z,->L, (Ba1-22 33); 


Hence we must conclude that in [S] the transformation /, defined by (4-10) are 
the generalized special Lorentz transformations. In the following sections we shall obtain 


the finite form of /, which corresponds to (4-5) of Z,, and then shall study some of 
its properties. ; 

U given by (4-9) is the generalization of the translation of the time-frame U in 
[|S] and its finite form will be given in the appendix. | 


§ 5. Finite form of L, 


In this section we shall determine the finite form of /,. In order to make clear the 
correspondence between this process and that of obtaining the finite form (4-5) of Z, in 
[AZ], we shall first give a brief description of the latter : 

From (4-4) we have the simultaneous ordinary differential equations 

dx'/d-=t, dy fdac=0, dz'/de=0, dt /de=x'. (5-1) 

Solving (5-1) under the initial condition 
ee 78 2, F=f for c= 0, (5-2) 
we have Hatt o, vy =p, 22, U=ai+ 62, (5-3) 


*) Here we give the results obtained by the present writer.")”) | 
**) If we use Sibaza’s notations, we have £;=(U;—U’,)/2%. His expressions of Uz and U, were given 


in the coordinate system of (8.6) .* 
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‘where a=cosh ct and J=sinh cr. Then putting 6/a=tanh t=v we get (4-5). 
We have only to follow the same process with respect to (4-10) in place of (4-4). 
From (4-10) we have the following equations corresponding to (5 +4 jz 


dx! /de= (1/2k) (1 — 6) + (2/2) (9? +2? 2"), (5-4) 
dy' /dt=—kx'ly', de! /de=—ke's!, at’ /de=2'. (524, 2) 
From (5-4,), (5-4,) and (5-4,), we have 
y /y=s! [z=exp{—k(’—2)}, (5-5) 


and from (5-4,), 
Bt (de? +-k]2.dt [de + Pe —1/2k=0, (P=1/2k—k/2-(p+2°)e"). (5-6) 


Integrating this we have 


(EY 2 pw Lett 1/8) 1/0), (6-7) 
cal R ke 


where r= V2°+7°+2°, by virtue of (5-2). From (5-7) we can get di//dz and can 
integrate this easily.* By using (5-2) and (5-4), we finally obtain 


2Le c= (Le*—1/2-# Q)’—24P, (5-8,) 
hale =n Vv (07 + Oe +2kP), (5-85) 
where L=1/2: (14+ 47 )e*—1/2-e "4 nkre™, (5-9) 


and 7=+1. Since the result for 7=—1 is obtained from that for 7= +1 by reversing 
the orientations of x and +’ axes, we shall assume that 7= +1. 

(5-5) and (5-8) together give the finite form of Z, which we are seeking for. In 
fact we can easily verify that when £->0 (5-5) tends to the second and the third equa- 
tions of (4-5) and that (5-8,) and (5-8,) tend to the fourth and the first of (4-5) 
respectively. 

From the mathematical standpoint, the above obtained transformation {(5-5), (5-8)} 
is somewhat complicated than (4-5) in that y and ¢ are contained in the expressions of +/ 


and 7’ besides x and ¢ and that y and ¢ are not invariant under the transformation. 


§6. Finite form of Z, expressed in a symmetric form 


In this section we shall show that we can express the finite form {(5.5), (5-8)} 


of /, obtained in the last section in a more symmetrical form by using three invariants 
and one relative invariant. 


From (5-5) it is easily seen that both 


4,=ye™ and d=7e" — (6-1) 


are invariants of /,, i.e. 


*) dx’/dz is determined to within a sign. The result for minus sign, however, becomes identical with 
that for plus sign by changing the sign of the parameter ¢, 
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4/ssy'e"=24,, Domasel 4 (6-2) 


Next from (5-8,) we have 


ed xz? 1) — okt! {e#( 42/7 +< 1) ent SS heer ( 7° 4- 2”) =0. (6 3 3) 
From (6-2) and (6-3), we obtain 
4/=4, where 4,=e"(1— £7") +0-*, (6-4) 


and 4,’ is the corresponding quantity in (x’,---,/ )-system. Hence this 4, is the third 
invariant of Z,. Every invariant of /, is expressible as a function of these three invariants. 

Then using (6-1) and (6-4) we can show that (5-8,) can be rewritten in the 
form 


4,’=c'd, where 4,=2e"(14 hx) — 4, (6-5) 
Hence 4, is a relative invariant of /,. 
Evidently 4,,---,d, are relatively independent, so we can finally express the finite form 
of /, by the equation : 
eee dea he A A A de ee (6-6) 


This is the symmetrical form of /,. If we denote (6-6) by Z,(r), the identical trans- 
formation and the inverse one are given by /,(0) and Z,(—r) respectively and further 


it holds that : 
TAD) = GG Lo} = Loe), (6-7) 


This is also evident from the theory of the continuous group of transformations. 
If we put £0 in order to make clear what quantities in [7] correspond to 4,,---, 


A, in [S], then we have 
4,-y, 4,2, (4,—-2)/P>(?—r), 4,/k> (t+ 4). (6-8) 
Evidently the quantities y, 2, (¢’—r°); (¢+2) are three invariants and one relative in 


variant of Z, respectively. 
By the investigation of this section we also know that the finite form (4-5) of the 


special. Lorentz transformation I, can be rewritten as (6-6) with J==y, 4,==2, 4,=(—?7°), 
4,=(¢+4) and v=tanh z. As will be seen from the investigation of /, in § 8, this 


form of Z, is convenient to determine the form of Z, in the coordinate system in which 


the metric of [7] is not of the form (3-1). 
§ 7. Some properties of L, 


Finite forms of Z, obtained in § 5 and § 6 are somewhat complicated compared with 


=. . . . . ) 

that of Z,. In this section we shall obtain some simple properties of /,. For brevity’s 
3 4 , / / 

sake we denote the observers whose coordinate systems ate (x, y, 7,7) and (2’, 7’, 2’, ”’) 


by K and kK’ respectively. Then main differences between Z, and ue are as follows; In 
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Z,, all points at rest relative to A’ move uniformly parallel to the +’ axis with common 
constant velocity relative to A’. On the other hand, in /,, as is.easily seen from (5+5) 
and (5-8) any point at rest relative to K moves non-uniformly relative to A’ on the 
curves not parallel to the x’ axis in general. Since L(t) =L,(—r), the same circums- 
tance holds even if A and X” are interchanged. 

The points on the x axis of A are also on the +’ axis of K’ and both systems have 


these axes in common. On this common axis, from (5-6), (5-7) and (5-9) we have 
2hP=1, PO=c" (Fx? —1) —e-*, 22=c#(1 qhtye (7-1) 
and the transformation equations for the events on this axis become 
21h" & = (2Le7—FO)?/4—1, hale = Vv (eC +O 41). (7-2) 
Now we shall study the motion of the spatial origin O of A relative to A’. O 
moves on the x’ axis of K’. To study the properties of this motion we shall obtain the 
relation between the coordinates x’ and /’ of QO relative to A’. Substituting +0 into 
(7-1) we have 
—1/2-2°Q=coshkt, L=sinhht. (7-3) 
From (7-2) and (7-3) we have 
e™ — sinh? cosht + coshfzé, 
2cosh Ate! 4 eh — xe, 7-4) 
Eliminating « from (7-4), after some calculations, we finally obtain the equation : 
4 
ka! =1/2-VA+PeP— ee), (Vstanhr), (7-5) 
which gives the motion of O relative to A’.* 
When £->0, (7-5) becomes 1’= I]? which coincides with the relations obtained from 


(4:5). Hence I” is the parameter corresponding to 7 of Z;. If we calculate from (7-5) 
the velocity of O relative to A’, we get . 


v=adz! /dl=Ve™ (1—kV x), (7-6) 


where +’ and 7’ are coordinates of O with respect to A’’.** We can rewrite this expres- 

sion of v by using the relation (7-5), and further by using (7-4) we can also express 

it as a function of ¢, the quantity in K, as follows : 

v= VAI=BDP)IEAT/ VIR PS Oe VI] (7-7) 

where £7'=coshht. | 
Next we shall obtain a generalization of the well-known composition law of 


velocities concerning 7, Let K, K’ and K” be three observers relatively connected by 


*) Strictly speaking, we must take +42/=... in place of (7.5). But we have taken plus sign in order 
that this equation may coincide with the one obtained from (4.5) when %—>0. The result for minus sign is 
identical with the one above obtained if we change the sign of the parameter r, 

**) See Appendix (1). 
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I,. If we assume that they satisfy the relations : 


se 071 ro Ws Comal rea Ot ll BC (7-8) 
then from (6-7), we have 


Kite Let ie (7-9) 

Therefore if we denote the velocities of the spatial origin O of K relative to K’ and A” 
by v and 7@ respectively and that of the spatial origin O’ of A” relative to K" by v’, 
then by (7-6) we have 

v= Ve (1 — Vkx'), (a’ and 7 are coordinates of O in XK’), 

om Ve a Vee") (ae and 7, ON Cin oi ya OAT LOS 

d= Ve-™ (1— Vee) 1, (% and 7 Siete ein AC") 
where VStanh ¢Stanh (r+2')=(V4+V)/14+ VV. (7-11) 
(7-10) and (7-11) give the composition law sought for. When £-+0 v, 2 and @ tend 


to V, V’ and |’ respectively and (7-11) gives the ordinary composition law of 153 


§ 8. ZL, in another coordinate system 


Hitherto we have made clear the infinitesimal and finite forms of /, in the coordinate 
system of (4-2). From these we can easily obtain the forms of /, in another coordinate 
system. The following method may be the most simple one : 

Let* 

=f'(x), ((a's*/ax|+0), (8-1) 
be the coordinate transformation from the coordinate system of (4-2) to the new one. 
If we denote the linear operator corresponding to 1, by €' 0/d.°, then 'S* in the new 
coordinate system is obtained from the original one by the transformation equation of a 


contravariant vector : 
(Gee ¢art-o4, 3 (8-2) 
Hence the infinitesimal form of Z, in the new coordinate system is obtained by this 
method. Next, to obtain the finite form of /, in the new system we have only to use 
the d’s introduced in § 6, that is, it is given by (6.6) in which the 4’s are those in 


the new coordinate system. 
Now we shall give an example. It is well known that (4-2) is transformed into 


d= —U—#/)*' dP —7P (dl + sin’ dd?) + A-— Py de (8-3) 
by the transformations’: 


x=r-sind cos g, y=r-sind sing, 7=1-cosh, (8-4) 


*) Throughout this paper we denote the resulting coordinate vatiables of motion by 1/¢ and those ot 
the ordinary coordinat2 transformation which is independent of the motions by /x*. 
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and lyre, elt /(1— #9") =e". (8-5) 


In (8-3) primes are omitted for brevity’s sake. Further, transforming (8-3) into (4, 9, 
z, t)-system by using (8-4) again, we finally obtain 


d= — (dx? + ay +d) —Ka (ade tydy+2d2)’+ edt, (8-6) 


where g= V(1—4°r*). We shall determine the forms of /, in the coordinate system 
of (8-6). 
By the reason above stated the transformation to (8-6) from (4-2) is given by 


cttan, yer s'y,) 8 ale, fal VA) (8-7) 
Hence from (8+2) and 


B= (16) 2k (yg +5'— 4") /2, 


: (8-8) 
2a — fay, = he, 6 4; 
which is obtained from (4-10), we have 
fl=¢/k-sinh ft, ¢==0, =-2/a-cosh ke. (8-9) 


This (8-9) gives the infinitesimal form of /, in the coordinate system of (8-6).* When 
k—>0 in (8-9), we have €'>¢ and €'—>x and Z, tends to the Z, given by (4-4).** 


Then we shall determine the finite form of (8-9). From (6-1), (6-4), (6-5) and 
(8-7), we have 


4,=y, '4,=2, 43;=20 cosh #, 4,=2(44+e sinh £/), (8-10) 


in the coordinate system of (8-6). Hence the finite form is (6-6) with (8-10). We 


can also obtain (8-9) from (8-10) by taking z as an infinitesimal quantity of the first 
order. . 


In this coordinate system we can make similar discussions as those made in § 7 with 
respect to the relative motion of A and &’. For example, the motion and the velocity 
of O relative to A” is given by 


A214 V2 sinh? £t’)—V? sinh? £¢’=0, (8-11) 


and yv=V(1—#'.e)*" cosh &=V(1 _ fx!) Vth x? (1/V°-—1)}, (8-12) 
corresponding to (7-5) and (7-6) respectively. 


Appendix 
(1) Ax alternate method of introducing (7-6). 


We may use the following method to determine the velocity v of the spatial origin 
O of K relative to K’: We define v by 


*) From (8.9) we have the relation L4=(U,—U,)/2% stated in the footnote concerning (4.10). _ 
**) When £0, the transformation (8.7) tends to the identical transformation. 


A Generalization of Special Lorentz Transformation 441 


v=| 2] ee es een er a 
as at! 9, Lar/dt2o=0 or Ox at BY ax dt 0, Eylo=0 


[2 2) 
Oth ar de Ca) 
where an index 0 means the value of the parenthesized quantity at r=y—=z=0. For /, 
defined by (5-5) and (5-8), we have 

[22P},=1, [L]=sinh 44, —[2Q/2],=cosh 2, 

[0/d¢,-2L],=£ cosh £4, [0/d¢-O],=—Z sinh Zz, (A-2) 


using which, from (7-2) we have* 
[a//dt],= {cosh £t cosh t+sinh £¢} {sinh &¢ cosh t-+cosh £/}~', 
[Mx dx’/dt],=sinh &¢ sinh ct {sinh £¢ cosh t+cosh £c}~*, (A-3) 
[4 x],=sinh £¢ sinh z {sinh £¢ cosh z+ cosh &t}7'. 


From these relations and (7-4) we easily obtain (7-7) and hence (7-6). 
(2) Finite form of VU. 
Finite forms of all elements of © except UV have been made clear, so we shall here 


give that of U. Solving the differential equations : 


dx! ay’ as! 
=— fr’, i= — fy’, Es = £2", a | A-4 
adr at at dv” ( ) 
with the initial condition (5-2), we have 
=e, Pay, He Me Sts (A-5) 


which is the finite form of U/ in the coordinate system of (4-2). 
Further in the coordinate system of (8-6) its infinitesimal and finite forms are given 


by 0, and ¢’/=/4T respectively. Hence it coincides with VU in (4-3) in this coordinate 


system. 
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In the general theory of relativity the problems of optics have been restricted. mostly to those con- 
cerning the path of light as null geodesic, and the character of light as wave has scarcely been treated. 
Therefore we intend to investigate the nature of light as wave in general relativ'ty. In this first paper 
we shall research the relation between the method of wave optics and that of geometrical optics con- 
cerning the propagation of light in a curved space-t.me. 


§ 1. Introduction 


To treat the optical problems there are two methods, i.e., geometrical and wave optical 
ones. In the former light is treated as ray and in the latter the nature of light as wave 
is taken into account. Actually we believe that light is an electromagnetic wave, therefore the 
characters of light are to be researched consistently by the wave optical method based on the wave 
equation of the electromagnetic field. The geometrical optics is, however, just a special 
large scale manifestation of the wave optics. Accordingly the method of geometrical optics 
has been used when the character of light as ray is concerned, because this method is con- 
venient and approximate in such case. 

In the general theory of relativity light is also to. be considered as an electromagnetic 
wave, but the optical problems hitherto treated in the theory have been restricted mostly 
in those of the geometrical optics. Namely, the problems have been mostly those concern- 
ing the path of light as null geodesic, and those concerning the properties of light as an 
electromagnetic wave have scarcely been taken into consideration. Nevertheless light plays 
the most important role in general relativity, that is, two of the so called three crucial 
tests of the theory, ie., the red-shift of the spectral lines and the deflection of light in 


gravitational field are the problems concerning the properties of light, especially the former 


relates directly to the wave character of light. And moreover in cosmical problems in 


which general relativity has found its important applications light is almost only one means 

with which we can observe the cosmical events, some of which relates directly to the wave. 

properties of light such as the red-shift of the spectral lines of the extragalactic nebulae. 
Now we take the point of view that light is an electromagnetic wave in the general 


theory of relativity, so we consider at first by what equation the electromagnetic fields can 
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be expressed. Here we generalize the Maxwell equation in Minkowski space-time into a 
tensor form in Riemannian space-time as is usually done”, and regard this tensor equation , 
as the field equation of the electromagnetic field in general relativity. Then if the 
metric of the space-time is given previously we can get the concrete form of the equation. 
{In this case the electromagnetic term enters in the field equation of 2;; (7, 7=1,-:-4), 
the metric of the space-time, therefore we cannot decide ¢;,; independently of the electroma- 
gnetic field strength. But if we are allowed to ignore. the effect of the electromagnetic 
field on the metric, i.e., gravitational field, we can assume that the metric is given pre- 
viously. ) 

Now we shall study the wave character of light in a curved space-time from the 
standpoint stated above. Concerning such problems there have, hitherto, been no researches 
except some simple ones, in which the concept of the wave length or the frequency of 
light wave is used only in a formal sense. Therefore at first in this paper the relation 
between wave theoretical and ray theoretical treatments of the propagation of light will 
be made clear. That is, the relation between the solution of wave equation of light and 
the null geodesic as the path of light will be examined. 


§ 2. The propagation of light* 


As is well known we have the following two ways to study the character of the pro- 
pagation of light: 1) the one in which the path of light is studied, and ii) the one in 
which the displacement of the wave front with time is investigated. In the former the 
path of light is considered as the null geodesic in a four dimensional space-time, then to 
obtain the path of light we have only to solve the differential equation of the geodesic 
with the condition that the four dimensional length of the curve is zero. 

On the other hand if we consider the light as wave, the character of the propagation 
of it is represented by the displacement of the wave front with time in three dimensional 
space, which is also represented by a hypersurface 5} in the four dimensional space-time. ** 
Three dimensionally. considered, the path of light as ray is perpendicular to the surfaces 
of the wave front in three dimensional space. If we consider it in terms of four dimen- 
sional space-time this fact is interpreted as follows: a ray of light is on the hypersurface 
S) of the wave front and at the same time is orthogonal to the same >’, because the 
ray of light is represented by null line. 

Next we shall study how to construct the wave front of light, when the ray of light 
is previously given. Considering from three dimensional point of view if we construct the 
orthogonal surface elements to the ray of light at every point on it in the sense of the 
three dimensional space, these surface elements are the wave fronts of the light. But the surfaces 


*) The mathematical foundation of this and the following sections will appear in Append’x. bale 

**) Hereafter we skall use the term “ three dimensional space”, when we lay stress on the distinction 
of the three dimensional space and the one dimensional time in the four dimensional space-time. But strictly 
speaking this separation of the space and the time may hold only when the time axis is perpendicular to three 


dimensional space axes in the four dimensional space-time, i.e. when £14=S24=531 = 0. See also Appendix. 
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thus constructed have only infinitesimal areas. Therefore if we want to construct the wave 
front having the finite area, we must consider the congruence of the rays in three disaen; 
sional space, and four dimensionally this congruence is represented as a congruence of co” 
null geodesics on the hypersurface of the wave front >i. If we can construct a surface 
to which the congruence of the rays in three dimensional space is normal, then these 
surfaces (four dimensionally the hypersurface >}) are nothing but the wave front of light. 
But it is clear that arbitrarily given rays of null lines are not necessarily normal. Therefore 
we shall research the conditions that such a congruence be normal, and show how to 
research the wave character of light using the concept of the geometrical optics. We shall 
also show how to derive the concept of the ray of light from the solution of wave equa- 


tion of light. 


§ 3. Relation between the wave front and the path of light 


In this section we shall investigate in detail the relation between the wave front and 


the path of light. At first we shall consider this relation in the special theory of relativity. 


(a) In the special theory of relativity* 


For brevity’s sake we shall here study the problem using the Young-Fresnel’s wave 
equation for the scalar wave instead of the Maxwell equation for four-vector potential cor- 
responding to the pure radiation field, because the form of the latter equation for each 
component is the same as that of the former. Taking the cartesian coordinate system in 
Minkowski space-time, we have 


Siok ae bs (a=6); &a—%, (a==0); Sai —f§ua=9, LSy=l, (a, 6=1, 2, 395 


and the wave equation takes the form : 


aay A Ca oe, ; 
Lhy'=s Mase | oF Naa? | oy? be? )ly=o, G@IH1 4) (ays, t= 


1 


yl dss eee ee al 


where ,,=0/0.". The ‘characters of propagation of light wave can be represented by the 
motion of the surface with time on which some kind of the discontinuity of the solution 
of this differential equation appears. 


Let 
2 O(a 7,5 3,2) =0 (3-2) 


be the four dimensional expression of the above stated moving surface of discontinuity 


This hypersurface is the >! treated in the last section and the following relation holds on 
this hypersurface : : 


SPu$iy=0 that is — (8p)?— (8,9)°— (2.9)?+ (8)°=0, on Y=0. (3-3) 


: ; : 
) The content of this subsection (a) is well known, 


2) but we menti i i i 
ion it here to com 
that of the next subsection (b). pare, te 
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The hypersurface 5} is called the characteristic manifold of (3-1) and, three dimensionally 
speaking, it represents the motion of the wave in three dimensional space with time. And 
the characteristic manifold (3:2) can be embedded in a family of manifold, ¢=const., 
where Y is a solution of the differential equation ¢”y,,9,;=0. (without the additional 
condition ‘on g=0”’.) 

Now let us consider the congruence of the curves defined by the vector field 
¢;(=9,¢) obtained from the above y. The curves are given by solving the following 


equations : 
dx*(s)/ds=g"9,, or —~,=dx/ds, —¢,=dy/ds, —¢,=dz/ds, +¢,=dt/ds 
where  =00/d4,-+++-: (3-4) 


This is called the characteristic curves of (3-1) and in this case it is clear that this con- 
gruence gives the null straight lines. These straight lines are all contained in the hypersur- 
face Y=const. and at the same time normal to it. Among these curves those which are 
contained in (3-2) give the co” null geodesics on Y=O in four dimensional sense, and 
three dimensionally considered, these curves represent the fact that light proceeds with 
the unit velocity on every straight line normal to the surface representing the wave front 
of light. 

Here it must be remarked that the equation (3-4) represents the congruence of null 
lines instead of a single line. Therefore if we want to treat the path of light in connec- 
tion with a wave front, it is not sufficient to take into account only one single path of. 
light, but we must treat the congruence of co” null geodesics on a characteristic manifold in 
for dimensional sense, or three dimensionally, we must deal with the congruence of the 
straight. lines orthogonal to the wave front. This congruence is embedded in a four 
dimensional congruence defined by (3-4). The hypersurface >} ie. Y=O expresses the 
propagation of the light wave having the definite initial condition: the value of the initial 
phase of the wave. Then the remaining members of the hypersurfaces ~—=const. express 
the propagation of the same light with another initial phases. And the null geodesic 
defined by (3-4) which are not on >) give the paths of this light. Accordingly, if we 
ignore the initial conditions, we can consider that a family of hypersurfaces and a congruence 
of null geodesics normal to it in the four dimensional space-time express a light in this 


sense. 
(b) In the general theory of relativity 


In this case if the wave equation of light is given, we can easily find similar relations 
between the wave front and the path of light. But here we shall take another way. 
Since the same circumstance as stated above can also be considered in a curved space-time, 
we assme that a congruence of null geodesics which represents the paths of light is given 
previously, and that there exists a family of hypersurfaces representing the wave front of 
light and orthogonal to the paths of light. Then we shall search for the possible form 


of the wave equation of light using the condition that the characteristic curves of it coincide 


with the given paths of light. 
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Now we shall take up the above problem mathematically. Let 9(4, 7, 2; ¢) =const. 
be the family of hypersurfaces representing the wave fronts of light. Since the Soi of 
light are null and normal to these hypersurfaces, then a path of light xi=x'(s) is given 
by 

gi=dx'/ds, (9 =E%¢; $j;=P5=IE/Ox'), (3-5) 
where a comma denotes covariant derivative.* Along the path of light we have ¢,, dx’ dx! 
=0 from which we have 
S"0Pj= 84 FF =0- (3-6) 
Since each hypersurface of this family is to be the characteristic surface of the wave equa- 


tion, the equation must be of the form” 

29,9; P+d=0 or g” $,4+d=0 (3-7) 
under the assumption that this differential equation is quasi-linear and second order for the 
function 9. In (3-7) second partial derivatives of are not contained in d ot d, and 


furthermore it seems natural to take this @ or d as tensor quantity in accordance with 
the principle of covariance. Here it is to be remarked that both of the following tensor 


equations for the scalar and vector wave 


Lose" 4i5=0 and [lhe =e" $o,i5=9; (3:8) 
which are obtained by generalizing the corresponding wave equations in Minkowski space- 
time are the form (3-7).** 

Conversely the characteristic curves of (3-7) or (3-8) are null geodesics,*** then if 
we take (3-8) as the wave equation of light, it is clear that the relations between light 
tays and wave fronts of light are the same as those in special relativity. Thus the fact 
that the path of light is null geodesic, can be represented wave theoretically by the chara- 
cteristic curves of the wave equation of the type (3-7). Namely, it has become clear 
that the paths of light constructed by the wave motion determined by the wave equation 
of the type (3-7) form a congruence of the null normal curves inthe space-time whose 
metric is given by g,; and that this congruence is geodesic. In other words, paths of 
light are represented by a null normal vector field gy’ in a four dimensional space-time. 

Thus the ray character of light as well as its wave character is represented by the 
wave equation of the type (3-7). In the next section we shall clarify the conditions 


_that an arbitrarily given congruence of null geodesics represents the wave front as the 
characteristic manifold of the wave equation. 
S4. Relation between wave optics and ray optics 


By the above consideration we can conclude that it is possible to describe the charac- 


ters of light consistently from the wave theoretical point of view. Namely, it is shown 


*) Since g is a scalar, we have Q,4=079. 


**) We can easily show that Maxwell equation for four potential usually used in general relativity is also 
of the form (3.7).)) 


rae : : : : F 
) As is proved in Appendix, a null normal congruence is geodesic. 
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that the main feature of the ray optics, “the path of light is null geodesic”, can be com- 
pletely taken into the theory of wave optics by using the nature of the wave equation. In 
this section we shall give the conditions that the congruence of null geodesics corresponds 
to the wave fronts of light in the sense stated in the last section. 

When a congruence of null geodesics is given corresponding to the paths of light, 
there exists a hypersurface >} normal to this congruence. This hypersurface is nothing 
but the expression of the wave front of light. But an arbitrarily given congruence of null 
geodesics is not normal. Therefore we shall give the conditions that the congruence of 
null geodesics be normal to a hypersurface which corresponds to the wave fronts of light. 
These conditions are as follows: (We state here the results only, proof will appear in 
Appendix. ) 

Let a congruence of curves defined by g' be null and geodesic. Then the mathe- 


‘matical expressions of these properties are as follows : 
i) The condition xl: y, y'=0. (4-1) 
‘it) The condition geodesic: ¢" =o ¢, (4-2) 


where o is a scalar. 


Then a necessary and sufficient condition that this * be xormal is given by 
iii) P9P.=0, (Py=Pu 0) 


when it is normalized. The term “normalize ” means that we make the proportional 
factor o of v in (4-2) zero by multiplying g’ suitably. 

Thus using this condition iii) we can examine whether an arbitrarily given congru- 
ence of null geodesics represents the propagation character of light. And conversely if 
there is a congruence of null geodesics which satisfy this condition iii), this congruence 


represents the wave front of light. 


§5. Conclusion 


In this paper we have shown that in general relativity light may be treated from the 
wave theoretical point of view, and we have investigated the character of propagation of 
light in a curved space-time. As a result it has been shown that the paths of light can be 
considered as null geodesics from the wave theoretical point of view taking the wave equa- 
tion either of Maxwell or of Young-Fresnel. And conversely it has been shown that the 
general form of the wave equation having the wave front which corresponds to the pro- 
pagation of light is of the type ( 3-7). We can derive the paths of light as a congruence 
of rays normal to the wave front obtained from the wave equation. Using this fact we 
have studied the relation between wave theoretical treatement and ray optical one concern- 
ing the paths of light. 

Main phenomena treated in general relativity have been those which occured in the 
large scale domain compared with the wave length of light. This is one of the reasous 
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why in general relativity light has been treated in almost every case ignoring its wave 
character and yet many successes were attained. And it is shown that the usual Bee 
treating the light as ray is allowed when we consider only the single path af light. 
However in the cases in which the wave characters of light play an important role, we 
must take the wave theoretical treatement. In the following papers we shall treat such 
problems further. 

The writer is grateful to Prof. Y. Mimura and Prof. H. Takeno for their helpful 


discussions. 


APPENDIX 


Mathematical research of null congruence in a four 


dimensional curved space-time 


Hyoitiro TAKENO and Yoshio UENO 


Here we shall give some mathematical properties of null congruence in a curved space- 
time. A contravariant vector field 7’ in a space-time defines a congruence of curves. 
Especially when wv’ is null the congruence becomes a congruence of null curves and we 
shall call this a null congruence. The congruence determined by 7” is called normal when 
its curves are orthogonal trajectories of a family of hypersurfaces /(1) =const.” In other 
words a congruence is normal when and only when there exist two scalar functions “ and 
f satisfying v,=p Af/dx’. When v’ is null and normal the curves of the congruence lie 
in the hypersurface f=const. (See Lemma 6). A necessary. and sufficient condition that 
the congruence be geodesic is given by 7 v’,,=vv', where a comma denotes covariant 
differentiation and » is a suitable scalar. From these we obtain the following theorem : 

Lemma 1. Normal null congruence 1s geodesic. 

Proof. From the assumption we have 


vy v,=0, (1) 
=H fa (u=b0, f= 0//3-x'). _ @) 

From these equations we easily obtain 
U Vpi=(U" Ba Pig= {v" (log #) i} v5. (3) 


Hence the congruence is geodesic. 


From the above proof it is evident that a non-null normal congruence is not neces- 
sarily geodesic. 


: If the congruence given by v’ is geodesic it holds that wv’ v,,—vz and if we put 
?' =a v' where @ its any solution of »+ v' (log o),;=0, then we have 0% 0',;=av' (av+ 
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G4; 0°) =0. We shall call a geodesic congruence whose Y=0 normalized. The properties 
(73 »” < . . . 5 5 
null”? and “normal” are kept invariant by this normalization. Then we have 


Lemma 2. /f v' defines a normatized normal null geodesic congruence, the follow- 
ing relations hold: 


@) | ete Py Pin = 05 (4) 
(ii) Py P%=0, (5) 


where 88" ¢s the €-tensor and Piri, 7 


Proof. From 2 v;,;=0 and vw f,;=0, we have 
w P,;=0 (6) 


from which we have | P| = (PrPu— PsP t PrsPrs) =, ie., (4) is obtained, where 


|P,;| is the determinant of P,,. Next from (2) we have Ps=/yfin 80 Uae =O 12 


Pi Un Pin v,4+ Py, Vj=.- (7) 
From this and (6) we have (5). 

From Lemmas 1 and 2 we know that any normal null congruence is geodesic and 
by normalization (4) and (5) hold. In order to obtain the condition that a null geodesic 
congruence be normal we prove the following lemmas. 

Lemma 3. A necessary and sufficient condition that an antisymmetric tensor ij 
be simple is given by : 

6" 0; dim =9- (8) 

Proof. If we put 95 = FP it is evident that the condition is necessary. Next © 
assuming gj.=0 for instance, if we take 2,= — (P1923 + Bogs) [G1 =— (Bigot Bo gar) [912 
og—= (Potty 2912) / Pr» U3 (8.4;— 2913) /Ps and 4,= (Bys— 2914) /B, where /, (=—0), , and 


uv, are arbitrary, these “; and 7, satisfy 94= 4% From this the theorem is obvious. 


Lemma 4. Jf Qi5= ei 5) and u, or f; ts non-null vector there exist G, and ep 
satisfying Qiy= egy and a, pi=0. 

Proof. If viP;=a=-0 and f'8,—b +0 we have only to put i,=u,—a/b-f, and 
pieve 


Lemma 5. When qy=“ely and vu, =0, 9:3 Q72=0 and the condition that at least 
one of ui and [% be null is equivalent. 

Proof. The theorem is evident from 294; gi=(uz o) Bs fi). 

Lemma 6. Jf v' and 0° are two null vector fields mutually orthogonal in the 


space-time whose signature of the fundamental tensor 53 is —2, it holds that 0' = pv". 

Proof. Take a coordinate system in which d&= —dx°—dy’— dz" + at’ holds locally 
in any point of the space-time. Then the fourth components of ue and 7 cannot be zero 
in that point. Hence by putting 7° = pv', we can easily obtain pa (G_— PUa)=0. From 
which we have %=pv« in any coordinate system and the theorem is evident. 


By the above consideration we finally obtain 
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Theorem. Jn a space-time whose signature of £4,158 —2, a necessary and sufficient 


condition that a normalized null geodesic congruence defined by v" be normal is gtven 
by 
Piz P'4=0. (9) 


Proof. From Lemma 2, the necessity is evident. Next, as in Lemma 2, we can 


prove (4) from (6). Hence we have P;=49,, by Lemma 3. If we assume that 1%, 
=0, (when P,,=0, v* is normal evidently), then 4; and 3, are linearly independent and 
from v'P,;=0 we have 


(of. u,)B;— (of Beuz=0 


from which we have v* u;=7' 8;=0. Then we can assume that at least one of uv; and 
8, is null by virtue of Lemmas 4 and 5. If /%, is null we have ?,;=x v7; by Lemma 6. 
Hence (7) holds and v* becomes normal. Hence the theorem is proved. 
If v‘ is not normalized and v‘v4,,=xv), the condition (9) becomes );,,P%=22’. 
Remark. In Minkowski space-time if we take the coordinate system in which ds* 
=—dx°—dy’—dz" +d holds the vector field v* given by v’=(cos uv, sin uw, 0,1) where 
v=) determines a normalized null geodesic congruence which does not satisfy (9). 


Hence this congruence is an example of non-normal normalized null geodesic congruence. 
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The possibility to determine the spin of the “-meson is shown in the study of the anomalous z—y 
decay. This possibility is due to the fact that the ratio R(=JI’,/IV9) of the probability of the 
radiative process //”,.(z->+ +7) to that of the ordinary one /9(z->+ /) for a meson of spin 
1/2 differs from that for the meson of spin 0. Especially, we are interested in the range of the 
yemeson track shorter than 150. Because, for such a short y-track, the contribution from the magne- 
tic dipole of the ~-meson is more effective than the electric current contribution. The above mentioned 
R €range< 150) is 1/4 x 10-4 for a muon of spin 1/2 and 1/13 x 10-4 for a spin 0 muon. It is shown 
that the straggling effect does not disturb the determination of the spin. The ratio has been measured 
by Fry et al. Of the sampling of 10686 events in the photographic plate, it was found that the w-track 
having the range shorter than 150 y is only one. It is desirable to increase the accuracy and the statistical 
weight of the observation in order that a more precise comparison between theory and experiment may 
be possible. 


§ 1. Tntroduction 


During the past several years, informations on the properties of the /-meson have 
been step by step accumulated. But, so far, the knowledges on the /-meson spin has not 
been obtained directly. As is well known, the various decay and absorption phenomena 
in which the meson participates suggest indirectly spin 1/2 for the #-meson™. Since, 
its spin has an important significance to the idea of ‘the universal Fermi interaction ”, 
it should be desirable to inquire whether there is any other type of experiment which 


-yield a more direct determination of the #-meson spin. Now, it seems possible to decide 


its spin, in view of the recent considerable progress in the experimental accuracy. In this 
note, we point out a possibility to determine the /-meson spin. Our method makes use of . 
the fact that the ratio R(=IV,/IV,) of the probability of the radiative decay 1/,.(7-/4 
+/+7) to that of the ordinary one |V7,(7—>p+/4) for a meson of spin 1/2 differs 
from that of a meson of spin 0. The second section is devoted to a discussion of this 
difference, in which all possible couplings accompanied with the spin 0 /meson are con- 
sidered. The third section is concerned with the ambiguity coming from the straggling, 
and it is shown that this ambiguity makes no trouble to determine the //-meson spin. 
From these discussion, it seems possible that a careful detection of the anomalous short 


petrack would distinguish between the ratio of spin 1/2 and 0 meson. 


§2. Short p-track ia 7—y decay 


One of the important properties of the z-meson was the possibility of disintegration 


* The spin more then 1 was excluded by the consideration of meson burst production, by Christy-Kusaka, 
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with the emission-of a #-meson having a definite momentum. Indeed, the distribution in 
range of prparticles formed by the t—y decay in Ilford C2 photographic emulsion gave a 
sharp maximum at about 600 microns, the width of the peak was attributed to the strag- 
gling effect. As is well known, this is due to the fact that the emission of the /-meson 
accompanies the ejection Of a single neutral particle /4, in the 7—yp decay. The question 
on the nature of this particle immediatly arises: whether it is neutrino or a neutral par- 


ticle of spin 0. Anyhow, the decay scheme is expressed as follow, 
TT — [tt fly. (1) 


Recently Fry? and others found a few cases of very short p-track in the 7—/# 
decay, which could not be explained by straggling or decay in flight. The possibility of 
explanation of this phenomena was discussed by Nakano et al, Primakoff, Eguchi and 
Fiahlo et al”. After all, if we do not demand new unknown particles, the appearance 
of such low energy /-meson in the 7—y decay is explained by the radiative process, such 


as, 


T—> [et py +7. (2) 


The ratio (2) to (1) was computed by the above authors assuming //-meson spin to be 
1/2 and obtained to be about 107-*. This must be compared with Fry’s data (2.8+1.2) 
1034: 

We calculated the ratio R=IV’,,/W, for both cases of the #-meson spin 0 and 1/2,” 
where IV, and WW, are the probabilities of the radiative and the ordinary decay process, 
respectively. z 


When we assume that the #-meson is Fermion*, our check is identical with the one 
given by Fiahlo-Tiomno, and is 


y (eparmet hee e aos 0 ere 


When we assume that the /-meson spin is 0, we cannot attach anomalous magnetic mo- 
ment, but can take the interaction arbitrary. Indeed, we can take the higher derivatives 
in the 7—ys decay interaction, such as’ 


Ou Oy ‘ One B- Oy. @, (3) 


In the spin 0 meson theory with the derivative couplings, it should be noted that the 
radiative process is the amalgam of two types of transition. One of which is the so 
called ‘“‘ photo-electric”’ transition and the other results from the requirement of gauge in- 
variance for the theory. 


* In this case however the coupling (yy;)¢ was used, the equivelent theorem leads 1sTuTs Be he. 


M 
for Pv coupling, the interaction with derivatives is kept away from our consideration because of the same 


reason as the difficulty of Konopinsky-Uhlenbeck theory. 
** This result is somewhat smaller than the experimental one. Fiahlo-Tiomno already, proposed”) the 
~ possibility that the ~-meson possesses anomalous magnetic moment. There is a different opinion on this point. 
Hasegawa and Ueda, Soryushi-ron Kenkyu Vol. 3, No. 6 (1951). (mimeographed circular in Japanese) . 
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The various ratios coming from the above stated interactions which may be possible 
when //-meson is Bose, are classified as follows. 
R*: The case when the interaction contains no derivatives. 
RR: The case in which, the interaction contains derivatives such as (3), and the 
photon is emitted by the second order process. . 
Ria) + If the coupling (3) exists, the “catastrophic ”® transition necessarily oc- 
curs by the requirement of gauge invariance. 
Now, let us try to estimate R”, R? and R%.q,) to see the difference between R¥ and 
them.- It is useful to compare previously the values of R”, Rf and Ryu: 
(1). First of all, we compare KR” and AY. The interaction (3) is transformed by 
the partial integral into 
P OysP - Ou (3) 
a 
It can be showri that if the transition proceeds through the second order process by (3’) 


9 


(ep!) 5 Fs (ep’) _, : 
| £96 2 oe | egg gy 
Re ee: IK) pe | (pk) ; (7 p'+k) \" 
oT eg bop | eg bo (pq) 


where p*=pt+q, p*=p'+q'+k*. The conservation laws require ((p’ +k, @’) — (pq) 
=—(p’k)). We then have 


(p' +k, @')/(pqg) <1. 
So, we obtain 
fy stor Sa Ce 
(2). From the requirement of gauge invariance, the interaction with the electro- 


magnetic field becomes as 
${A—ieA),(A8—1eA) G+ Ouy iY 
the first order terms in A are selected** as 


y ~ A,o,."° Guy  G- 
wh perm eed 
n 


Thus we obtain 


eg er gy F i eds atl 
pt. RE (pk) . | cake) ibe (a Di +k)" |. 
Gi os eghyy e999 (Pq) ( pq)" 


We further simplify the equation bearing in mind |(ep’) | = |(eq’)| 


ek) ap thy’ 
(py) (pq) 


BR 
RP : FRavcat.) my | 


* p, p, q, & are respectively 7, 4, Ho and photon 4-momenta. 
** The higher order terms in A decrease in the rate of 1/137, 
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We pick up the (pk) /( pq) and (Y, p'+h)/( py), and introduce the new notations 
A and B& as follows, 


(Dik) Sew M+ #—-2ME, ey 

(pg) MW- M—f, . 

(q' p'+k) x 2M (47-£ ‘ 3 MM? Been ae \ Bi 
(p,q) Mae 2(M—E, PV Ey aap) 


Here AZ and yp ate respectively the mass of 7-meson and p-meson, and #, is #-meson 


energy. and & is plotted in Fig. 1. On the other hand, 


A B 
0.6 0.6 
0.4 0.4 = 
0.2 0.2 
tee Toe a 113 cena ae 11t sss 715 Pla ee, 


Fig. 1, Variation with y-meson energy of -4 and F. 
Both 4 and & has a upper limit < I. 


the function 7a”~'(7,=1, 2,---) can not be over 2 if a< 2/3, so we have 


(ih) 2 Can thy | 5 
(pq) (pq)"' 


therefore 


& B 
Tet Keane 


After all, if “meson is assumed Boson, the maximum ratio is R”. 
Fig. 2 gives the R”(H,) and R*(L,) referring respectively to spin 0 and 1/2 


femeson. It can be seen that 


R?(B,)> R" (Ly) (4) 


2] 


and it should be noted that this 
inequality can not be altered in spite 
of the arbitrariness causing from 
the spin 0 #-meson, 

The formula (4) results from 
the spin flipping of spin 1/2 me- 


son. Spin flipping is prominent in 


(ARBITRARY UNITS) 


the domain in which the emitted 


U-me is _ 
f-meson energy is smaller than Th id, 


Fig. 2. The ratio of the probability of the radiative 
Z—¥ process to that of the ordinary one, 


2Mev and the prong is shorter 
than 150y. 
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§ 3. Range straggling 


Any physical effect which contains the accumulation of the effects of repeated chance 
events of the same or similar character leads to a dispersion. So, the expected range in 
emulsion of a -meson of a definite energy is not a precise quantities but exhibits a 
dispersion around the mean range. 

Recently, Lewis’ shows that the range distribution has a tail in the direction of 
shorter-than-average range. 

It is important to reconsider how many short s-tracks are attributed to the strag- 
gling effect, so we shall touch on this point. If we use Ilford C2 photographic plate, 
the deviation of the y-meson from the most probable range (594 #4) is 23 . The range 


distribution of nonrelativistic charged particle is given by Lewis as 


PUL, y) =h(y) exp (—9"/2) (5) 


where y is the range in unit of standard deviation. 

This function has a pronounced tail toward shorter 

than averge range. The factor 4( y) is shown in 

Fig. 3. It looks from the figure that the gaussian 

distribution is deformed, toward the shorter range, 

but this deformation is practically not so serious. 
The probability for the range is given 


Fig. 3. Relation between /() and 
the standard deviation y. 


Wa) = \ W.(B)-P(E+2)dE 


and W,(x)/W,(=\ P(Z, 594)dZ) is normalized 
to fit with the Fry’s experimental result, 7, in- 
creases rapidly from - 480/¢ as is shown in Fig. 4. 
The s-meson drawing 480/ prong has the energy 
about 3.7 Mev, so that the domain in which we are Lig ece TUE TaN DS, 
interested is free from the straggling. : 


. (ARBITRARY UNITS) 
ld TT 63 : 


ca 


Fig. 4. Range distribution of the anomalous short 
petrack (spin 1/2), the dotted curve corres- 
ponds to the distribution of the #-meson 
produced by the ordinary x—y decay. 
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§ 4. Conclusion 


Now, we have investigated the frequency of the anomalous short s-track among the 
ordinary 7t—/2 decay, in the case of 2 is Fermi (spin 1/2) and Bose (spin 0). 
Especially, we are interested in the range of the /-meson shorter than 150/. Because, for 
such a short setrack, the contribution from the magnetic dipole of the #-meson is more 
effective than the electric current contribution. 

The anomalous short prtrack having the range shorter than 1504, appears once in 
13x10‘ ordinary *—yp events for the spin 0 meson, while 4x10* for the spin 1/2 
meson. According to the data which have been accumulated”, the meson having the 
range shorter than 150/ has been found only one (120 4) in 10686 7—y decay. So, 
the chance has not yet arrived to assert its spin. It is important to increase the accuracy, 
and statistical weight of the observation in order that a more precise comparison between 
theory and experiment may be possible. After this work was accomplished, Bulletin S. 6, 
p. 56 (1953) came to our attention which dealt with the measurability of the energy 
level difference of the s/-tnesic atom. 

The author is deeply indebted to Professor S. Sakata for his interest, and Messrs. S. 
Ogawa and H. Okonogi for their helpful discussions. 
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§ 1. General considerations 


The last six years have seen a great advance in our understanding of the structure 
of relativistic field theories through the fenormalization program, and at the same time a 
vastly increased complexity in the observed number and properties of particles which these 
theories purport to describe. Attempts to come to a better understanding of the existence 
and properties of these particles by means of a further analysis of the formal possibilities 
inherent in current theory have had limited success. It is quite clear that much work 
remains to be done in this direction, especially as regards the description of strongly coupled 
systems. On the other hand there emerge from the present picture a number of qualitative 
features which are not logically founded in the premises of the theory as it stands. Parallel 
with the line of approach just mentioned one may, therefore, ask whether and, if so, how 
the frame-work of description itself should be enlarged so as to give a rational account of 
these properties. 

In a previous paper’? (quoted below as I) the following such qualitative questions 
have been raised and discussed : 
1) The possibility to have an irreducible wave equation yielding proton and neutron as 
eigenstates. 
2) The possibility to incorporate charge independence rationally in our present theories. 
3) The telation between the newly discovered [particles and the nucleons. 
4) The striking stability properties of the /’,. 
5) The possibility to derive conservation of heavy particles from first principles. 

Experiment tells us that we can no longer talk about conservation of nucleons only © 
but that by heavy particles one has to ‘understand the totality of at least nucleons and V,— 
particles. Without prejudging on the actual nature of the relationship between the I; 
and the nucleon it seems practical to have a collective name for these particles and other 
which possibly may still be discovered and which may also have to be taken along in the 
conservation principle just mentioned. It is proposed to use the fitting name ‘‘ baryon ‘a 


for this purpose. 


In attempts to find unifying views. on such questions one can at the present only 


* The main content of this paper was presented at the Kyoto Conference. September 1953 and at other 


lectures given in Japan. 


i: 4 
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concentrate on general qualitative aspects. In particular it is clear that any guess at a 
possible mass spectrum of fundamental particles may be as well founded as a divining of 
a complete atomic spectrum from a few of its lines. Rather it seems more profitable to 


focus attention on questions connected with the electric charge, where much simplicity 


exists. In particular one is tempted to inquire whether there is more to the isotopic spin 


of the nucleon than just a convenient shorthand. Accordingly it was attempted in I to 
find a way of incorporating the isotopic spin into the foundations of the theory. However, 
as it happened, the way of approach followed led to an intimate relationship between 
quantization of charge and of mass. 


«« It has been pointed out in I that a possible way of introducing the isotopic spin in 


an itreducible manner consists in an appropriate extension of the underlying space time 


description. The basic idea is to consider the isotopic spin space of the nucleon as a spin 
1/2 representation space of a three-dimensional orthogonal group A’, acting on a new 
space, called w—space. w-—space is defined as the continuous manifold that is carried into itself 


by any transformation of this group. Thus in w—space direction is defined, but displace- 


na ment or distance are not. 


As a result, a new vector operator AX is introduced in the formalism. AC Cheah. 
‘K;) generates the infinitesimal rotations in w—space and KX takes its place along with the 
isotopic spin t in the same way as the ordinary three-dimensional angular momentum 
operator relates to the ordinary spin. 

As a first step in a program of enlargement of the total framework of description 
we take as a model the direct product of space-time and w-space. Correspondingly, the 
group of the ensuing six-dimensional manifold is the direct product of the Lorentz group 
and 2. Now we generalize the Dirac equation for a proton or neutron described by a 
four component spinor to a “ batyon“equation ”’ for a wave function ¢/,,(%, w) o=1,°---, 4, 


7=1,'2, where®¢ is a four component spinor with respect to +—space and a two component 
spinor with respect to cjo—space” : 


Lis Oij.+ M(t KK, K*) | (4, w)=0 


where 7, is a mass operator which may depend on the indicated invariants in w—space. 
Regardless of the specific structure of 7, the baryon states are, in addition to the 


usual quantum numbers for free spin 1/2-particle states, specified further by three new 
quantum numbers. These may be chosen as thej'eigenvalues of 


1) I=K+1/2, (P)=i(i+1), 
2) Lesa yy ae ' 
3) the w-reflection operator, 


where /, is the component of F in some preferred w-direction marked 3 (M,, is degene- 
rate with respect to /,) and where the w-—reflection operator has eigenvalues + 1 correspond- 
ing to even or odd ‘ w-parity’. It has been explained in I how each of these new 
quantum numbers is amenable to a physical interpretation: 7 and the w-parity determine 
the mass levels; 7 specifies the electric charge of the state concerned, while furthermore 
the w-parity plays a decisive role in the discussion of the stability of the higer baryon 
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levels about which more below. For a further discussion of the quantization and the 
conservation laws see the next section. 


Concerning the coupling of the baryon with other fields the following hierarchy of 
interactions is assumed : 

(a) Interactions invariant with respect to the full group A. The baryon meson 
interaction is of this type. For example if 2¢-f(x, w)y,74’ (x, w) is the meson field source, 
the interaction is i¢ h(x, w)7;ta¢(4, w)¢,(4, w) (summed over v=1, 2, 3,). Hence 
Ya, the real representation of the meson field (see Section II; 2) has to bev pseudo- 
vector with respect to w—space. It has been pointed out in I that this implies a mass 
spectrum of pseudoscalar mesons and that in general all baryon and meson states are very 
short lived with the exception of® : 

1) The *Sj).-nucleon doublet ground state of the baryon. 

2). The lowest lying /-state of the baryon. It is proposed, to identify this state with 
V,, (See also Note added in proof). 

3) The *S,-meson triplet ground state, corresponding to the three charge states of the 
z=—meson. 

4) Some of the P-states of the meson (“ //—mesons”) which may be identifiable with 
some of the new particles in the 1000-1300 mass range. (At any rate, there are indi- 


® that some of the A-—particles have spin zero). 


cations 

The invariance of the interaction with respect to X,, shall be called charge independence. 
This includes and extends the conventional notion of charge independence applying to the 
nucleon—~—meson , system only. 

It is clear that the present ideas do not in any way single out the pseudoscalar 
nature of the mesons. They could equally well be applied to mesons of other kinds. 
Nor is the kind of coupling material.to the argument ; the 7,—interaction has been mentioned 
above and will be used in section II by way of illustration. 

(b) Interactions that involve a preferred direction in w-space, and have, therefore, 
a lower (axial) symmetry. _ This is the electromagnetic interaction that removes the degeneracy 
with respect to /,. A particle state with (/,)=n has charge ve, the corresponding anti- 
particle state has charge — 7. 2 

(c) ‘Non-w-teflection invariant interactions. These are needed (see I) to account 
for the eventual //,- aud //—decay. They are very: weak couplings. As is readily seen 
such interactions can be conceived as ‘ non-local” couplings with respect to their w- 
dependence. Thus the three distinct orders of magnitude of coupling are here related to 
different symmetry properties with respect to w-space. 

Let us now consider more specifically the place of V7, in this scheme. The symbol 
V, comprises the following kinds of particles: _ 

1) YV,’, so far the best studied one of the group. Most recent data” on V;" decay seem 
to favor the existence of a unique ©-value and thus of a unique mass of //,’. 
2) V,*, the positively charged J”, which has been observed by the Pasadena group.” 


3) V7; an event has recently been observed by the cosmotron group in Brookhaven” 


which seems to necessitate a V, for its interpretation, 
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As far as one knows the masses of the various kinds of V, may te considered to be 
essentially the same (they cannot be expected to be exactly equal due to electroniapsetic 
effects). The existence of the three charge states so far observed makes it paseo to 
identify 7, with the */,).~-baryon state*. Indeed, the latter is a doublet corresponding to 
particles with charge +¢ and o respectively. The VY, cannot possibly be an anti-particle 
because there is not sufficient energy available for baryon pair formation. Hence one should 
identify V, with °P,. which then, according to the considerations of I should be the next 
lowest baryon state. If this conjecture is correct it implies the existence also of a V,**. 

With respect to the production of |”, two possibilities have to be distinguished : 

1) Production in nucleon-nucleon or 7—meson-nucleon collisions. In the present language 
the initial state has even w—parity and the same should be true for the final state (here we 
disregard couplings of the type (c) which play no essential role in the production processes) . 
Thus, besides the j7,, the procuction should involve at least one other particle with odd 
«parity. This may be another I’, or a (short-lived) higher baryon state with odd parity, 
or it may be a meson state with odd parity, in particular a //—meson. It is interesting 
to observe that two pictures recently obtained at Brookhaven” as the first instances of 
artificial [7,"—production by 2 -—// collision may be interpreted as 


mz + {> V,°+ (neutral particle of mass~ 1300 #%,) 


which at least fits in well with the present ideas. 

Also the 1”, may itself be a decay product of an initially produced parent particle 
with odd «w-parity but here too a second odd parity particle should be simultaneously 
produced. A model of this kind involving pairs of unstable parent particles has recently 
been discussed by Nishijima.” The actual observability of pairs of unstable particles in 
any of the mentioned processes depends, apart from geometry, on the mode of decay.” 

Thus the copious |]’;—-production is here linked to the great strength of the charge 
independent meson-baryon interaction. It is the interplay of two conservation laws which 
prohibits a fast decay through this same coupling: first, the conservation of w—parity for 
the interaction (a) prohibits 7,2 V+7 (y-decay is also forbidden, see I and section 
Il, 3). Second, the conservation of energy forbids 17,» V+ /I (or. similar processes ) . 
It is thus seen that appropriate relative spacings of a baryon and a meson spectrum are 
essential to the eatire argument. The importance of energy consetvation in models of this 
kind has been emphasized in phenomenological arguments by Nambu et al,’ Oneda' and 
the author.’ In the last mentioned paper it has been pointed out that the energy 
conservation provides a necessary but not sufficient argument for the stability of the I, 
and that in addition one has to distinguish between certain strong (“even”) and very weak 
(“odd”) interactions between the particles involved. The distinction between interactions 
of the types (a) and (c) above just corresponds to these phenomenological considerations. 

The production of I, together” with ]7,’, the latter being defined by l’,°—2+ 427 
again is in accordance with the role of energy conservation." ~A particle of the kind V, 


* See however the Note added in proof. 
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cannot be a member of the meson family here discussed which is pseudoscalar. It has 
been emphasized above, that mesons with different space-time transformation properties. could 
of course find a place in the present scheme, however. 

2) Single production of l;. This is possible in accordance with the two relevant con- 
servation laws provided the initial state has odd parity. Example: // +nucleon > /’, + 7. 
Such processes may occur in cosmic ray events in which an odd parity particle is created 


in a primary event, but they face of course severe competition with spontaneous decay. 


It seems to the author that the questions raised at the beginning should constitute 
an essential part of any program for enlarging the scope of the present theories It is 
equally clear that, even with our present limited knowledge, there are further basic ques- 
tions to be considered for which there is as yet no room for answer in the enlarged 
framework here discussed. As two major problems I would like to mention: 

1) The “light particles” (electron, neutrino, f-meson and possibly others) and their 
relation to the baryon. It is impossible to give a full account of the conservation of 
baryons before this relation is clarified, see I and also sec. II, 3 below. 

2) The meaning and relevance of the divergences. This problem becomes even more 
acute in a theory which tries to connect various kinds of particles than in the current 
** disjoint ” theories. The reason is that in the former there will occur new observables 
which have to be accounted for. Thus for example the present ideas lead one to ask: 
what is the mass difference of the baryon levels? Obviously the baryon equation written 
down above gives an incomplete answer to the question. Take for instance as a specific 


case 
[ra+u+t ly=0, C1) 


(MZ is the nucleon mass). The |”, with mass ~1.2 M7 being taken as *Psjy-state gives 
Aw —0.45 i/Mc from (1). But this is not a reasonable procedure as it ignores the 
mesic mass difference of the levels.” The question is, therefore, what happens with the 
self-energies. 

The very fact of the orthogonality of space time and w-space precludes any new 
approach to the divergence problems. In fact new divergent aspects appear, because to any 
intermediate state of the usual theory, specified as fully as possible, there corresponds an 
infinite set of intermediate states due to the presence of w-space. The state of affairs is 
discussed more fully in sec. II, 4. 

The present work must, therefore, be viewed as a first step in employing new invariance 
principles. If this direction of approach proves: fruitful it should be followed by further 
refinement. However this may be, the importance should be stressed of being neither 
drawn aside from the subject in pursuit of analytical subtleties, nor carried beyond the 
truth by a favourite hypothesis.” ; 

The ptesent model leads to multi-mass equations of a different nature than those 
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obtained by using suitable non-local space-time equations of the type f({J)¢(+)=0. 
Non-definite energy difficulties are not encountered here. The present ideas tend perhaps 
more in the direction of Yukawa’s non-local field approach,’ insofar as the latter also 
uses “inner variables”. In Yukawa’s theory the group and structure of the “inner space ” 
is the same as that of space time. It would seem that there is no @ Priori justification 
for this, however. 

In the following section the formal aspects of a theory of the present kind are briefly 


sketched. By way of example we shall sue (1) as baryon equation. 


§ IL, Formalism 
1. ‘The baryon. Equation (1) and its adjoint can be derived from a variational principle 


df aye| dok(x, w)=0, (2) 
2 
where L(x, w) is a function of ¢(x, w) and §(x7, wo) =¢'(x, w)yy V is an arbitrary 
space time domain, while the w-—integration goes over the whole of w-space. Apart from 
the usual boundary conditions, one-valuedness of 4 as a function of w shall be required. 
Only one-valued wave functions will occur throughout this paper. If (4, w) depends 
on no higher than first order a— and w-derivatives we have as variational equations 


o- _3,(—2* _)_ (92 _)-o (39% 
ay) OA.) A( KY) 
and similarly for ¢/. In the present case the appropriate Z is 


(Ete Ss wo)=—$(a, (749s + M+——.) (4, o). (4) 


(ee «@ ) 
A 
The generalization of (3) to the case that higher desivatives are involved is obvious. 
From (+, w) an energy momentum tensor (4, w)—density 7;,(7, w) may be derived 
in the usual way by the help of invariance arguments with respect to the Lorentz group 
only. Consider the canonical tensor 7;{"(4, w) : : 


ie ia Ea eo) ey . Fe ee 0nd ab —L0,, (5) 
@ WV 


where L is supposed to be a function of a set of independent fields ¢/,(7, w). In virtue 
of the field equations (3); 


OL 
» w kk ae h =n) ‘ 
eee [= aL .|-0 $s ee 


_ Thus we. get a non-vanishing divergence due.to the A~terms in (3). However 
a.TH(a)=0; Tél 2) = | do Tee as oy: Meer 


This is in accordance with the prescription given in I that densities of energy and momentum 
shall be averages over “w-space. ‘ 
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TJ can : : E £ . 
vw” as defined by (5) is of course in general non-symmetrical. The symmetrization 


procedure goes in the usual way and for the symmetrical tensor 7;,(4, w) one has again 
0, 1,(%, w) + K—derivative=0. Example: corresponding to (4) we have: 


ea a = £, 
Ti, (@) —aea = ; [ys YI PEP TI: b— Py; axl ae 0, | ?}, 
where | denotes that differential operators to ‘the left of it work backwards. One finds — 
A; Ty, = (4A) BP 0.7 $—69,| 1 (2M—A") byte 
+ ANG K\r.f—$7,KY)). 
¢’ can be developed as follows 


C5 (x w) = 2 (oa(4)X%.4(@) > 


Po. (, t) == 24 AmAUinoA (4) e—temat A ( 8 ») 


Notation: A stands for the set of quantum numbers specifying the mass levels, %, 4() 
are an orthonormal set of two-component’spinors appropriate to the mass eigenvalue problem, 
m specifies momentum, spin and sign of energy. The a’s are Jordan-Wigner operators, 
the w,,, are the usual spinors. The quantization is obtained by putting 


{QmA avait = ie, O4ar. = ( 97) 
One finds 
{ho (x, w), iPS Y 20 w')} as —tSoor; Oy Cee OW, ow’) (10) 
es; Sih (x, WM, w') = es (ri a,—M,) oo! di (x) Xe 4(0')ho4 (w) (11) 
A 


where 4, is the well known d-function belonging to mass Myx. Te is clearthat “the 
extension (11) of the usual Saar ¥)) tO: Spor, carts @; w') equally holds for any of the 
other .S—functions provided the corresponding 4 ,-fuction is used. Finally we. give a 
representation of the /’s. Specify % fully as 7,",(w). Here e=i—k=+1/2. We have 


vom (MERRIE Yanan 
Bn VS 2R+1 \Vh—u4+1/2 Via,nsirs 

Yr) 1 pees Vip. wnt /8 (12) 
en abe i \ Veen+I/2 Veiner : 


As regards the phases of the spherical harmonics, the conventions of Condon and Shortley 
are used. Note in particular that 

Ve = (3 1)" Ye, a0! (13) 
2. The meson field. According to the ideas outlined in I the meson field is a pseudovector 
in w-—space appropriate to the isotopic spin 1 representation. The isotopic spin vector ve 
of the meson field satisfies 


[Ped lstl tees f= 1,2, 3 cycl. 
FT, T+ Ty Ts To= 900 Te + 949 Ls + (14) 
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The representation of the meson field which corresponds to 7; being diagonal is denoted 


by #; where 
(pie 
o-( 2, | 
P_, 


is written as a one column matrix. We define the operation of 7, on P as 
FO pee FO Oar d ple Sy 
7 
or in matrix notation ; 
TOOL, (ORE; 2, Cay (15) 
In the representation so defined : 


1 [1 eo) 1 [; —2z 0 \ [° Gis Oa 
PO aE beg ee ee 
pee: <i ees 2 ee eee! 

Consider a new representation y of the meson field, obtained from @ by 


P=Sy, StaS7 (16) 


as a result of which 7, transforms into ¢,. Bearing ~in mind the multiplication (15) 
which is needed to ensure all group properties, it follows from (16) that 


T= S*t, S*7. (17) 


We are in particular interested in that representation in which ¢ is real : 


g1 an 
¢g, |= Pe : (18) 
is Ys 

(18) is shown to correspond to 


Al V 2 ot f[V BS Os 
So Ovatod 
Tf MD po | Dee 
_ provided an additional condition on @ is imposed, see below, equation (25). Let ¢ 
denote the “adjoint” of 9: G=(,, Gy Y,). Then 


go=O0, , (20) 
where 
| D=08, Bases» (21) 
For S given by (19) we have 
| 0 0 —I1 
B=|0 1 0). : 22) 
ect oO | oa 


Consider now the meson field equation which in the ?—tepresentation is given by 
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[(O—#3 KT, (KT), K°)|0=0. (23) 


The general features of the mass spectrum of (23) have been discussed in i espe cially 
in its bearing on the general stability questions. The mass eigenfunctions shall be denoted 


by AioCe), T=1,0, —1. e=i—L=1, 0, —1. & and x are defined .as before. We 
have 


PA x, 0) = VIL@AQ(). (24) 
wy 


€ n 


The AH are given by 


V(k+n)(kREnW+1) Vent 


1 
BD ee a A o— C 1 ¥, n|? 
i 7 (2h+1) 2k +2) ae a+1)(k4+u+1) Vy, 
V (k—n) (R—-n4+1) Vener 
Lf a ee 25 eeceee 
: — V7 (k+n)(k—n4+1) Vena 
(0) ne Ee ee S2- ¥; : 
Ve Pe V2k(h+1) . ys 2 h,n 
V(k—n)(R4+uN+1) Vans: 
k=1, Zs oce 2 910 
V (k—n)(k—-U+1) Vanna 
1 
age eet —————————— — a/ o— ‘ fa VG n 
MTs V2k(£+1) ALS eee 


V(k+n)(R+n+1) Yi,nsi 


The phase conventions are again the same as Condon-Shortley with the exception of a 
factor 7 in the expression for ee. 
Using (13), (16) and (19) it is readily found that in order to satisfy (18) we 
still have to require 
@* (2) =(—1)"42-1(4)- (25) 
From (25) we obtain 
O*(4,0)==> 7'_,(4%, o). (26) 


(25) implies in particular that neutral particles, which for any ¢, % correspond to 7=0, 
are described by real fields. The ordinary 7—meson field corresponds to @{)(7), u=1, 
(Olea tle 

The meson field Lagrangian is 


Le, 0) = =? a; 0+ Dy;, 0) (27) 


where 2, is the mass operator occurring in (23). Applying the S-transfor nation we 


can also write / as; 


WD (est o)=— : (0,9 9;,94+ Oa) (28) 


Using (25) and the 


with the understanding that here /4,, contains /, instead of 7). 


orthonormality of the /7,4) : 
ays eZee w)ao 


et 2 [0,0 + pe i? er? 
vhs 


5S [adh + 79290 


The commutation relations are accordingly 


On). Boy (a') |=i(—1)"d(e—-e' )O(k—-#) Oi +n') 4, (4—4') (29) 


An 


where J.,(x) is the standard dJ—function for mass pi). It follows from (29) that 
[ea(4, @), Pula’, w Dire 5 arin (") Jan) Ae eid ) (30) 


iD es 
where 
6) -C=1 (€) 
Qa=S AL. (31) 
Vacuum expectation values, /—brackets, etc., are treated in the usual way. 


3.. The baryon-meson-photon system. The total Lagrangian is 


=3 


tk i= 
S | Y— tg DT sta! Pa 
"4 


Pleo) = <3] 1 |a—ie( I, +) + M+ 


i Rigees : : 2 “Fg fe af 1 
get Pane |(A—tel,Ai)eo+eunel|— wen ; ees: 


7] 


” 3 =—K,9+¢h, : 


Here A; and /;, are the electromagnetic potential and field respectively. It has been shown 
in I that these quantities must depend on 7; only. 

Le, w) is Lorentz-invariant. Its non-electromagnetic part is also invariant for 2, 
but, as already mentioned, the very existence of electromagnetic couplings mast of needs 
destroy the invariance for the full group X,,. In addition Z has the following properties : 
1) Phase invariance : ee 


P= Pl; b=e"@d ; g=g'; A= Af (32) 
leaves / invariant. Here a is a constant. The corresponding conservation law is 
OS; | -- 
ps Tee et — awd z hy 
oe PTs (33) 


which, as discussed in I, corresponds to the conservation of baryons. 
2) Gauge invariance. Consider the gauge transformation 
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gb — pest P)bCr) p", 


d=" e »— te(13 - Ba 


Daag lee} gy’, (34) 
g=y¢! en *Isb(2)| . 
fet eae 

OX; 


as a result of which 
L'a, 0) =L(x, w) +675 (4) Kal 7570 f" Ga" | 


for infinitesimal 4(1). As any physical density is an w—average, L(x, w) may be said 


to be gauge invariant. Correspondingly we have the conservation of charge : 


eee 
ee a 53 JE w)do , 


J=ie| ul B14 + )rg 


ey T,|0;9—@ 0; | [,p—2ie@l, | 1,94) | 


Of course in this formalism gauge invariance with 2z—independent phase is not equivalent 
to phase invariance. This is just due to the fact that there are now two possibilities for 
a choice of phase which satisfy algebraic additivity, namely : a constant or a constant. times 
I,, corresponding to two distinct conservation laws. There is a marked dissymmetry between 
(32) and (34) however: in (32) @ must be constant whereas in (34) 6 is not. This 
is a.somewhat unsatisfactory situation which may be connected with the fact that the 
conservation law (33) is so far insufficiently dealt with from a physical point of view, as 
was pointed out in section. I. 

4. Divergent features of the theory. Some general comments on this point have already 
been made in section I and we will here illustrate the situation by means of an elementary 
example, namely, the ¢*-self energy of a baryon level with mass quantum numbers that 


will be denoted briefly by A. With the help of (10) and (30) and of similar relations 
for other S and J-functions one finds for the self energy density 


0f1,(1) =1¢7h4(1) di IeCA, A ota Ne 
«| d27,Si(12)754e (21) $2), 


(A, A’, a)= 33 | dwt," (w) ty 44r(@) Neal) - 
S° and 


Here A’(a) denotes the mass level of the intermediate baryon (meson) state. 
4° are the causal propagation functions for the masses indicated. 
Evaluating the space time integral with the help of a regulator mass one gets for 


the self mass 


“468 A. Pais 


1 
: [ ae | My—-M,—-*) | 
0 


[le {Mie t+ (MP — My )x4+PU—4)} 
—le {Mex + (Me— Mi) t+ Pa A—*)} J, 


oMy 2S Aim ShcA A, 2) 
M 1672 poo ad! 


where all masses on the right hand side have been expressed in units of AZ. Hence 
Ma & Nien Ip PS (2M — MEA, A’, a)? 
M 327” pre 


o 
oO 


MM! -M,A—*«)| 


1 
+2, Sile(A, 4, @) Plax 
0 


[Ug 1— 2) — le {Mea + (Me Ma) x + pe —2)} J. (35) 


The first line of (35) contains the ultraviolet divergence. Using closure on |c|’ one 


shows that this line can be written as 


g soe (36) 


© __ “lim 0(w)” lim lg f° oe ee Se 

327° = w >0 p>o AM 

where “lim 0(w)’’ denotes the limit of the value at the origin of a distribution that tends 
w>0 


to a 0-function in w—-space. This singularity occurs as a multiplicative factor of the ultra- 
violet divergence. This means that it does no harm in (36) as far as the treatment of 
the ultraviolet catastrophe in the mass is concerned. Indeed, (36) implies that, at least 
in order g*, a renormalization of 4 and of M is possible in such a way that the momentum 
space divergence gets removed for all baryon levels. However, this is by no means enough 
to ensute a consistent treatment of the self mass even to this order. Indeed the remaining 
part of (35) is free of momentum space divergences but not of w-—divergences. 

I hope to come back elsewhere to the treatment of these w-—divergences. However 
I believe that this is a point of at most formal interest. The question should rather 
be whether a more intimate connection between space time and w-variables can be established 


through which the entire problem of the divergences will get a new perspective. 


Note added in proof: It turns out that the Q-value for the /”\~ observed at Brookhaven is of the order 
of 100 Mev. It would not seem reasonable to attribute the lerge difference between Q(/"\~) and QO(/',°) to 
electromagnetic effects. Rather one would assume that the lowest baryon level is 2/1/, and that the °Psjo is 
separated from */1/, by an amount ~Q(/’,-) —O(P,°). The 2P1:.-states cannot decay into */1/.+7 for energy 
teasons ; and they cannot decay into %Si/,+-2 fer patity reasons. The members of the * Ps/o-quadruplet with 
charge+’ and o can be seen to decay rapidly into the corresponding ?/1/,-states under 7-emission. Thus the 
only metastable °/s/.-levels are those with charge —e and +2e. A cloud chamber picture recently obtained 
by Ascoli (Phys. Rev. 99 (1953), 1079) gives some evidence for a doubly charged pari’cle of transprotonic 
mass. The crucial question is whether the /\+ has a Q-value of the order of Q(Y,°) rather than ~O(V,-). 
The cosmic ray evidence on the sign of the charge of 1’\* ¢ogether with QO(F,*) is limited, but some of the 
results presented at the Bagnéres Conference speak against a low Q for Ba, 
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Ou the Universal Fermi Interaction* 


Osamu Hara, Toshio Marumori, 


Yoshio Ohnuki and Hajime Shimodaira 


Institute of Theoretical Physics, Nagoya University 


September 10, 1953 


The establishment of the universal Fermi inter- 
action among Fermi particles is perhaps one of the 
most striking results in the recent progress of the 
theory of elementary particles. In the current theory, 


however, the introduction of the mutual interaction. 


of elementary particles is done ad hoc**, and this 
remarkable fact can not help being regarded as entirely 
accidental. This situation seems to be an evidence 
for the phenomenological feature of the current theory 
in the stage of the development of the theory of 
elementary particles, and the establishment of the 
universal Fermi interaction suggests strongly the 
necessity of overcoming such a limitation. 

Recently Yukawa® and we!» 2) proposed to regard 
elementary particles as corresponding to various states 
of the internal motion of a kind of Urmaterie, and 
discussed the structure of elementary particles. We 
shall show in this note that the extension of our 
theory so as to include the interaction of Urmaterie 
suggests a way of such an approach. 

Unfortunately, satisfactory theory of the interaction 
of non-local fields has not yet been given. Here we 
adopt Yukawa’s formalism‘) and investigate the 
interaction of Urmaterie by assuming an appropriate 
interaction Lagrangian and therefrom constructing 
the S-matrix according to him. Of course there is 
no positive base for this procedure, and in this respect 
our attempt must be said to be of a very provisional 
nature. As will be seen below, however, the universal 
Fermi interaction follows as rather a qualitative feature 
of our theory, not depending upon details of the 
way of treating the interaction of non-local fields. 

Using the same notations as those of Yukawa, 
the .S-matrix is given by 


S=1+i(L) +2 (LDL) ++, q) 
As the interaction Lagrangian density we assume 
LPP Ojn seep On yee a (2) 


where is a spinor non-local field describing spinor 


Urmaterie, and Oy,.... some Dirac matrices whose 
explicit form is, for example, one of Bethe’s five 
covariants of 8 interaction. As discussed in (I) and 
in (IL), @ is a superposition of local fields with 


various spin and rest mass ; 


(ul) eu) =D bs, m(Au) Gs, mr), ©) 


8m 


where @;,m(7u) is the eigenfunction of the spin and 
mass operators which serves as form factors when 
interaction is introduced. Substituting (3) into (2), 
(2) is written in the form 


ae r r 
L=g -D Gs, mM) Opy---- O57, mr (Me) 
s,m; slim: 
SI mls stl ttt 


x Ws, mis (Ap!) Ouye-e-Psvr, mits (Xp!) 


x (form factors). (4) #** 


(4) represents various interactions of Fermi particles 
according to which eigenvalues of the spin and rest 
mass the Urmaterie takes. It gives, for example, the 
interaction of the nucleon and the electron, of the 
nucleon and the y-meson, or of the ~-meson and the 
electron,---according to the values of s and m. Here 
the important fact is that they all appear with the 
same coupling constant g. As form factors are reduced 
to d-functions in low energy region (By low energy 
region we mean the energy region below approxi- 
mately (%c/A) ~1 Bel corresponding to A taken of 
the order of the Compton wave length of the nucleon. 
The explicit form of form factors will be given in 
a separate note.), this explains at once the similarity 
of coupling constant of various Fermi interactions. 

Thus, the universal Fermi interaction follows 
as an immediate consequence of introducing the 
interaction of elementary particles in an unified way 
as the interaction of Urmaterie. This picture sug- 
gests more various relations among interaction con- 
stants of the local theory. We hope that our theory 
thus serve to promote a step in elucidating the 
“ structure of the interaction of elementary particles,” 
a ptoblem recently emphasized by Sakata.) 

In conclusion, we wish to express our sincere 
gtatitude to Prof. S. Sakata for continual encourage- 
ment and valuable discussions. 

Details will be published in a near future with 
related problems. 


* This note is a direct continuation of our previ- 
ous ones, “ The Theory of the Structure of Elementary 


Letters to the Editor 471 


Particles)” and “ The Conservation of Heavy Parti- 
cles)” which will be referred to zs (J) and (I) 
respectively, and the notations are the same with those 
used there unless otherwise remarked. 

** OF course the introduction of the mutual inter- 
action must be done in accordance with the requirements 
of Lorentz-invariance or others. These restrictions are, 
however, far from giving definite guiding principle in 
doing it. : 

*** Tf we make the interaction Lagrangian Z in- 
variant under the transformat’on ~—>exf(/Ga+z 8) 
and ¢*—>¢* exp —i(8a+eR) by introducing some 
projection operators, conservation laws of heavy patti- 
cles and of electric charge are guaranteed. (@ and ¢ 
are mesic and electric charges?) and a and £ are 
arbitrary constants.) 


1) O. Hara and T. Marumori, Prog. Theor. Phys. 
9561953), 559. : 

2) ©. Hara, T. Marumori, Y. Ohnuki and H. 
Shimodaita, Prog. Theor. Phys. in press. 

3) H. Yukawa, Soryushiron Kenkyu (mimeographed 
circular in Japanese) 8 (1953), 282. 

4) H. Yukawa, Phys. Rev. 89 (1950), 1947. 

5) S. Sakata, H. Umezawa and S. Kamefuchi, 
Prog. Theor. Phys. 7 (1952), 377. 


On ithe Radiative Interaction of 
Phonon Field with Electrons 


Hideo Kanazawa 


College of General Education, University of Tokyo 


September 17, 1953 


The radiative interaction of the phonon field with 
electrons yields two effects: one effect is shown ina 
shift of energy levels of the system consisting of 
phonons and electrons and the other in a width of 
levels. The level shift is due to virtual emission and 
absorption of phonons by electrons.and level width 
is due to th2 real emission and absorption. These 
effects can not be cotrectly treated except in their 


combination. We shall calculate the level shift and. - 


the level width and we shall show that the level 
shift is identical with the self energies of electrons 
which Frohlich” calculated and that the use of Cauchy’s 
: principal value is justified. 

In the Schrodinger representation the wave func- 


tion ¥Y(¢) satisfies the equation of motion 
it-OV/r=7Y, (1) 


where the Hamiltonian is given by 
H=—#?/2m- | or dgecar+ 1/2- { te2+ “(7 o)7} da 


es (4P7c Dn | g* open. (2) 
We rewrite the Hamiltonian as 
H=Hy+ Ai+ Hin, 
Hy=— #2/2m- \o* sodae+ 1/2-| {62+2(79)% tx, 
(3a) 
Hy= —V 4Fen \ et igda: (3b) 


Hia= —V4PEPBn bs|2s- \grggide 


+1269) G@)2de, BO) 


where s and / are the renormalized coupling constant 
and the phonon velocity respectively and == 77/s//s, 
S=s/+ Os, = 
The wave function @(¢) in the interaction re- 
presentation is given in terms of Y(¢) by . 
VU (¢) =exp(—2/4-A¢) O(4). (4) 
Then @(¢) satisfies the equation of motion 
it-90/00={ (0) +H}, — () 
where 
Fi (¢) =exp(2/4-Ho¢) At exp(—2/4-Hot). (6) 


Let @ be the interaction representation wave function 
of an unperturbed state. Hence we see from (4) 
that ®p is independent of time. We shall calculate 
the variation with time of (9, 0(¢)), the amplitude 
for finding the system still in the unperturbed state 
at time ¢ a long time after “. We get 


d(Do, O(¢)) |de= —i]4- (Do, {NM (¢) 
+Hu(t)} O(4)). (7) 
The solution of (5) valid to the first order in //t is? 


O(¢) = [1=i]4- | Hae) de") De, 0) Ove 


(8) 
Substituting (8) into (7) we have 
1/F-dP|dé=1/it- (Op, i (4) Oo) — 1/42 
: (e/ (Oo, Fy (4) Hi(£’) Op), (9) 


J —o 


where “=(@ , O(/)). 
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Let us analyze p(x,/) and $(x,¢) into Fourier 


components 


glx, 6) =1](2n) 2 | a, exp(ar—ityt) dhe, (10a) 


@ (G4, i) = “Ah [2s (2n)8 {afcv azn exp (cura — it sé) 


ny) 


+-b,* exp(—cwac+iwst)|dw. (10b) 


From (3c) and (10) we get 
(oy Hi (4) Op) = a9) Feo (N y+ 1/2). (2A) 
The second term on the right hand side of (9) gives 


—1/02-{ ae’ (Or Hi (¢) 1 (¢") Oo) 


t . . 
= —4F/3n82( de1\ dao dao 6 (x, £)6(44,2 0 
J—w- 


x CPF, APO APES LD OO, 7) D0 


t 
=4F¢/2(2n) =3n83[ | de? exp 2/7 (€x—€x—w — 42'S) 
x (¢—¢/) \ \ Zws (1+ My) 12,112 pw) dW dk 
t 
== ja’ exp 4/4 (€x—Exaw+ 4s) (4-2) 


x {tes Var 1 —He4w) adwak] . (12) 
Using the relation 


0 
( etatae—78(a) tP-1/za=2764 (a), 


J 0 


we can reduce (12) to the following form 


4c|(2nys6n| af) { Aeos(1+ Mu)ite lew) 


x 0(€ 4, —Ef—-w — Bs) dwdh | \ “ws Vy 1p 


x =7yx5 wv) O(Ex —Extwt hws) dwak} 


seayi {p{j SSC EET) 24 (1—"p~w) 
(€4—€ kw — 2208) 


dwak 


+P Aw Nii? (Lita) anak | 
(€%—€ n+ wt 4ws) : ’ 


where V,, and 7; are the occupation numbers of 
phonons and electrons and P indicates the principal 
value. Finally we find 


UP -dFfdt=—1]2-Tfb—if4-4E, (13) 
where 


P= =4Pen|(an)33n {| jaw dk: fzvs (1+) 


x 14 (12K -) O(ER-- Ek=w — BS) + \ \dwdk-My 
x 4 1p w) O(€n— Et w+ EWS) $; (14a) 
AE =4Fe|(2n)° 6n[1/2-P\ | dewdle- Ewsip, 

x {1/(€% —€4—w 225) —1/(€x— Extw+ 45) ¥ 


—p| \ dwdh- Arsiz p—w| (€x— Ek—w — 2S) ], 
(14b) 


Zwds=4FE/(27)* 6n| £70 (724,—p—w») | (EX— Ex—w 


—tws)-dk. (14c) 


The integration over Kk includes the summation over 
the spin coordinates. The same result with ours has 
been obtained by S. Nakajima.”) 


1) H. Frohlich, Phys. Rev. 79 (1920), 845. 
2) F. J. Dyson, Lecture Motes (1951). 
3) S. Nakajima, Busseiron-Kenkyu 65 (1953), 116. 


Note on the Light Absorption in 
the Insulating Crystalis 


Tokio Ohta 


Institute of Theoretical Ph) sics, 
Kanazawa University 


September 16, 1953 


Concerning the shift with temperature of the long 
wave length limit of absorption line in the crystal, 
two representative approaches have been known. One 
is the method of level broadening with temperature’? 
and the another is the view point of level shift 
originated from the electron-phonon interaction.) The 
both show that the energy difference between the top 
of valence band and the bottom of conduction band 
decreases with temperature. But the latter is seemed 
to be more useful, especially in the case of non-polar 
crystals, referring to tne experimental data. However, 
the shift with temperature of absorption line due to 
the exciton band, which was proposed by Mott,*) has 
not been theoretically considered. And this is the 
task of this short note. 

When an insulating crystal is hit by the photon 
of which the energy is a little smaller than the 
difference energy between the top of yalence kand and 
the bottom of conduction band, the Frenkel’s exciton 


is made. Wannier’s expression for the exciton state 
is!) 
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(Ke, B) =NM)./2 > > VU; (8B) exp (Keg, 0) 


gp 22 
x A(m—1/2-B, N+1/2-b), (1) 
Ain —1/2-B,2+1/2-B}] = (MW !)-/2 


ag(No, 1) 


[aa(A, 1) a4 (1, w+ 1/2-B)ag (A, #41) a9 (1, Me) 


|? 


where B is the space vector between the electron and 
its hole, U; is the hydrogenic wave fn. with the 
quantum number 7 and ag,;¢ stand respectively for 
the atomic fn. of ground ‘state and excited state. 
The state of total crystal containing the exciton 


is described by 
(DN; B,he)=H bxgq(aq)U(Ke,B), (2) 
qT 


where a and My, denote respectively the amplitude 
variable of phonon with wave vector qg and the 
quantum number of the phonon. 


i= HGH) 27 (—) 


= — >} e, Grad V(r —N) (cg exp 7(q, 12) 
uM 


+ aqg* exp —7(q, 1)) (3) 


is taken as the phonon perturbation, here /7(7) is 
an atomic potential for an exciton and @y is the unit 
vector of phonon with longitudinal mode. 

According to the current view point (Fréhlich e/ 
al.), the interaction energy between the exciton and 
the phonon is given by 


|f(+) Nat 1, Ky’, B’ 3 Vay Keay B) le 
e(Kg, B) —e(Ka’, B’) +t09 


4e=3) D>) 
ke q B 


(4) 

Substituting (1), (2) and (3) into (4), we can get 
de as the fn. of Vy(7). Matrix elements in eq. 
(4) were calculated by the author,®) but the adap- 
tation of the result to eq. (4) is hampered by the 
_ serious mathematical difficulties. However, as far as 
the calculation of light absorption is concerned, fortu- 
nately, these difficulties are quite removed and the 
very simple calculation is enough to clarify the shift 
of the absorption line. 

This situation is due to the following two reasons. 

(D). Only the special exciton of Ky=0 plays 
the essential role in the light absorption. 

- When an electron makes transition from the 

valence band to the exciton state, absorbing the light 
of which wave vector is g, the selection rule, 


Kkez+oe=0, 


is gained.) As |a| is so small compared with the 


reciprocal of lattice constant, we may put approximately 
k.~0. (5) 


This shows that the bottom of exciton band plays 
an‘important role in the light absorption. Experi- 
mental data show an absorption maximum correspond- 
ing to eq. (5). Shift with temperature of it is 
considered here, 

Ul). The hydrogenic motion of an electron (or 
hole) in the exciton state 7s adiabatic to the phonon 
perturbation. 

This will reasonably be agreed, because the ratio 
of period of phonon motion to that of electronic 
rapid motion is at least of the order of 103. Accord- 
ing to this supposition, the distance between the 
electron and the hole is kept constant, which should 
be determined by |¢|, at any temperature. i.e., 


B=6,=const. . (6) 


By the conditions (I) and (II), the motion of 
our exciton must be restricted by the rule 


Kyo. (7) 


The change of @ is responsible for the light ab- 
sorption of longer wave length and this is shown as 
the tail part of long wave length limit in the absorp- 
tion spectrum. 

Thus the matrix element is very simpfiiled and 
i got by (8p), Opieleund! ©). leis 


er a \ta 
H(+) (£4 Bo) =F (Mp) 7/2 Te) 


My, 
(8) 


(Vg 1) 1/2 ? 


where V’ is the averaged value of V and stands for 
the interaction constant between the exciton and the 
phonon. This equation should be valid for the both 
cases of polar and non-polar crystals, since the effects 
of the polarization field on the electron and the hole 
would tend to cancel. The character of the potential 
V’ will be discussed at the next opportunity. 

The calculation of shift with temperature of the 
line is from here quite similar to the Fan’s tveatment?) 
and it is repeated here. 

The author is grateful to Prof. K. Ariyama for 
his continual encouragement and also to Prof. H. 
Shoji for his giving convenience to this study. 


1) A. Radkowsky, Phys. Rev. 75 (1948), 749, 
2) H. Y. Fan, Phys. Rev. 82 (1951), 900. 
3) N.EF.Mort and R. W. Gurney, Alectrontc Process 
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tn Lonic Crystals (Oxford, 1940) Chap. 3. 
4) G. H. Wannier, Phys. Rev. 52 (1937), 191. 
5) . Ohta, reed at the meeting of the Phys. Soc. 
of Japan, Apr. 1952. 


On the Atom-exciton Interaction 


Tokio Ohta 


Institute of Theoretical Physics, 
Kanazawa University 


October 4, 1953 


The study on the interaction potential between 
an atom and an exciton was not done in the previ- 
ous paper!) where the light absorption in the insulating 
crystal was treated. And any proposal on the potential 
has not been done yet. However, recently it was 
required strongly to clarify the interaction in the 
various problems of the ionic crystal.?) In this paper 
an idea of the interaction mechanism is proposed. 

The exciton which is composed by an electron 
and a hole would behave itself like a rotating dipole, 
ie, the exciton-dipole makes a field in the electronic 
shell of the nearest neibouring atom. ‘This time 
dependent field would produce a polarization since it 
can be perfectly followed by the electron cloud in the 
shell. Now, we consider about the interaction between 
the induced dipole and the exciton-dipole. The period 
of the rotation of the exciton-dipole is not so small 
that the Dirac radiation process is not important and 
only the electro static interaction should be taken into 
account which is 


a 
(47€)” 


Vi(r)= {Grad (a a) “Gredl ee) 

rm ) 
at given time ¢ Where a, € and mw denotes respec- 
tively the polarizabllity of the ion, the dielectric con- 
stant of the medium and the exciton-dipole moment. 
The direct“on of the induced dipole moment is nearly 
parallel (or anti-perallel) to that of the distance vector 


(4) between the atom and the exciton as far as 7 


is large compared with the exciton radius. Accord- 
ingly the interaction energy between the both dipoles 
becomes large in the absolute value only when the 
direction of the exciton-dipole is nearly parallel (or 
anti-p2rallel) to that of #* and the exciton has the 
tendency to rotate in the plane involving 2°. . Then 
the above expression is simplified and give 9a? 
-cos” w//(4z€r*)*, where we cake only the ?-parallel 


component of the exciton dipole moment and w is the 
angular velocity of the exciton. Replacing cos” w/ by 
cos? w/==1/3, we get the representation of the inter- 
action potential. More detailed treatise by the use 
of the second order perturbation theory will give the 
equivalent result. Thus it is of the van der Waals 
type, week, attractive and of short range. 

An application of this interaction potential will 
be published shortly in anywhere. 


1) T. Ohta, Prog. Theor. Phys. (in this issue.) 

2) F. Seitz, Lecture on Color Center, International 
Conference on Theoretical Physics, Kyoto Sept. 
1953. 


On the Radiation Damping aad 
the Decay of an Excited State 


Mikio Namiki* and 
Nobumichi Mugibayashi** 


Department of Applied Physics, Waseda University* 
and Department of Physics, Kobe Oniversity** 


October 4, 1953 


According to Hellund'), the excited state of an 
atom never shows the decay of Weisskopf-Winger 
type, i.e., the exponential type. His conclusion is of 
course correct mathematically, but we can hardly 
imagine that Weisskopf-Winger’s result is entirely 
meaningless. Perhaps it would be an asymptotic ex- 
pression for the extreme values of certain parameters. 
We here ascertain this expectation from the damping 
theory. 


We have to solve the equation for the transfor- 
mation function S(¢), 


2-OS(¢)/0¢=(Hy+H)S(E)  (¢>0),. (1) 


under the conditions .S()=0 (¢<0) and S (+0) 
=1. AM and /¥ are the free and the interaction 
Hamiltonian, respectively. In order to reformulate 
the damping theory as the initial value problem, it 
is convenient to use the complex Fouriet transfor- 
mation*) by means of which .S(/) is transformed into 
the upper half plane of the energy variable as 


Q 12 
SBE 7 Setes(e)ae (Im Z>0). 


The inverse transformation is given by 


in the initial state. 
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5 POH eS. G 
(@)=5-| cimsin de (80). (2) 


T J—w+i6 
From the Fourier transform of (1) we get 


(E—My—H)S(£)=1. (1’) 


It is to be noted that the unity on the right hand 
side of (1’) comes from the initial value of S(¢). 
In the representation in which 4p is diagonal, the 
formal solution®) of (1/) is 


See ls 
ONS ae, ue)) E-Hy+i/2- TL), 
where 
(4) 
[(£) =2i aah ue 


Now, if we regard the initial state as an cigen- 
state of //y with the eigenvalue £o and write the 
probability amplitude of the state in the form a(¢) 


-e-t#ot, then we obtain 


¥ f +46 e-i(H-Fiy)t 


Ay 
ae 2n J—0+i6 L—Lo+//2-To(Z) 


(5) 


from (2), (3), and (4). I(Z) is the value of '(Z) 
We shall here assume, lfolowing 
Weisskopf-Wigner and Hellund, that there are only 
two atomic states; an excited state 0 (energy 9) 
and the ground state G (energy /;;) plus one photon 
(energy 4). Since H,==0, we can put Ip into the 
form, 

© f(h) dk 


6 
eases (6) 


T(E) =2i| 


in which f(4) is the positive real function of %. 
Although the integral is generally divergent, we 
suppose thet it could become uniformly convergent 
by the renormalization or the out-off procedure. As 
Heliund has shown, the integrand of (5) has no 
singularities other than the branch point Y= “@ of 
I’) This fact excludes the exponential decay. 

We put 4=Z)—L£e (>0) and r= Re T(Z0) 
and assume 7~|Iy)(Zo)|. The case “or alone is 
interesting here. It is then easily found from (6) 
that a(¢)~1 and (4) ~0 for %4>1. The 
‘which confirms Hellund statement, is essentially due 
to 4q=0.4) However there is little physical signi- 
ficance in the behavior at ‘~0. We have rather to 
deal with the time 1//<¢<1/r. We divide this 
time interval into two regions: 4S 1/“ for. For the 
most important interval 1 Ire Sil hor,” we have 


latter, 
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b==(hot) (14) > 1. 


becomes 


Putting (“—£))¢== —06, (5) 


wom25 ebas 


a(t) =— es 


dé 
2n7 '—wo-76 Bates rans ". (7) 


We are going to find the asymptotic form of 
(7) for 6>1 and y¢>>1. As is clear form the functional 
form and the uniferm convergency of the integral (6), 
I(£) is regular at Y= Z) on the Riemannian plane 
and we have 


lim |1/2-T(Z)|=0 


\B\>0 
and (8) 
{ 1 


{ 
ee g i "(90 g 
Gen Epat2o|2| > roo), 


which permit us to expand I%(/) as follows :°) 


(<1). (9) 


We now take a positive real number c, of order 
1 and divide the integral (7) into three parts : 


C1 rs ane 


-—¢C1 *“—o C1 


Ty) (Z) =I (£0) 1+ O(74)) 


u(t)=| (7/) 
Integrating by parts and using (9), the last two 
integrals can be easily estimated to be O(1/4). On 
the other hand, the right hand side of (9) may be 
inserted into the first integral and thus the integrand 
has the sole simple pole at €=72/2b-Ip(Z#o)¢(1 
+O(7¢)). We can replace that integral by the 
contour integral around the pole minus the integral 
R along the upper semi-circle with the radius ¢.. 
Since there is another positive number ¢, of order 1 
such that 


1 
| —2-T (£9) 4/26; 


|| is found to be 


<2¢q (1€|~1), 


2 (x 9 a /2 an) 
|RI<— JT at be o18in9 Wp a, 
Therefore we obtain 


a (4) =e7V2-Vo(Ho) tA4+0(Tt)) 4+. O(1/b). (10) 


This shows that the inital state indeed decays ex- 
ponentially for the time interval 1/73>¢5>1/“ Aor. 
For 1/V kor >¢ > 1/ho, a(¢) would show’ the more | 
complicated behaviors as a transient to the case we 
have just studied. We can say nothing definite about 
the time variation of a(¢) for 4>1/y7 wthout regard 
for the details of /(4) beacause the integral (7) is then 
sensitive to the features of J)(/) near the branch 
point €=1/y¢, and really there is not so much signi- 
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ficance in this interval that we do not discuss further. 
Put it is expected from several examples that «(/) 
decreases more slowly than the exponent/al decay. 

The authors wish to express their gratitude for 
the financial aids from the Yukawa Fellowship of 
Osaka University. 


~ 4) E. J. Hellund, Phys. Rev. 89 (1953), 919. 

2) For the same purpose Hellund used the Laplace 
transformation. See also, M. F. Ripelle, Comp. 
Rend, 282 (1951), 2403. 

3) . Arnous and S. Zienau, Helv. Phys. Acta 64 
(@oa)\re279: 

4) FE. J. Dyson, Advanced’ Quantum Mechanics, 
1951, eq. (251). 


5) This interval Ur>t>1/V Loris much longer 
than two others, 4 1/%) and 1/” £7 >4 >1]ho, 
since *)>T7. 

6) We make use of this spec-fication alone about 
T)(£), so that the result (10) is fairly general. 


A Test of Charge Independeace 
by the Nuclear Reactions 


Yoichi Fujimoto* and Yoshio Yamaguchi** 


Department of Physics, Kyoto University*® 
and Osaka City Universtty** 


October 5, 1953 


Since Adair!) pointed out the isotopic spin to 
be a good quantum number, the charge independence 
has become one of the most interesting topics in 
nuclear physics However, most of the examples, 
which are regarded as strong support for charge 
independence, are interpreted equally well by the lesser 
restriction of charge symmetry. In fact there seems 
to be ratner few definite arguments: 

a) cotiespondence of levels in such triad nuclei 

as Cl, N83 and 0}, 

b) /é-values of ailowed @-decays in light nuclei, 

etc., 
for charge independence. Thevefcre, it seems to us 
noteworthy to remark the possible test of charge 
independence based on nuclear reactions. If we use 
the triad (or more generally, polyad) nuclei, we can 
test charge independeace as follows. Let us consider 
the reactions : 


| 


1 p+Be?>a+Li® (3.58 Mev, 7=1) (A) 
(nitawyne (ground, 7=1) (B) 


or 


(ee ara (f+n) (singlet even state) (A’) 
n+ RBe9—>Be8+- (v7-+72) (singlet even state). (B’) 


Assuming the charge independence, the ratio of 
differential cross sections (A) and (B) or (A’) and 
(B’) at any angle is turned out to be 1:2 (of course, 
discarding a deviation due to the differences of 
Coulomb ferces and of the energy levels). This 
offers a nice test of charge independence. Also (A) 
and (B) are analogous to the famous pion reactions : 


( n+ pod+n7n° 
f+po-d+nt. 


“ telephone book”’, we can easily write 


Consulting the 
down many other useful reactions, but may not 
necessitate any further discussions on them. 

One of other possibilities to test the charge 
independence is given by the neuclear reaction, which 
goes through one particular level of compound nucleus. 
In this case one can assign to the compound nucleus 
a characteristic isotopic spin. If the compound nucleus 
has several decay modes, their branching ratios depend 
quite critically on isotopic spin values of both com- 
pound state and final nuclear states. This fact again 
gives the valuable test of charge independence. 


* Now at H. H. Wills Physical Laboratory, 
University of Bristol, Bristol, England. 
** Now at University of Illinois, U.S.A. 


1) R. K Adair, Phys. Rev. 87 (1952), 1041. 

2) N.M. Kioll and L. L. Foldy, Phys. Rev. 88 
(1952), 1177. 
M. Gell-Mann and V. 1. Telegdi, Phys Rev. 
91 (1953), 169. 
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Effect of Electromagnetic Radiation 
on Lamb Shift 


Indergit Singh 
University of Delhi 


October 5, 1953 


The Lamb-shift is an effect associated with the 
coupling of an electron to the vacuum. Electro- 
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magnetic field, if present, will be a source of additional 
perturbation, which also influences the value of the 
line-shift. 

There are two ways in which an election in a 
radiation field is transfered to the inte:mediate eneigy 
state, /; from its ground state, /”,, :— 

(i) It absorbs a photon & and goes to the state /. 
Starting with /V; photons, the number of photons 
in the intermediate state will be V,—1. 

The electron then goes back to its original state, 
m, emitting the photon 2 in the process, 

(ii) The tiansition can also take plece in the reverse 
order. In this case, the number of photons in the 
intermediate state will be V7,+1. 

The absorption transitions do not arise in the 
case of vacuum. 

Recently, Auluck and Kothari discussed the effect 
of e.m. radiation on the self-energy of a free- and 
bound-electron. However, the expressions for the 
shift as given by them do not contain the con- 
tribution from the additional transitions of the type 
(2). This effect is, however, of the same order, and 
is duly taken into account in this present work, which 
also gives the results of numerical evaluation of the 
shifts for the 2s and 2/ levels of Hydrogen. 

The second-order matrix element for the transverse 
self-enetgy arising due to weak interaction with black- 
body radiation at temperature, 7’, gives for this ad- 
ditional interaction-energy a value, 


We=n[3-a-RT/E-RT (1) 


for a free-electron with energy “; 7 is the Boltzmann 
gas-constant, while a(=e/%c) is the Sommerfeld’s 
fine-structure constant. We get identical results on 
Dirac’s one-electron theory and on ‘hole’ theory 
(negative energy states, all occupied), as one would 
rather expect in this particular case. One gets similar 
matrix elements on ‘hole’ theory because of the anti- 
symmetry of the wave-functions in the coordinates of 
the original electron and the one supplied from the 
yacuum. 

We have considered above, the interaction of a 
free electron with black-body radiation. A more 
general case will be to consider the intensity of each 
spectral element to be an unspecified function of its 
frequency. This leads us to a significant result. It 
is found that the electvon-photon self-energy is the 
same for two isotropic photon-fieids of frequency vy 
and v2, provided their intensities ave equal. 

The perturbing effect of radiation on a bound 
electron will manifest itself in a slight shift of the 


energy levels. In the non-relativistic approxitnation, 


the energy-state (7,/) of the Hydrogen atom is 
shifted by an amount 


Wr) =— 2a ee = (24 —£n)°f 2, 7) 
Tp) Qeeet ell akege Gen 
(2) 
with p=me ) 
> (3) 
and Gi= Bg L yp) [Anh Pe Vayte oe 


In the above expression, 
S(t) = (3m/4)vn5 Jot? ecar) (4) 


is the oscillator-strength for the transition, ut, of 
frequency v,,; of the atom, characterized by the wave- 
functions, ¢:,, and ~; in the initial and final energy 
state “,, and /y, respectively. The summation, 7, 
extends over the whole spectrum, discrete 2s well as 
continuous. Expression (2) has been obtained by 
assuming that the photon distribution is governed by 
the relation 


Ny=1/ (eek! RP 1). (5) 
The only interesting case is when R7<1. We 
obtain for the shift the expression 


ol ae 
v7) 


It is generally recognised that the sun emits 
radiation which has an energy-density and spectral- 
composition different from that of a black-bedy at 
the same temperature. We can assume that the low- 
frequency part at the temperature of the sun, 


corresponds to a black-body curve at much higher 


temperature. If we cut off the frequency spectrum 
at /=/%, the shift due to the low-frequency quanta 
is given by 
WEI CT ae [RTE 3) 
Ty 
Bg —finte ko 
x log jy MO +(4i- Lin) “ft, 2) 
(44— gs Lin te ho | 
Coc a ) 
Sf (21-2 | 


for RT'S 1Ry. 

Assuming that 4% is epual to one Rydkerg, we 
get for the difference between, the shifts in the 2) 
and 2/ levels, 
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W (1,20) WIT, 28) =58(KT/Ky) 
megacycles. (8) 


The various terms in /; and £,, ate evaluated 
numerically in a manner, almost similar to that 
indicated by Bethe, Brown and Stehen. It is interest- 
ing to note that the additional shift is in a direction 
opposite to that for the Lamb shift. 

The details of the work, along with the discussion 
of the results will be published elsewhere. My thanks 
are due to Professor D. S. Kothari for his interest 
and to Dr. F. C. Auluck for guidance; also due, to 
the Atomic Energy Commission, Government of India, 
for the grant of a fellowship and for sponsoring this 


scheme. 


1) F: C. Auluck and D. S. Kothari, Proc. Roy. 
Soc. A 214 (1952), 137. 

2) H. A. Bethe, 1. M. Brown and J. R. Stehen, 
Phys. Rev. 77 (1950), 370. 


Note on the Meson Theory 
of Nuclear Force 


S. Fujii, J. Iwadare, S. Otsuki, 
M. Taketani*, S. Tani** and W. Watari** 


Departiuiznt of Physics, Kyoto University 
*Depariment of Physics, Rikkyo University 
** Faculty of Enzineering, Kyoto University 


October 12, 1953 


It is necessary to make clear how far we can 
explain experimental results about nuclear forces as- 
suming the present meson theory. Our purpose here 
is to investigate into the characteristic features of the 
meson potential in the intermediate and high energy 
regions. 

_ Near and outside of the range of nuclear force, 
ie., in the outside region, we have adopted the 
symmetrical, 75 meson potential of the second and 
fourth order perturbation calculation with fv coupling 
in the static approximation calculated by M. Taketani 
et al.) In this region, the higher order contributions 
do not alter the features of this potential so severely.2)") 
In the inside region where the static meson potential 
becomes meaningless, we have adopted phenomeno- 
logical potential, i.e., hard core or square well, which 
may well be energy dependent, but what has been 


adopted here fits to the low energy data. We em- 
phasize that in the state where S wave plays an 
important role, this inside phenomenological potential 
is determined, though not uniquely, so as to fit the 
low energy scattering pavameters, wherees the phase 
shifts of P-, D-, --- 
of the features of the potential in the region +<0.3,” 


waves are almost independent 


where x is the distance between two nucleons in the 
unit of meson Compton wave length. 

The coupling constant ¢?/4z is taken as 0.08. Cal- 
culations are performed by the numerical integration. 
Our results are not the final ones but serve only as a 
starting point for future works. 

Here we should like to point out: 

(1) Some of the values in the Table 3 of reference 
I are not correct. The central force in the triplet 
even state is so strongly repulsive for the deuteron to 
be bound, that we have to cut off this potential at 
x<<0.5. As an example, in the region where «<0.6, 
the central attractive well of the depth of about 125 
Mev and zero tensor potential give the correct binding 
energy. These phenomenological potentials of the inside 
region together with the outside meson potential give 
also nearly good value of the effective range, the D 
state probability and the quadrupole moment. How- 
ever, we do not regard it to be the best one. At 
any rate, 7s( 7) meson potential has to be cut of 
at *<0.5 for the deuteron to be bound. The main 
part of sixth order fs( fv) potential calculated by 
Machida et. al.”) gives the inside potential similar 
features to our phenomenological one. This is not in- 
consistent with the results of Brueckner and Watson.®*) 
(I) The potential by the 7s meson theory with 
either fv or 7s coupling can give the characteristic 
features of neutron-proton and proton-proton scattering 
up to energy of 100 Mev, because : 

i) As has already been shown in reference I and 
by Brueckner and Watson,*) /s meson potential fits 
to the low energy data. Therefore, S-wave phase shifts 
at high energies are not so much diferent from those 
due to many phenomenological potentials.5) 

ii) For the neutron-proton scattering, the meson 
potential in the triplet odd state is, near and outside 
of its range, rather small. Moreover, tensor potential 
is stronger than central one in this region. Therefore, 
the effects of “Po-, *P,- and “P.-phase shifts cancel 
out as a whole and consequently the angular dis- 
tribution is almost symmetric about 90°. 

iii) For the proton-proton scattering, the potential 
in the singlet even state is, near and outside of its 
range, every small. Therefore, the phase shiits of 'D.- 
wave is also smail and consequently the destructive 


o (0) (10-*em? ster.) 
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interference does not break the isotropy of angular 
distribution so severely. 

We show the angular distribution of n-p and p-p 
scattering in the center of mass system in Figs. 1, 2 
and 3. The total cross section of n-p scattering at 
90 Mev which is larger by about 2524 than the ex- 
perimental value, and the larger differential cross 
section of p-p scattering at 40 Mev are due to the large 
phase shift of triplet q wave (that reduces to triplet 
S wave in the absence of tensor force) and of singlet 
S wave respectively. But these are somewhat reduced 
by taking another way of cutting off in the inside 
region, 

As has been stated before, the potential near and 
outside of its range, which determines the P- and D- 
wave phase shifts, is not altered so severely by the 
higher order corrections, so that our remarks above 
will keep its validity. At the present stage of meson 
theoretical approach to nuclear force, we consider it 
necessary to find these small corrections to the meson 
potential near and outside of its range phenomeno- 
logically from experiments. 

More detailed discussion will seon be published 
in this journal. 

We wish to express our cordial thanks to the 
members .of group of nuclear force, especially S. O- 
numa for their illuminating discussion and guidance. 
We are also grateful to Professor M. Kobayasi for 
his encouragement. We are indebted to Professor 
Brueckner for his discussion during his stay in Kyoto 
in Sept. 1953. 


Fig? 1 
n-p scattering at 90 Mey. 
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The crosses are the counter data; the horizontal lines 
ate the cloud chamber data. (see reference 5.) 


Fig. 2 
P-p scattering at 90 Mey. 
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Fig. 3 
p-p scattering at 40 Mev. 
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¢ Experimental data at 32 Mev.” . 


1) M. Taketani, S. Machida and S. O-numa, Prog. 
Theor. Phys. 7 (1952), 45. 
Here referred to as I. 

2) S. Machida and K. Semba, Soryushiron Kenkyu 
(Mimeographed Circular in Japanese), 5 (1953), 
No. 11, 1310, 
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R. C. Christian H. P. Noyes, Phys. Rev. 79 
(1950), 85. 
R. Jastrow, Phys. Rev. 81 (1951), 165. 

6) R. W. Birge, U. E. Kruse and N. F. Ramsey, 
Phys. Rev. 83 (1951), 274. 

7) B. Cork, L. Johnston and C. Richman, Phys. 
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Effect of Collective Motion 
on Beta Decay 


Syota Suekane 


Defartment of Physics, Kyoto Oniversity 


October 14, 1953 


The collective properties, especially the surface 
distortion, of a nucleus tend to reduce the nuclear 
transition probability as a result of a partial ortho- 
gonality of the states. We call such effect an un- 
favoured factor (factor). 

We define the experimental /4factor and the 
theoretical /-factor according to the following expres- 
sions respectively ; 


Fexp=fexp|tsp 3 Fineo=¢coit/Zsp % (1) 


where “exp is the experimental half life time, ¢coi and 
Zsp is the theoretical half life time for the collective 
model and the single particle model respectively. We 
compared /theo with /ex» for unfavoured allowed 
B-decay of odd nuclei. 

The main contribution to the unfavoured factor 
will be a effect of the nuclear surface distortion, so 
that we make use of the collective model in A. Bohr’s 
strong coupling approximation”). Then, we can see 
that the “factor is composed of following two parts ; 

(1) surface distortion effect, 

(2) rotational effects, ((i) core, 

es odd nucleon. 


As to the superallowed transition, we did not treat 
them in this paper. Nuclear spin and parity are 
determined according to 7-7 shell scheme, and accord- 
ing to A. Bohr’) we suppose that A= Q=/= j to 


the ground state of a nucleus. Then the nuclear 


wave function of ground state is given by 


Wy lH 1/V2 -g7 (Br) [41P am, 17 (Gi) 
+«_7Dy,-17 (6;)], (2) 


hereafter we use the same notations with the 
reference 2. 

In the allowed f-decay, there are only two essen- 
tially diferent possibilities for the interaction, that is, 
Fermi and Gamow-Teller interaction. We must pay 
some attention to interaction operators, because the 
states of the decaying odd nucleon, 71, are quantised 
in the relative coordinate (2) to the nuclear core, so 
that the operators for a odd nucleon must be re- 
presented in this coordinate. On the other hand, 
as our observation is done in the fixed system (x) 
in space, we must’ use the operator ¢,= >) @x 4 
to G—T7 interaction and in this expressions, @,’s 
are the transformations from coordinate (A) to (x). 
Thus, we think that the odd nucleon transforms by 
o, and the rotational state of nucleus as a whole by 
@y,’s. As the results, we find the following expres- 


sions to /theo3 
firermi=1/(¢77)°|o7>°)*=1, (3) 


Fer = (1](9/77” N97.) 1310+ D//)3 
1/=1341/2, (4-1) 
Fao == [1 f(p’72” e+)? [3/2] 
x [(27+3)/(274+1)], “=/4+1, (4-2) 
Fe-g = [1/(e777?\@7°)?] [2/3] 
x [(27+1)/(27—1)], 2/=/7-—-1. (4-3) 


In these expressions, the fitst term represents the 
distortion effect and next terms the rotational effect. 
In our model of the odd nucleus, if 47=0, the 
nuclear core does not change its states at all before 
and ef:er a transition, so that in this case the dis- 
tortion effect is identically equal to 1. 

In the d’stortion efect, we must take a special 
attention to the case of spin change (1/2—3/2). 
Namely, if 7=1/2, then the interaction between an 
odd nucleon and a nuclear surface oscillation vanishes 
and moreover if we take into account a correction 
term indicated by Davidson and Feenberg, (8; of sur- - 
face deformation parameter § which makes the 
effect-ve potential for the surface oscillation minimum 
is equal to 0, whether the nucleus has a closed core 
or not. This result is not inconsistent with Ford’s 
formula of nuclear quadrupole moment derived from 
semi-quantum mechanical method, but in his formula 
it is not necessary that 8;=0 when /=- 1/2, 
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The numerical values of rotational terms and 
distortion terms are given in the Tzble I and II. 
The distortion effects do not depend appreciably on 
mass number 4 and have values about 1~1.3. If 
we neglect the —/* correction term, 1/(y/|w)2 
depends appreciably on -4, only when the spin change 
is (1/2—3/2), (Table I). When we take into 
account the )—F correction term, the wave function 
of the nucleus of spin 1/2 does not depend on de- 
formation parameter 7, so that we cannot take a 
region of the integration for vy=7—7}, (7;=7), from 


Table I. Rotational effects 
ae M2 es 2 fa ew S42. 9/2 
Zr || — | 25/3 | 147/25 | 243/49 | 363/81 
Per te 3 9/4 2 15/8 | 9/5 
i Ee 9/4 2 15/8 
Table II. Unfavoured factors for the odd nuclei in 
allowed transition. 
Nu- Gira 1/( /\ )2 | Fu ISG 
(SRE NCS eae i aa Ma cae 
Ne? {| 5/2—3/2 | 138 — [3.11 6.2 
$8 | 3/2-3/2 | 1 8.33* eae? 
4.96* | 100 


Gasn 727 ood 


1.24(4.99) 3.72(14.56)| 20 


1.26 (5.61) /3.78 (16.82) opt 


1.24 (5.51) |3°72 (16.54) 32 


1.25 (4.81)'3 75(14.44) 26 


Bri? | 3/2—1/2 


3/2—5/2 | 1.3 


3/9 —5/2|. 1.25 2.51 180 


nese 2 Se 
* ; the values calculated as G—7, 4/=0 transition, 
(); the values neglected the Y—/ correction term. 


—co to +co. The important region of y is |y—z| 
SV 2e for 7=3/2 and1/V2¢ ~z/4 for our 
Then 1/(¢/\o)?~1.3. The /theo-factor does 
not change its value so sensitively to these cut-off 
values of vy. And we used B!d8 and (1+.7)4dx, 


(B;*=B—;), for spin change (1/2—3/2) and others 
respectively. 


nuclei. 


The rotational effects are given by Table I. It 
is important and interesting result that the rotational 
effect and distortion effect have the same order con- 
tribution to /-factor, but the former is larger by 
factor 2 than the latter. 

If we compare the theoretical values of 8, with 
Bq expected from Ford’s formula, we obtain such 
values as “Table III. We suppose rather that Bg 
gives a lower limit of 8, but , is larger by factor 
2~4 than Bg. On the other hand, “nev is smaller 
than /%xp, and even if we neglect the )—/ cor- 
rection term, it is about 75% at best, and there is 
a group that Fexp is larger than 100, but it is 
difficult to find reason such large unfavouredness. 

Generally, it seems that “exp does not depend on 
the numbers of odd nucleons appreciably. As a result, 
we shall not be able to explain the unfavoured factor 
exactly only by the surface distortion effect, so that 
it is difficult to discuss with mixing of interaction 
types. 

It is author’s pleasure to acknowledge his indebted- 
ness to Professor J. A. Wheeler for his interert, to 
Professor M. Kobayasi and other members in our 
laboratory for their valuable discussions and continual 
encouragement. 
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We propose a five dimensional representat’on of the electromagnet’c and electron field equations in 
a curved space-time which is immers-ble in a flat’ space of five dimensions. This representation is 
simplified by restricting bas’c coordinate transformations to the transformations that connect the 
“equivalent” frames of reference. In the de Sitter space-t'me our results are compared with the 
formalism proposed by Dirac some twenty years ego. We point out the gap of Dirac’s formal’sm 
and show that the gap automatically disappears in our theory. Particularly we obtain a new representa- 
tion of the electron wave equation other than that given in Dirac’s paper. The present invest’gation 
is a general:zation of Dirac’s formalism to a more general space-time. 


§ 1. Introduction 


A space-time in general relativity is a four dimensional Riemannian space having the 
fundamental form of the type (—, —,—, +). Some of them can be represented by a 
hypersurface of a five dimensional flat space; that is, they are immersible in a five di- 
mensional flat space. For example, the de Sitter space-time which is interpreted as a 
stationary universe can be represented by a pseudo-hypersphere 

= (21)8= (6) (2) (1) (hE (1-1) 
R being the radius of the universe, of a five dimensional flat space having the fundamental 
form 

dsi= — (d2)?— (ds*)?— (ds*)? + (d2*)?— (de*)?. (1-2) 
And the Einstein universe can be considered as a pseudo-hypercircular-cylinder of a five 
dimensional flat space. By making use of these facts some properties concerning the 
gravitational field can be expressed in an advantageous form, as will be illustrated in the 
following. 

Let us consider the motion of test particles in the de Sitter space-time whose funda- 


mental tensor is given by gi; in coordinates x'.* As stated above, this space-time can 


* For instance, ¢ij is given by 
&n=—-A-7/R), go=—r, Sag=—7*sin? 0, gg 1—77/ FR? 
in a coordinate system +?=(7, 0, ¢, 4) suitably chosen, As for indices of a tensor Latin ones take the valyes 


1, ...,4 and Greek 1,...,5 in this paper. 
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be represented by a pseudo-hypersphere (1-1) of a five dimensional flat space Bee ce 
(1-2). Test particles in the de Sitter universe move along the geodesic world lines in 


time-like directions given by 
ex /de=— rt (dx*/ds) (dx'/ds), Suave SO; (1-3) 


where A ate the Christoffel symbols formed with respect to gj;. It 1s usually not 


easy to solve (1-3) in an arbitrarily given coordinate system. However, if we treat the 
cartesian coordinates 2’s in (1-2) as a particular type of coordinates, five in number and 


satisfying (1-1), of the de Sitter space-time, the first equation of (1-3) reduces to 
wg fds =er den (1-4) 
The general solution of this can easily be obtained and is given by 


g*=2? cosh(s/R) + R(dz*/ds), sinh(s/R), (1-5) 


where 24 and (d2*/ads), are initial values of 2* and dz*/ds at s=0 respectively.” In 


this integration the second equation of (1-3) has been used. 

Thus regarding the 2’s as coordinates of the de Sitter space-time, we can describe the 
motion of test particles in a simple. form. Similar situations hold not only for the motion 
but for some properties concerning the metric tensor of the de Sitter space-time. For 
instance, using the above five coordinates we can also obtain the finite form of transforma- 
tion leaving g;; invariant,” which is interpreted as the one connecting the frames of 
reference equivalent to each other.” It can also be shown that we encounter similar 
situations also in the Einstein universe, etc.* Interpreting these results physically we may 
state as follows: in a curved space-time which is representable by a hypersurface of a five 
dimensional flat space we can give a simple form to the expressions of some properties 
concerning the gravitational field alone, if the five cartesian coordinates of the enveloping 
space are looked upon as a particular type of coordinates of the four dimensional space-time. 

The above results are concerned with the gravitational field alone. In addition to 
this, if one considers the electromagnetic or electron field, is it possible to draw similar 
conclusions ? Or, can any equations concerning the electromagnetic or electron field in a 
curved space-time be described in an advantageous form by using the above five coordinates ? 
The present paper will give an answer to this question for the electromagnetic and electron 
field equations in a curved space-time which can be represented by a hypersurface of a five 
dimensional flat space. In detail will it be shown that these field equations can be represented 
in a favourable form adopting a particular type of five coordinates of the four dimensional 
space-time and further, if necessary, by using the unit vector normal to the hypersurface 
representing the given space-time. 

For this purpose we now consider the electromagnetic and electron field 


equations” which are usually treated in general relativity. They are of tensor form 


* See Appendix. 
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and invariant for arbitrary transformations of space-time coordinates. Therefore, ordinary 
differentiations being replaced by covariant ones, the field equation involves terms con- 
taining the Christoffel symbols and its individual component is really not so simple as it 
looks in tensor form. In the following, assuming that the space-time is immersible in a 
flat space of five dimensions, we represent the field equations in a five dimensional form 
by using the five coordinates of the enveloping flat space and, when necessary, by using 
also the unit vector normal tothe hypersurface representing the given curved space-time 
($$ 3 and 4). The five dimensional representation of the field equation thus obtained is 
of tensor form in the five dimensional space and each component of it is as complex as 
the original four dimensional form. 

Further to simplify this representation, we shall pay attention to the concept of 

relativistic inyariancy. In general relativity the physical laws are invariant for arbitrary 
transformations of space-time coordinates. On the other hand, in special relativity, the 
invariancy of physical equations is considered only with respect to the transformations which 
connect the equivalent frames of reference to each other. These are the so-called Lorentz 
transformations and are characterized by the property: that they preserve the fundamental 
tensor 7;; of the Minkowski space-time invariant. In a curved space-time there exist also 
transformations of the same character in general and we may consider that these transform- 
ations connect the frames of reference ‘‘ equivalent” to each other in the space-time.* 
So we generalize the concept of Lorentz invariancy to a curved space-time and assume in 
the latter part of this paper that the electromagnetic and electron field equations may be 
invariant only for the transformations which leave the form of the gravitational potential 
ij invariant. On this assumption it will be shown that the five dimensional representa- 
tion obtained in §§ 3 and 4 can be simplified further (§ 5). 
'- Next we shall examine how the above representation becomes. in the de Sitter space- 
time and shall compare it with the formalism proposed by Dirac about twenty years ago” 
(§ 6). 

Lastly it is to be noted that our study is entirely different from the various investiga- 


tions hitherto made concerning the five dimensional unified field theory. That is, in the 


present paper the electromagnetic and electron fields are unrelated to the geometric structure 


of the space and therefore the five dimensional space is only a means to the purpose. 


§2. Mathematical prelimiaaries** 


Consider a four dimensional Riemannian space which has the fundamental form 


* Here, the meaning of the term “equivalent” is somewhat different from that commonly used in 
general relativity. Speaking exactly, this means “‘ equivalent with respect to some physical laws (i.e. the elec- 
tromagnetic and electron field equations in the case of the present investigation) ”. Of course, even in this 
sense all the frames of reference are equivalent with respect to the Einstein’s gravitational law. See Reference 4). 

The equivalent world points in the gravitational field have been considered to be transformable to each 
other by the point transformations leaving the form of the gravitational potential £ij invariant. See Reference 5). 


** For this section see Reference 1), 
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as=eavart* (2-1) 
of the type (—,—, —, +).* In order that this space-time be immersible in a five 
dimensional flat space with the line element* 

a= she aen, (252) 
it is necessary and sufficient that a system of differential equations 

Aas V 2") 52") =S 4 (2-3) 


have five independent solutions** 


Fiche d sek ete ARE a i 24s) 


The symbol 7, denotes the covariant derivative with respect to g,;. Particularly it holds 
that [,2*= (As*/dx*), because the 2’s are scalars for transformations of coordinates .”. 
In the flat space of five dimensions (2-4) defines a hypersurface, which is a representation 


of the given four dimensional space-time. We have from (2-4) 


F (2 «+5 8) =0, (2-5) 
which is another equation defining the same hypersurface. 
If 7* is the unit vector normal to the hypersurface,*** we have 
Aug Vie =0, - Aan a =e, (2-6) 
where the quantity ¢ is plus or minus one according to the character of the four dimen- 
sional space-time. Then it is ee shown that 
a= "(VF 2*) (Fs) + en 7". G7) 


a a9 . - . 
Here a** and ¢" are the conjugate tensors of a), and g;; respectively. <* and 7* must 
satisfy 


A 2 
PE oe beg tu Os) Cx), 
(2-8) 
V i =— 6,2" 2° — oh Ve", 


where ne are the Christoffel symbols formed with respect to @, and the tensor 0;, is 
defined by these equations.**** The. integrability conditions of (2-8) are the equations of 
Gauss and Codazzi for the hypersurface, which are not necessarily satisfied by any space- 
time. For instance, they do not hold for the space-time of Schwarzschild’s exterior solution.” 

Field quantities or wave functions are usually functions of the x’s. This means, from 
the five dimensional standpoint, that physical quantities are defined only on the hypersurface. 


* Throughout this paper the coordinates «’s and z’s are assumed to be real. 

** In this case the curved space-time is called to be of class one. 
*** The existence of such a vector is a consequence of the assumption det. »; j40. 
*#** O55 is the second fundamental tensor of the given curved space-time, 


y+. . : ‘ . 
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When one represents the field equations in a five dimensional form, it is needed to 
differentiate physical quantities with respect to 2*. Nevertheless such a process of differen- 
tiation cannot be defined generally, because physical quantities are not defined outside the 
hypersurface. In order to give a meaning to such a process, the domain of definition of 
physical quantities in a five dimensional representation is not only the hypersurface, but 
must be extended to the vicinity of it, such as they are differentiable on the hypersurface 
with respect to 2*.* Then the operation of differentiating a physical quantity with 


respect to 1° is replaced by a linear combination of those with respect to 2%, that is 
0/dx = (Fiz*) (0/de"*). (2-9) 


If a field quantity is expressed by a tensor v'1"*» in the four dimensional space- 
time, the five dimensional representation of the sae quantity is given by** 


a aes ems tis ae (2%)... (F, gn). (2-10) 


vn) 


Des pe Mg ens (Ve ay. Zn), (2-11) 
| DCIS a Sc. iy (2-13) . 


where the indices of the four dimensional component of a tensor are raised and lowered 
by means of g”’ and g;; and those of the five dimensional representation by means of a** 
and @,. (2-12) involves that a tensor 17*1"'*n lies on the hypersurface and accordingly 
belongs to the curved space-time. Therefore, the five dimensional representation of a 


physical quantity must always satisfy such equations as (2-12). It also holds that 


EIS De Vv; Ve ...-0,.) (V,2*) (F,2"1) (Pi 2m), 
V; sees gereed WW, tig = Vir srrpeyee VG cae ean (2: 13) 
% (P,2%) en (VP; 2") (732%) vee Viy i Zn) 


where the symbol /, denotes the covariant derivative with respect to @,. These two 


equations give the relations of the covariant derivative and contraction of a tensor to their 


- five dimensional represeritations respectively. 


In the following two sections we are going to research into a five dimensional tepre- 
sentation of the electromagnetic and electron field equations by using the mathematical 


preliminaries given in this section. 


* The method of this extension is arbitrary in general, but: sometimes it is replaced under restriction. 
See § 3. 

** Throughout this paper the usual four dimensional component of a physical quantity is written by a 
small letter and its five dimensional representation by the corresponding capital letter. 


488 M. Ikeda 


$3. The electromagnetic field equatioas 


: : . 
If A* is the five dimensional representation of the four-vector potential a’, we have 
A=nl 2” and Azn*=0. (3-1) 


Then the electromagnetic field strength /,,, being the curl of the four-vector potential, is 


reducible to 
Jg=laVeZyVe); where Py V Aya Vaden (3-2) 

in consequence of (2-13). In order that the field strength be expressed by Laas 
we must have Egy 0, (3-3) 
which is reducible by means of (3-1) to 

nV A= — AD a7". (3243 

By making use of (2-7) we have 
Vf = Fes) (a eng V0 2". 


So, if we assume that 


PAV Ff y.=9, (3-5) 
the equation ’,/“=7", the first of the Maxwell equations, is written in the form 
ele eey (3-6) 


where /* is the five dimensional representation of the charge-current density vector 7”. 


This is justified if /* belongs to the given four dimensional space-time, which can be shown 
as follows. 


Combining (3-5) with the covariant derivative of (3-3) with respect to ayy, 
we have PeQ V ay =. 
If this holds good for any /y,, 7° 47% must be proportional to 7*.* Therefore, 7* being 
a unit vector, it follows that 
UV ot =0. (3-7) 


Thus the assumption (3-5) can be replaced by (3-7), which is no more related to the 
field strength. By (2-8) and (3-7) we have 


V 9 = — Aya (Po2") 02"), (3-8) 


from which and (3-3) we know that 7,/,/°** vanishes. Thus from (3-6) /* lies on 
the hypersurface, which is consistent with the statement that /* is the five dimensional 
representation of the four-vector of charge and current. 

Furthermore we have from (3-4) and (3-7) 


* In this case 7% defines the geodesics in the enveloping space. 
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e 

WE Py = Fe V3 FeV yn” (3-9) 
The proof of this is given by remarking that the order of covariant differentiations is 
immaterial in a flat space. 

At first sight the equations (3-4), (3-7) and (3-9) seem to impose a new restric- 
tion upon the four-vector potential, the unit vector normal to the hypersurface and the 
field strength respectively. However, they define the differentiation of these quantities along 
the normal to the hypersurface. Therefore these equations do not restrict actually the 
values of the quantities on the hypersurface. In § 2 we have stated the necessity of ex- 
tending the domain of definition of physical quantities and the above equations show how 
the extension must be done. 


The conservation equation 
a ae (3-10) 


for the charge and current is a direct consequence of (3-6). This is also the five 


dimensional representation of the ordinary conservation equation 7, 7/*=0, as follows from 


(3-7). 


Next, because we have from (3-9) 
Dal ato pal Lax) =O; 
the equation V7; /,4+/; fix +l .f:;=0, the second of the Maxwell equations, can be repre- 
sented by 
V Pel ail ae 0. (3-11) 
The five dimensional representation of the Lorentz condition /,a°=0 is given by 
V AC=0, (3-12) 


which is obtained in the same way as (3-10). In order that the gauge transformation 


a; —> a;+V A be represented by . 
A, > A, 4+0,A, where Aes, (3-13) 
it must hold that 7°V .A=9. (3-14) 


This does not restrict the values of A on the hypersurface, as is seen by a similar con- 
sideration as (3-4), etc. On account of the Lorentz condition the function 4° satisfies 
the equation [_]4 = ¢°VV,A=0, which can be written in a five dimensional form 


aa’ (40 Il a) al s— 7e¥ A=: (3-15) 
When A satisfies (3-14), this reduces to 
(yA — av VAs 0. 


Thus we can state that the five dimensional representation of the d’Alembertian operator 
is not given by (), but generally by the operator acting on A in (3-15). 
The energy-momentum tensor is written as 
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ty = Sats —SisIuf 14 = Tag V2") (32°), 
oS Dg Pyabiit tag PagPO/4. 6-16) 


The right-hand member of (3-16) does not lie on the hypersurface, because it holds that 


aa hl > Big Xe 
"Gd ag SP al [4 0. 
Therefore as the five dimensional representation of the energy-momentum tensor we must 


take 
f= ee: Naw Cee) = FF? — (aap — (Mau) Lgl 74 (3-17) 


and not 7},, which is a formal generalization of ¢,; to five dimension. Then we have 


without any difficulty 
Tap(V2") (V2") = byjy Ta3(V 2°) = 0, Tusi'y =0, 
which justify the representation (3-17). 


In a similar way the equation of motion = 7 f° can be represented by 
PE — 9 (nel T*) Jal, fees 


which is also obtained directly from (3-17). Comparing (3-17) with the form of the 
ordinary energy-momentum tensor in special relativity we have an additional term in 7},, 
i.e. €7,Aulagl’™/4. On account of this term the electromagnetic field contributes nothing 
to the invariant density as in the ordinary four dimensional theory, since we have from 
(3-17) a®7,,=0.* There appears an additional term also in the equation of motion 
(3-18). This will be found to vanish in the de Sitter space-time (§ 6). 


§ 4. The electron field equatioas 


In this section we shall investigate the five dimensional representation of the Dirac 
equation” 


(7V,+2«)¢=0, where x=mce/h (4-1) 


in a curved space-time, where ¢/ is a four-component spinor and the 7’s are four-rowed 
squate matrices satisfying 


ae ey 42) 
The covariant differentiation of ¢ is given by 
P= (3/4 I Dy, (4-3) 


where the /"s are four-rowed square matrices determined by 
- =—_ j S va ar ae 
Py, = 07,/d02 — 1; itl i771 5=0 (4-4) 


to within arbitrary multipliers of unit matrix as additive terms.”) In (4-4) {i are 


the Christoffel symbols formed with respect to ¢;, | 


5 tj 


*) This corresponds to ¢,,95¢=0 for ¢4;, while a% 74,40 for Rin 
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When the five dimensional representation of (4-1) comes into question, we must 
determine at first the relation between the 7’s and the «’s which satisfy 
vo" + o%ud = 20, (4-5) 
It is known that such w’s can be represented also by four-rowed square matrices. If we put 
Fo Ce Kita Es where o=det. y;,, (4-6) 
it follows that 
To=8 Fost Tiv=0. (ANZ) 
Then (4-5) is satisfied by 
=P 2 +0774, (4-8) 


which gives u* in terms of the 7’s. Conversely the 7’s are expressed in terms of the w’s 


by 
ia a Yo= aN”. (4 -9) 
Corresponding to (4-4) if we define four-rowed square matrices A’s by 
V 2,00, /az*— lau Ug tA,7,—4,A,=0, (4-10) 
then from (4-4) and (4-9) matrices A,V,e*—I’, are determined (to within arbitrary 
multipliers of unit matrix as additive terms), that is: — 
AV 2° — T= eb or*/2- (4-11) 
By means of (4-9) and (4-11) the Dirac equation is represented by 
{0°27 (HV s—7sl «) —Byo/2— ex} F =0, (4-12) 
where we have put 5=d,,¢"% and P=¢. The covariant differentiation of a spinor in 
the five dimensional space is given by 
VU= (0/d2" +A) P, (4-13) 


corresponding to (4-3). 
Now there exists a four-rowed square matrix A such as 


At =~—¢A, ¢ Au") *= Aa, (4-14) 


Where che symbol “ 4” denotes the Hermitian conjugate of a matrix”. Multiplying the 
equation (4-12) by e¥'A on the left and the Hermitian conjugate of (4-12) by A‘ 


on the right and summing, we have 

oP * Aug (ql x— tl a) E+ pel e— 98 0) 0} Aoi E — (1 te) Ut Ay B/2=0. 
Gyr racans OE 7 ,A=A/8s*—(AfA+ AA)? 
Ta: the tase of cent chic is ceduclble. to | 


PAE ACG = oI) —E Ave F stg) EE * Aryl (BAL aff) =0 (4-19) 
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by virtue of (4-10) and p,4=0. If we now assume (3-7), the third term of (4-15) 
vanishing by means of (3-8), (4-15) reduces to 


VAP * A(uby*— 07") nF } =O0. (4-16) 
This can be considered as the conservation equation for the charge-current density 
Shy =— Pt A (og — 07") 40F « (4-17) 


As 74S5¢.) vanishes, the vector S(, belongs to the four dimensional space-time and its 
four dimensional components are given by bt Ay’. 

In the case of c= —1 it seems impossible to obtain such a conservation equation as 
(4-16) in the usual manner. The reason for this is as follows. For the four matrices 
>’s there exists an Hermitian matrix A such that A7* are Hermitian and also exists an 
anti-Hermitian matrix of the same character. or the five matrices u’s, however, a matrix 
A which makes Av? Hermitian is either Hermitian or anti-Hermitian according to the 
signature of the fundamental form (2-2), as shown by (4-14). Speaking in detail, such 
a matrix is always anti-Hermitian and not Hermitian when e¢ is plus one. On the con- 
trary if ¢ is minus one, such a matrix is necessarily Hermitian. Now we shall return to 
the starting point to research into a new representation of the Dirac equation from which 
we can deduce the conservation equation in the case of e=—1. 

In the above representation of the Dirac equation the u’s have been determined in 
terms of the 7’s by (4-8) with (4-6). However, we need not confine ourselves to this 
relation (4-8) and could determine the v’s in tetms of the 7’s by other equations. 
Different from this, we may change the 7’s into another form preserving (4-8) as it is. 
For instance, because “—e7,y* satisfy (4:2) as well as 7% themselves do, the Dirac 
equation can be written also in the form 


(Ye 77'¥ +2) $=0. (4-18) 


Starting from this and using (4-8) we can give a new representation of the Dirac equation. 
Actually in this case (4-18) is represented by 


{V—¢ ute? (70 5— nl a) +V¥ —e BE2n VY =0 (4-19) 


and, contrary to (4-12), only in the case of e=—1 we can deduce the conservation 
equation for charge and current. That is, by a similar method as before we have 


Pa(EtA(atat—ca) ny P} $0 Atl (Pyne —P eqs) =0, 
which reduces to 

VE * Aout —v%a*) 4} =0. (4-20) 
by assuming ; Piq=V yn. (4-21) 


As is known from (2-8) this condition does not restrict the values of 7 on the hyper- 
surface. If 7* defines the geodesics in the enveloping space, (4-21) is automatically 
satisfied. (4-20) shows that the charge-current vector is given by 


4 : : : ’ D>, 3 ‘ ~F ‘ i LAs 
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SA) =7P 7 A (uk — 080") 9, /2, 3 (4-22) 
whose four dimensional components are 7¢/* Ay,y,¢/. 
When the electromagnetic field is present, we have only to replace 7, by 7, + (2e/h) A, 
in (4-12) or (4-19). 
The operator 4,,—7,/, multiplied by ze# can be interpreted as the five dimensional 


representation of the momentum operator to within additive terms depending on 4@,,;, be- 
cause it holds that 


ag? 


(nV .—7¥ «) (VV 2°) 032") =0, (707 a— nV «) (VV 26) 7a= OP , + b7o7°/2- 


Further we have 


pr (8/d2") — 4, (8/32*) =e gray. Pe*) — 9a Pe)" (8/94) 


and therefore the left-hand member of this equation is a differentiation along the hyper- 
surface. 


§5. Restriction of the basic transformations 


In the preceding two sections we have obtained a five dimensional” representation of 
the electromagnetic and electron field equations in a curved’ space-time ‘which is immersible 
in a flat space of five dimensions. The obtained representation is of tensor form and. its 
individual component is not less complicated than the original four dimensional form. 
For instance, the Christoffel symbols are contained still in the representation. 

In order to simplify this further, we shall reflect on the notion of invariancy in the 
theory of relativity, as already mentioned in §1. In special relativity the physical laws 
are invariant for the Lorentz transformation which transforms an inertial system to another 
one, that is, a frame of reference equivalent to the former. As to the concept of invariancy 
of equations a bold jump is seen in the transition of special into general relativity. That 
is, in general relativity the laws are invariant for arbitrary transformations of space-time 
coordinates, and accordingly all the frames of reference are equivalent from the standpoint 
that a frame of reference is expressed by a coordinate system. The representation in S§ 3 
and 4 is invariant in the latter sense. However, when the electromagnetic or electron 
field is treated in a curved space-time, we may adhere to a generalization of Lorentz in- 
variancy, discarding the above stated invariancy in the sense of general relativity. To that 
end we shall define in the following the transformations connecting frames of reference 
“equivalent ’’ with respect to the electromagnetic or electron field equations in a curved 
space-time* and then shall assume that the physical laws concerning these fields may be 
invariant only for such transformations. 

The Lorentz group consists of the special Lorentz transformation, rotation in the 
ordinary space of three dimensions and translation of the space-time origin, and is charac- 


* Hereafter the term “equivalency” concerning frames of reference will be used in this sense. From a 
similar point of view the equivalent observers with respect to “some” definite phys‘cal iaws have been discussed 


by Ueno and Takeno.’) 
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terized by the property of leaving 7,; invariant. So we may state also for a curved space- 
time that the transformation which leaves the fundamental tensor £4; invariant transforms 
a frame of reference to another one equivalent to the former. This has been discussed 
in $1 and similar standpoints have been taken by Robertson,” Miler? and Takeno.” 
In the following we shall assume that the electromagnetic and electron field equations 
in a curved space-time may be invariant only for the above restricted transformations, 
as a generalization of the Lorentz invariancy in special relativity. In spite of such a re- 
striction of the basic coordinate transformations, the ordinary four dimensional formalism 
remains complicated. That is, the Christoffel symbol leaves as it is and elements of the 
matrices 7’s are not constant, while those of the ordinary Dirac’s 7’s are constant. 

The ’s have hitherto been considered as coordinates of a five dimensional flat space 
in which the given curved space-time is immersed. However, adopting another point of 
view we may treat the 2’s as a particular type of coordinates, five in number and satisfy- 
ing (2-5), of the four dimensional space-time. Then it will be realized more clearly that 
the five dimensional space is only a means to the end and the results obtained in S§ 3 
and 4 are another representation of the field equations in the curved space-time. By 
taking such a particular type of coordinates in the de Sitter space-time, it can be shown 
that the finite form of the transformation between equivalent frames of reference and the 
equation of motion of test particles assume advantageous forms. Similar results have been 
obtained by the present author in the Einstein universe* and in the general universe in 


** We encounter also a similar situation for the above obtained 


relativistic cosmology. 
representation of the electromagnetic and electron field equations as will be shown in the 
following. 

Interpreting the 2’s as the above, the transformation connecting the equivalent frames 
of reference in the given curved space-time can be represented by the one between the 2’s 
which leaves a, and (2-5) invariant.**** Therefore, when the invariancy of physical laws 
is concerned only with the above restricted transformations, it is convenient to adopt the 
cartesian coordinates in the enveloping flat space. Then it is possible to replace the 
covariant derivative by the ordinary one and to omit the Christoffel symbols, etc. in the 


above representation, For instance, the Maxwell equations (3-6) and (3-11) reduce to 
oJ ad Cet ee 
| = 45ya) 
Of*,/ 02" + OF, ma eok ae +or va/ 08 we ON ¢ 


which are of similar form as the Maxwell equations in special relativity to within the 
values which the indices take. The Dirac equations (4-12) and (4-19) become 


[u%7* {n,(0/dz*) —7;(0/dz*)* —x F =0, for 2-4 (5-2) 
and [u%u*{n,(0/02") —73(0/ds")} + 2x, =0, for e=—1 (Ses 


* See Appendix. 
** The result has not been published as yet. 
*** The second equation of (5-1) is of tensor form on account of anti-symmetry of 7, and accordingly 


nae (3-11) is equivalent to the second of (5:1) without restricting basic coordinate transformations. 
This has been proved by the present author but it is omitted here. 
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respectively, omitting terms containing the Christoffel symbols, 4 and the /’s.* Now 
the u’s can be represented by constant matrices in the same way as the ordinary Dirac’s 
7y’s. Further we can easily show from (4-14) that (5-2) and (5-3) satisfy th: 
Hermitian condition. That is, the.operator in (5-2) and (5-3) can be made Hermitian 
by multiplying it on the left by some factor. 


$6. The de Sitter space-time 


It is merely in the Minkowski and de Sitter space-times that the group of transforma- 
tions leaving the fundamental tensor invariant is of parameters of the maximum number, 
i.e. ten parameters. Further some properties concerning such transformations of the de 
Sitter space-time have been investigated.” Therefore, when we deal with the field equations 
which are invariant only for the transformations leaving the fundamental tensor invariant, 
it is worth while to see how our representation becomes in the de Sitter space-time. In 
this section we shall carry out such a plan and then shall clarify the connection of the 
results with the formalism which has been proposed intuitively by Dirac” and systematized 
theoretically by Watanabe.” 

The de Sitter space-time-is represented by a pseudo-hypersphere 


Mane eek (6-1) 


of a five dimesional flat space with the line element (2-2), where 7 is the radius of the 
universe. For the de Sitter space-time in relativistic cosmology the a’s and ¢ take the 
values 


e 

Ay, = Ag = A = — A>, = 4,,= — 1, other 4,=0 > e=—1. (6-2) 
‘ ; 

Besides this another one may be considered, for which the values of the a’s and ¢ are 

yj = op = Aog= — Ayg= —Oyg=—1, other 4y=0; e=+1.** (6-3) 


In both cases 4,; and 7 are given by 


biy=—gu[R and =2*/R (6-4) 
respectively. 
Substituting these in (3-4) we have 
3°(0A,/02") =— A), (6-5) 


which shows that 4,—A,(#) are homogeneous functions of degree —1. Thus it has 

been clarified that our representation is equivalent to Dirac’s formalism as regards 
P . > . 

the electromagnetic field except the energy-momentum tensor. In Dirac’s formalism 


this tensor has been given by 5 ae and not by 7},. As was shown in §3, since 7, 


* In this case we may omit the 7’’s in (4-3) and therefore B and the A’s disappear from (4-12) or 


(4-19). ; a 
** These two space-times are of the same constant curvature with opposite signs. We have taken these 


ects Spas ; 
tivo on purpose to compare our results with Dirac’s formalism, 
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does not belong to the de Sitter space-time and Qa,/'%* does not vanish, Dirac’s formalism 
is not suitable as regards this tensor. However, the equation of motion (3-18) in our 
theory coincides with that in Dirac’s formalism, because nu .1%* vanishes in the de Sitter 
space-time by means of (3-8), (3-9) and (6-4). 

Using (6-4) our representations of the electron wave equation (5-2) and (5-3) are 


reducible to 


[ute* {2,(A/dz*) —2,(0/d2")} —xR°*|P =0, for e=1, (6-6) 
[u8ut {24(8/32") —24(B/82°)} +2xRJY=0, for e=—1, (6-7) 


where we have put 7,=@,,2%. The equation (6-7) is the one proposed by Dirac before. 
When Dirac was. convinced that the Hermitian condition of (6-7) is satisfied in the 


case of * 
Qy = V9 = O35 = —— Ag =45;=1, other Myp=0; e— Ls (6-8) 


x was assumed to be a complex number, which, however, is unsatisfactory from the physical 
point of view** From our investigation it has become clear that ove must consider two 
sorts of representation of the electron wave equation, according to the character of the 
given space-time. Further (6-6) satisfies the Hermitian condition in the case of (6-8). 
Therefore we can conclude that as electron wave equation Dirac should have taken (6-6) 
in the de Sitter space-time represented by (6-1) with (6-8). 

We should notice a methodological difference between Dirac’s formalism and our repre- 
sentation. That is, Dirac has made a research into a new formalism of the field equations 
by. generalizing ditectly the equations in the Minkowski space-time to those in the de 
Sitter one. On the other hand, we have attempted to obtain a representation of the 
known field equations in general relativity. In Dirac’s theory the obtained equations have 
been compared with those in special relativity, in the neighbourhood of the point 2*= (0, 0, 
0, 0, X) of the de Sitter space-time, which shows that the comparison has been performed 
in the local inertial system at the point. The field equation from which we have started 
is already known in general relativity and already acknowledged for its coincidence with 
the equation in special relativity in the local inertial system at any point of the curved 
space-time. 


At last it is also to be noted that the tensor 
My = —th {2,(0/ds") —2,(0/d2")} (6-9) 


has been interpreted by Dirac as the angular momentum operator, including the linear 
momentum. We have shown that i¢ is not the angular but the linear momentum 
operator that ts represented by this tensor ($4). This can be clatified also by the 
method of Dirac as follows. In the local inertial system at the point (0,...,0, 2) the 


. * If we assume that the fundamental form of the de Sitter space- 
readily known that (6-2) reduces to (6-8). 


ae : 5 : g 
ie eta (6 7) Ditac has obtained the conservation equation for charge-current density in the case of 
(6-8), but in deriving this equation he has neglected the reality condition of the 2’s, . 


time (1-3) is of signature +2, it is 


~~) a 
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components 72;; are small quantities of the higher order compared with 7,,.* There- 
fore in the local inertial system at the point (0,...,0, A) the non-vanishing components 
of #2,, are only 772;;, because small quantities of higher orders do not come to the front 
in a local inertial system. Thus the statement in italics has been assured, as the components 


mM, was already interpreted as the linear momentum operator by Dirac himself. 


Concluding remarks 


Our representation is a generalization of Dirac’s formalism in the de Sitter space-time 
to that in a more general curved one. At the same time, in the de Sitter space-time, 
our investigation has supplied a gap in Dirac’s formalism and clarified its connection with 
the equations in general relativity. In particular as to the electron field, it has been made 
clear that one must consider two sorts of representation of wave equation in order to 
obtain the charge-current conservation equation, different from Dirac’s formalism. Recently 
Goto” and Raje™ have studied the meson wave equation in the de Sitter space-time by 
generalizing the electron wave equation (6-7). Ina similar way if we generalize the new 
representation (6-6) obtained in this paper, we shall be able to’ give a new representation 
of meson wave equation in the de Sitter space-time. 

The author is very grateful to Prof. Yoshitaka Mimura and Prof. Hyoitire Takeno 
for their kind guidance. 


Appendix Five dimensional expressions of some 


equations in the Kiastein universe 


The Einstein universe can be represented by a pseudo-hypercircular-cylinder 


+ C+ C+ NER (A-1) 
of a five dimensional flat space with the line element 
dst= —(ds")?— (dz*)?— (dz*)°— (de)? + (d2?)*. (A-2) 


In this case 7, and bis are given by 
y=e/R, 7=0 and by= — (Sig — FP) /R (A-3) 
respectively, where we have put 9;=/,2". 
The transformation between equivalent frames of reference is easily obtained and 
given by 
Wt 1595 Tere’ +c, (A-4,) 
where the a’s and ¢ are constants satisfying the conditions 


SI B 0° = 0i;- 42 ’ (A+45) 


s=t 


* Jt js assumed that the field does not vary so rapidly in space and: time, 


498 M. Ikeda 


The finite form of motion of test particles is given by 

!—2', cos(As) +sin(As) (dz*/ds),/D, P= ieee 
where D'= {(d2*/ds)?—1} /R’. 
The proof of (A-3) and (A-5) has been obtained by the present author, but it is 


omitted here for brevity’s sake. 
Next substituting (A-3) into (3-4) we have 


2°(0A,/dc*) =— Aj, 2 (0A,/d2*) =0, - (A-6) 


(A-5) 


which shows that in the Einstein space-time the representation of the electromagnetic 
potential must be functions of the 2’s, homogeneous with respect to zi, 2, 2* and 2 
and of degree —1 for A; and 0 for Ay. Of course, this representation is invariant for 
the transformation (A-4). There occurs now a somewhat difficult circumstance. That is, 
the Lorentz condition 

0A*/dz*=0 (A-7) 
reduces to dA‘/oz*=0, 0A°/ar=0 (A-8) 


by comparing the degree of each term. In a suitable coordinate system of the Einstein 
space-time the second equation of (A-8) becomes da‘/d’=0. Therefore the Lorentz 
condition (A-7) seems to impose a stronger restriction on the electromagnetic potential 
than the ordinary four dimensional theory. But this defect can be remedied by taking 


Lie )?+ (2°)? + 63")? + (@4)"} /R*](0A"/9s*) + (0.4? /ds") =0 (A-9) 


as the Lorentz condition instead of (A-7). Of course, this condition (A-9) coincides 
with the oli condition (A-7) om the hypersurface representing the Einstein universe, 
because the equation (A-1) holds good on this hypersurface. 

The electron. wave equations (5-2) and (5-3) reduce to 


Luts! {z,(0/dz") —2,(0/d2*)} —o R?(A/d2") —2R7|V =0 (A-16) 
and [udu! {2,(0/dz") —2,(0/dz*)} + 2u°ubz, (8/dz) + 2xR]¥ =0 (A-11). 


respectively. The conservation equation for charge-current is deducible only in the case of 


(A-11). 
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Although we have succeeded qualitatively in the meson theory, we cannot obtain satisfactory results 
quantitatively. . We can mention the inadequacy of the model of mesons and of the approximation 
method**) as its cause. However, there is another question : the validity of the assumption that nucleons 
satisfy the Dirac’s wave equation. And that we cannot find any investigations about it. It is probably 
due to the situation that we have no clue to the modification of Dirac’s equation for nucleons. In this 
note, a possible direction for this modification is proposed. 


§ 1. Re-examination of the degree of freedom of t-spin 


Proton and neutron are considered as the two states of the same particle, which is 
J a 

called nucleon, and nucleon is described by a wave function with two components, (3 ), 
io) ce 


(the dergree of freedom of t-spin). On the other hand, electron has the degree of freedom 
of g-spin, and it is described by a wave function with four components. The compatison*** 
of the treatment” of the degree of freedom of t-spin for nucleons with that of o-spin for 
electrons is the foundation of the following consideration. 

Usually, the wave equation of the nucleon field is considered to be the Dirac’s equa- 


Da or) =0 1 
(7 Ox, +m (Ge rae ( ) 


However, this equation does not involve any z-spin as the operator, so this is only the 


tion, 7.¢. 


equation combining two zdependent equations for i, and gy respectively in a single form. 
In the conventional treatment, the idea that proton and neutron are the two states of the 


same particle is expressed only by adding terms, which change the one to the another by 


*) Translated from Soryushi-ron Kenkyu (mimeographed circular in Japanese) Vol. 5, No. 5. May 
(1953) p. 593. 

**) The improvement of approximation method (more satisfactory treatment of meson-cloud) seems to be 
very difficult owing to the algebraic properties of y-matrices and the implicit non-linearity involved in the tri- 
linear interaction terms. 

***) To take the inversion of the ordinary space into account, we must describe the degree of freedom 
of a-spin by the wave-function with four components, not with two components!). On the other hand, we 
need not to consider the inversion of t-spin space, so the wave function with two components is sufficient to 
describe the degree of freedom of t-spin. This comparison seems to be meaningful. 


500 T. Okabayashi 


emission (or absorption) of charged meson, as interaction ee ae the me hand, 
for electron (the degree of freedom of a-spin), the Dirac’s equation is the simultaneous 
equations in the genuine sense, and not four independent equations. 

But this comparison may not be so essential, because, as for the degree of eye 
of a-spin, we can transform this simultaneous equation into four inde pede eller by 
the Tani-Foldy-Wouthuysen” transformation. However, there is a more interesting com- 
parison as following. | 

As the Hamiltonian of the free nucleon field does not contain any t-spin operator, 
t-spin operators commute with the Hamiltonian, and are the constant of motion. But, 
for electron, o-spin operators do not commute with the Hamiltonian of the free electron 
field, and are not the constant of motion ; that is, there is a phenomenon of Zitterbewe- 
gung”. 

From these considerations, equation (1) seems to be insufficient as the wave equation 
of nucleons, that is, equation (1) seems not to describe sufficiently the above mentioned 
idea. Further, if we give play to our imagination, it seems that nucleon field must satisfy 
such a wave equation that c-spin also makes Zitterbewegung as o-spin does. (The physical 
effects of this situation is discussed in the next section). 

In the author’s opinion, the present treatment of the degree of freedom of t-spin 
seems to be in the stage where we described the new degree of freedom of electrons by 


the Paul’s phenomenological o-matrix before the Dirac’s discovery of relativistic wave equa- 
tion. 


$2. <A possible correspondence 


In this section, we discuss what clue can be considered to formulate concretely the wave 
equation of nucleons. 
In the case of electrons, the transformation property of the wave function of electrons, 


involving the degree of freedom of o-spin, can be determined by the group theoretical con- 


sideration, having nothing to do with the wave equation”. In the same way, for the 


wave function of nucleons, involving the degree of freedom of T-spin, we can determine 
its transformation property by the consideration of the rotation group of the abstract charge 
space and the Lorentz group. But it must be noticed that there is a important difference : 
While the rotation in the o-spin space and the rotation in the coordinate space ate mutually 
connected, the rotation in the abstract charge space is not connected with them in the 
present concept. 

Now, the Dirac’s wave equation was obtained by linearizing the relativistic wave equa- 


tion, that is, making the following equation in the form of the eigenvalue problem 
(LJ—m*)¢=0. 


Thus it will be impossible to find the new wave equation of nucleons without finding an 


*) Such processes can be described in the field theory without the above mentioned idea, and then the 


use of the rt-spin operators and wave functions with two components in the interaction terms seems to be in- 
sufficient to formulate the idea, 
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equation in the present formalism, which is valid in some approximation (if there is any 
other wave equation of nucleons, except the Dirac’s one). It would be the first important 
problem to find such an equation. 

If we confine our consideration within the coordinate space and the spin space, the 
conventional wave equation seems to admit no generalization. However, according to the 
consideration mentioned in the preceeding section, what is to be considered in the description 
of nucleons by the wave function with two components is the role of the degree of free- 
dom of the t-spin in the wave equation of the free field. But since the t-spin operator 
does not appear in the wave equation of the free field in the conventional formalism, we 
must consider nucleons interacting with the electromagnetic field in order to obtain the ap- 
proximate wave equation as mentioned above. 


The conventional equation of nucleons interacting with the electromagnetic field is written as 


2x Mia A ) yo. 
Wear Ze 5 A, )+2 +4 


(Usually, we consider the charge of neutrons to be zero, and do not use (1+7,) /2, but 
we use the above form to take the parallelism between protons and neutrons into account). 

Now, the intrinsic magnetic moment obtained from this equation is one nuclear 
magneton for proton, and zero for neutron. The experimental value is 4p=2.7896, y= 
— 1.9103, respectively, and the rest is considered to be obtained by the interaction between 
the meson field and the nucleon field. Then, the correction due to the meson field becomes 
larger than the intrinsic one. To expect such a large value from the correction due to 
the meson field seems not to be natural from the point of view of the perturbation theory, 
and further, the quantitative agreement has not been obtained by the conventional meson 
theory. 


While it is the phenomenological point of view to introduce this anomalous magnetic 


‘moment in the form of the Pauli’s spin, we take here the point of view that a portion 


of it (which may be large) is to be obtained from the wave equation of free nucleons, 
and the rest is to be due to the interaction with the meson field. 


Then, we are to consider the equation 


aie Brag) pepe GAg eA, |y—o 5 
ee 4 + Mt if 3 Tu Iv Oty ax, ) g ( ) 


as the approximate equation of the wave function of nucleons interacting with the electro- 
magnetic field (taking into account that the eigen-value of c, is +1 and —1 for proton 


and neutron, respectively). 


The portion of the anomalous magnetic moment 2// owing to the wave equation 
is to be determined by the correct equation automatically. For instance, if “¢ becomes 1 
nuclear magneton, then the another portion due to the interaction with the meson field 
becomes —0.2104 and +0.0897, for proton. and neutron, respectively. (This asymmetry 
of two values for proton and neutron is interesting from the perturbation-theoretical point 


of view” ) ; 
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Further, we may also consider a term 7,[ | Ay describing e-n, e-p interaction”, but the 
terms containing the higher derivative than this term are excluded from the consideration 
about the transformation function. We are not concerned at the moment with this term. 

Now, we call the correct wave equation of free nucleons A-equation, and expect that 
we could obtain approximately the above equation (2) when we make the gauge transforma- 
tion to the X-equation, and that the Hamiltonian corresponding to the A-equation gris 
contain some operators in the t-spin space and 7, would not then commute with it. That-is, 
we expect that the phenomenon of Zitterbewegung of the rt-spin appears in the correct 


theory. 


§ 3. Vectors in the charge space 


Zitterbewegung of the t-spin means that the expectation value of t, is smaller:.than 
one. This fact can be interpreted statistically as follows: the probability that the nucleon 
observed as the proton (neutron) becomes the neutron (proton) is not zero, even if the 
nucleon is in the free state”. Then, some other vector in the charge space which makes 
up this fluctuation of charge of the nucleon will be required. For instance, in~ the~ case 
of electrons (the degree of freedom of o-spin), the a-spin does not conserve, and. the: con- 
serving quantity is the total angular momentum, and the above mentioned vector, which 
is denoted by f, can be corresponded to the angular momentum vector, and t+ t/2-seems 
to become the constant of motion.* 

Now, we propose to take three-dimensional representation of the rotation group in_the 
three-dimensional abstract charge space as the vector ¢. The reason why we propose: this 
assumption is the following. 

In the present stage, we have the meson field operator as the possible vector corres- 
ponding to the vector € (more exactly, a defined in the following). But the meson field 
which runs away from the nucleon cannot be accepted, so the field must be ‘such a_ field 
as so-called meson cloud. Further, we must treat this as some oferator (concerning to the 
new degree of freedom of nucleon), and the relation between this operator and the t-matrix 
seems to be corresponding to the one between the differential operator and the o-matrix. 

In the conventional treatment of the meson cloud, we consider the observed nucleon 
as the closed system which consists of the bare nucleon and the virtual mesons balanc- 
ing with the former”. Then, we consider the charge wave functions of nucleon and of 
meson as the base of the two-, and three-dimensional representation of the rotation: ‘group 
in the three dimensional abstract charge space, and give the isotopic spin ¢ and the isotopic 
angular momentum ¢; to them respectively (where 7 is the index distinguishing the mesons) . 
The total isotopic angular momentum of the system is given by 


=>) 4,41/2-t. 
j 


Now, the total isotopic angular momentum of the total system can take the. value ™ 


*) In the following, we denote the vectors in the three dimensional abstract charge space by bold letters, 
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1/2,:only when we take the three-dimensional invariant subspace in the product space of 
the charge wave functions of mesons. So Y = jt, must be the three-dimensional _re- 
presentation, The above mentioned vector & corresponds to Y. 

At this point it is to be noticed that the direct product of the two- and three-dimen- 
sional representation can be decomposed into the direct sum of the two- and four-di- 
mensional representation, and that the isotopic spin of the nucleon can take the values 1/2 
and 3/2. This situation will be connected to the xwcleon isobar. 


‘As well-known, the vector & can be expressed as 
tT=UXYV 
by the new vectors @# and & satisfying the commutation relation 


[u:, vj]=20,, , 


because € is the odd-dimensional representation. This vector @# corresponds to the operator 
of thé bound meson field, but, in the present method, this is introduced oferationally 
and is the new variable describing the state of nucleons. (The simplest representation of 
7 satisfying the above commutation relation is vj=—i 0/du;). 

In this;way, we can introduce the new degree of freedom. The next problem is to 
investigate the question : in what form this new degree of freedom can be contained in the 
fundamental ‘equation of nucleons? For this purpose, we consider the possible combination 
of the vectors # and t which can be involved in the Hamiltonian, in order that ¢+7/2 
is to be conserved. We can see at once that the above requirement is satisfied, if the 
Hamiltonian contains the vectors of the charge space in the form of such combinations as 


(t-t), (tu), and (t-¥). For instance, owing to the relations 
[t, (e-wy]=de xv] 
[t, (t-v)]=-—<[ tx v], 


and 


we obtain 
[fé+zt, (t-v)]=0. 


There are many possible forms in which these factors are contained in the 
Hamiltonian or the fundamental equation of nucleons. Thus to solve this problem, it seems 
necessary to enter into the deeper investigation of the charge space. On this connection, 
it may be noticed that the -matrix played the important role to make the corresponding 
spinor to «the arbitrary tensor, when we rewrite the Dirac’s equation in the spinor-form, 
while, in the conventional concept, we have no connection between the coordinate space and 
the charge space, as we noticed in the preceding section. It is also noticed that the 


strong coupling theory gives a correlation between the a- and z-spin of the nucleon isobar™, 


*) However, this correlation may not be essential because of the following reason: First it seems to be 


plausible that this correlation is meaningless in the relativistic treatment”). Second, the present experimental 


knowledge does not require this correlation®). 
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and that the masses of the proton and the neutron are different. 


§4. Concluding remarks ~ 


In conclusion of this introductory note, we point out some features that this theory 
would bring into the conventional meson theory when the fundamental equation of nucleons 
is formulated in complete form. 


(i) The dissociation probability, all of which is considered to be due to the inter- 
action with the meson field in the conventional theory, will be diminished in consequence 


of Zitterbewegung. Then, the perturbation theory may give the satisfactory results, even 
in the meson theory. 


(ii) The new degree of freedom (of charge) may increase the number of the 
selection rules. 


(iti) This degree of feedom may throw some light on the problem of the heavy 
particle conservation and of the nucleon isobar. 


(iv) The situation of the divergence difficulty will be changed by the introduction 
of the new degree of freedom.*’ 


The author wishes to express his cordial thanks to Messrs. S. Tani, K. Sawada, and 
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Note on a jj Coupling Shell Model 
Minoru UMEZAWA 
Department of Physics, Tokyo University 
(Received July 7, 1953) 


Magnetic moments of two odd-odd nuclei, first excited states of light nuclei and nuclear quadrupole 
moments are treated from the standpoint of the charge symmetric j—/ coupling shell model. 

It is shown that the theoretical magnetic moments calculated according to the assumption given 
in my previous paper are consistent with the experimental magnetic moments. However, it seems that 
the quadrupole moments of middle and heavy nuclei might not be explainable by 7~/ coupling of nucleons 


in nuclei. 


S 1. Introduction 


Hitherto, in the case of odd-odd nuclei except symmetric nuclei, few magnetic mo- 
ments have been determined in experiments. Therefore it is important to investigate the 
assumption on the ground state of odd-odd nuclei by calculating the nuclear magnetic 
moments of Na™ and KK which are determined in experiment recently. 

It has been pointed out that some of the quadrupole moments of middle and heavy 
nuclei are several times as large as the maximum value of the quadrupole moment of one 
nucleon, and so it is impossible to explain the nuclear quadrupole moments by the extreme 
one particle model. However, according to the j—7 coupling shell model all nucleons in 
the unclosed outermost orbit contribute to the nuclear quadrupole moment. Therefore it 
is very important to investigate if the nuclear quadrupole moments are explainable by the 


j-7 coupling shell model. 


§ 2. Magnetic moments of odd-odd nuclei 


In the previous paper” I proposed an assumption on the ground state of odd-odd 
nuclei. After that Flowers kindly informed me the experimental magnetic moments of Na* 
and K*. In this section the magnetic moments of Na” and A are calculated by the 
charge symmetric 7—7 coupling shell model, and it is shown the results agree with the assump- 
tion given in the previous paper”. 

The method of the calculation is shown in the reference 1. Na has two kinds of 
primitive structures, that is, (s.f)= (2:1) and (4-1). First, one can easily calculate the 
nuclear magnetic moment of the state of the primitive structure (s.2) = (2-1) by construc- 
ting the nuclear wave function. The result is shown in Table I. 

In order to obtain the nuclear wave function of the primitive structure (sit) ==4} 
first we construct a suitable nuclear wave function #%/,(1.2.3) of three particles system, and 
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: : y h 
then we construct the following nuclear wave function of the four particles system whic 


has total angular momentum /. 
jr \ fpl2 ~3/2 1/2 
@ (4.12.1) =D, Phin Pie (1.2.3) G0 heer TH (1:2.3) te (4) 


This wave function includes in general, both wave functions of the primitive structures 
(s.¢) = (2.1) and (s.t)=(4.1). By subtracting the wave function of the primitive struc- 
ture (s.4)=(2.1) from the above wave function Y (4.1:2.1), we obtain the required 


nuclear wave function & (4.1) which corresponds to the primitive structure (5.2) ={4.1): 
(4.1) =M{E (4.1:2.1)—C ¥(2.1)} 
where C=(¥(4.1:2.1) ¥ (2.1), 
and JV is a normalization constant. 


The magnetic moment of this nuclear wave function is shown in Table 1. 


Table 1. Calculated magnetic moments of N,°4 and A4?. 


s ma . all = | Se=3 5) alfa Primiti tructure 
Cofiguration | ye | i ie eet aa pes ana | exp 
Br eons si sa SES Aneel A ae as Te ey 9 3071 
Na (as5/2)~4 | ct | 1 | oe (4:1) ee 1.688 
49 : (21) . —1.73 * 
KP (dys) (Fz) ee ee ea 1.137 


; F 42 
We can also calculate the nuclear wave function and nuclear magnetic moment of AK 
in the same manner and the result is shown in Table 1. 


It is clearly seen that these results are consistent with my assumption for the odd- 


odd nuclei, in which (s.¢)=(A,+4y, |A,—Ay|/2)- 


§ 3. Quadrupole moment 


Quadrupole moments of nuclei are obtained by calculating the expectation values of 
the following operator. 


O=6x1/e0.= \e(32,—r) dv. 


In the case of closed shell + one proton nuclei, it can be written as follows 


Qi I ee 
27(7 +1) 
The above value depends on the total momentum J, but is independent on the orbital 
angular momentum /= J+1/2 except through the unknown part an avr’. 


In the case of closed shell+ three nucleon nuclei, the quadrupole moment of the wave 
function of the total isotopic spin 7’=7',= 1/2 and of the primitive structure (sits 
(1.1/2) is written as follows : 

0=Oj7* RviesESO (2/1) @7 +7) 

6G+1) 12(7+1)° 


avr’ for T= —1/2(Proton excess) 
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0=Q;7« 4p4+5 = (4745) (27—1) 
6(7+1) 12(7+1)° 
Quadrupole moments of the other nuclei can be calculated in the same manner. The 


quadrupole moments of nuclei which have been measured are calculated and the results are 
shown in Table 2. 


avi” for T= +1/2 (Neutron excess). 


Table 2. Calculated quadrupole moments of light nuclei. 


Configuration | x (s,*) | a a es 955 oe Ourc (Ons 
Li®  (As2)? o | (@o) | 1 | 25x (=2/5) 0 
Li? (ps2)3 1/2 (1,1/2) 3/2 11/15 x (2/5) 0.02 spilt 
BY (f3/2) ~2 0 (2,0) 3 ~1><¢(—=2)5) 0.06 1.6 
4 
Bi (P32) 1/2 CSU 2) 216 = 3/2 —1x (—2/5) 0.03 0.8 
2 
NY (f5/2) 0 (2,0) 1 (0) 0.02 
O' — (dsj2) F-51242) —0.005 
2 
AE? (dz/2)-! 1/2 (1,1/2) 5/2 1x (—4/7) 0.156 a) 
Ss” (s1/2) 7} 1/2 (1,1/2) 1/2 (0) 0 
S33 (23/2) —} 1/2 (1,1/2) 5/2 (0) —0.0795 
C5 (d3/2)3 1/2 (1,1/2) 3/2 11/152 (— 2/5), > |—0'017 1.3 
C7 (d3j2)-3 3/2 (4,1/2) 3/2 a2) —0.0621 0.7 
K39— (d3/2) ~* 1/2 (1,1/2) 3/2 —1x (—2/5) —0.06 —0.7 


In Table 2, the quadrupole moment of S$” is of the same order of magnitude as that 
of Cl® etc, and can not be explainable by 7—/ coupling of nucleon. The sign of qua 
drupole moment of Li’ and K® opposite to that expected from the 7~7 coupling model. 
However, in all the other cases, the sign and magnitude of the calculated quadrupole 
moment agrees with experiment. 

In the case of nuclei which have more than 28 protons or neutrons,it is difficult to 
decide its configuration, thus it is impossible to calculate theoretical quadrupole moment of 
these nuclei. However quadrupole moment in 7 coupling of nucleons has the following 
two features. 

1) Thé€ quadrupole moments of the configuration (7)” and (7)~" have the same 
magnitude but opposite sign. 

2) In closed shell+-one (—one) nucleon, nuclei has a negative (positive) quadrupole 
moment. 

The middle and heavy nuclei have large positive experimental quadrupole moments in 
many cases but have small negative quadrupole moment only in the vicinity of closed shell 
nuclei and have no large negative quadrupole moment. However according to the /~/ coupling 
shell model, if some nuclei have large positive quadrupole moments, there must be other 
nuclei which have large negative quadrupole moment. 

Moreover it seems these large quadrupole moment is too large to be explainable by 
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the 7-7 coupling shell model. For example Tw” has the following large quadrupole 
moment. 
Q=5.9 x 107. 


This is about six times as large as the maximum value of the quadrupole moment of 
‘one nucleon in the orbit of radius y= A'!;,. 

The various kind of nuclear wave function are tried to calculate the quadrupole 
moment, and some of the example are shown in Table 3. However, it was found no 
nuclear wave function has the quadrupole moment several times as large as the maximum 


quadrupole moment of one nucleon. 


Table 3. Examples of the calculated quadrupole moments. 


Configuration | r Ih G3) | of kh | 193 
(5/2)5 te ‘4/2 Sy, (3,3/2) | 3/2 15/157 | 4/7 | 
| 1/2-+-1/2, G,3/2) | 3/2 34x 4/157x5 | --4/7 | 
(7/2) 2 3/23 2a 372) iss? ae ee ep | 2/3 | 


Na” has the configuration (d5/2), therefore quadrupole moment of the nucleus is given as chang- 
ing the sign from the above value. 


Thus it seems that the quadrupole moment of middle and heavy nuclei can not be 


explained by the 7~/ coupling shell model. 
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The term ‘static’ used in general relativity in connection with spherically symmetric space-times is 
usually used. in order to qualify the forms of their line elements. In this paper we introduce the con- 
cept of the ‘staticness’ of a spherically symmetric space-time as an intrinsic property of the space-time 
from the standpoint that the mathematical aspect of general relativity is a theory of analytical invariants. 
Then some properties of static spherically symmetric space-times ave made clear. The method used is 
based on the theory of characteristic systems of spherically symmetric space-times developed by the 
writer. Lastly some examples are given. 


§ L. Iatreduction 


As is well known a spherically symmetric space-time S, in general relativity is a four 


dimensional Riemannian space whose line element is reducible to the form 
ds=—A(r,t)dr’—B(r, t) (dP + sin’ 0d¢”) + C (7, t) al’, ois Dy 


where A, B and C are positive functions of y and ¢ by taking the coordinate system 
suitably. The present writer called the coordinate system in which (1-1) holds spherically 
symmetric.”* 

Various investigations have been made concerning the physical properties of S,’s, 
especially of those defined by static spherically symmetric line elements.” Usually this, 
notion of ‘static’ is used to qualify not the space-time but the form of its line element. 
in some coordinate system. For example, it is seen in Tolman’s book that in the coordi;, 


nate system in which 


d= —A(r, t)dr’—r (dP + sin’ 0/6’) + OO t) dt @ 


WED iA om 


2) . nf 


holds if A=A(r) and C=C(r) this line element is called static, while it is also seen 
in the same book that in the coordinate system in which 
ds=—A(r,t) (ar +rd@ +r? sin’ dd’) + C(x, tae? . (1-3) 


holds, (ice. the isotropic coordinate system in polar form), if A=A(r) and C=C (7) 
the line element (1-3) is also called static. In general, however, static line elements of 


* Recently the writer published a series of papers concerning the spherically symmetric space-times and ob- 


tained some properties of them.!)» “"’®) 
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the form (1-2) are not necessarily transformed into static ones of the form (1-3) and 
vice versa.* Hence from this point of view the ‘ staticness’ is the concept concerning the 
form of the line element and depends on the choice of the coordinate system. (Here and 
throughout the present paper we use this new term staticness to denote the quatiy of 
being static.) Accordingly we can conclude that it is not the concept concerning the 
intrinsic property of the space-time. 

Now we shall explain the circumstances above stated by showing an example: The 
line element of the form (1-2) of the famous de Sitter space-time [A]** is given by 


ds= —(1—# 9) Ndr — 7? (dP + sin® Og?) + Ak") ae’, (1-4) 
where & is a constant, and this (1-4) is transformed into the isotropic polar form 


di=—e" (dr +rad0+r sin’ Ode’) +d’, (1-5) 
by the transformation 
PU rang tao VIF re. (1-6) 


Hence according to the usual terminology (1-4) is static and (1-5) is non-static in spite 
of the fact that both are the line elements of the same space-time [A]. Furthermore 
(1-4) or (1-5) is transformable into various forms such as 


de= (1 —#/4- (—7*)} 3 (—adP— rd? —P sin’ Ode?’ + dt’), (1°7) 
de=(1+ ht) ?(—dr’? 1rd —r sin’ Od’ + ae’), (1-8) 


etc. Both (1-7) and (1-8) are of the isotropic polar form, and are again the line 
elements of the same space-time [A] and moreover they are non-static by the usual 
terminology.*** Thus it is évident that the notion of being static, i.e. staticness commonly 
refers to the form of the line element and also depends on the choice of the coordinate 
system. 

It is true that such a terminology is necessary and useful for the physical interpreta- 
tion of the line element. However, we can also deal with the notion of the space-time 
as a geometrical object.in the sense of Riemannian geometry, independent of the coordinate 
system ; and moreover it corresponds to the fact that general relativity, if viewed from a 
mathematical aspect, is nothing but a theory of analytical invariants.**** If we take such 


a point of view it is desirable to introduce the concept of the ‘ Staticness’ of the space- 
time (not of the line element !). 


* The transformation 7=r(7,¢), ¢=¢(/,¢) which transforms the line element of the form (1-2) into the 
form (1-3), where 7 and 7 correspond to (1-3), is given by solving 
—rt=r? {—A(07/9/)2 + C(0¢/0/)7}, = —A4-0r/0r-0r]0¢+C-01/0r- 04/02, 
where 4 and C are known functions of 7 and 4, with respect to two unknown functions » and ¢. 


*K iz Se, , . * - 
To denote various ‘kinds of ‘the space-times we shall use the same notations [A], [B], ..., etc. as those 
used in the Reference *2). 


4K ; ; F 
Concerning the various forms of the line element of [A] and transformations connecting these forms, 
detailed research is given in the Reference 10). 


**** The series of papers above’cited have been worked out along this line of thought. 
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ope this paper, we shall, as a first trial, introduce the concept of staticness as an 
intrinsic property of the space-time basing on the staticness of the line element of the form 
(1-2) in the usual sense by using the theory of the characteristic:system of the spherically 
symmetric space-times.* Then we shall obtain some properties of the static S's thus de- 
fined, and lastly shall give some examples. As will be seen later it seems difficult to 
introduce the staticness of .S, basing on the staticness in the usual sense of the line 
element of the form (1-3). 


§ 2. Semi-static S and static S 


Strictly speaking, the line element of an arbitrary spherically symmetric space-time is 
not necessarily reducible to the form (1-2) and those whose line elements are reducible 
to this form are called S;. An S; is an S, whose B=-const. in any spherically symmetric 
coordinate system.” In general relativity, however, when we refer to a spherically symmetric 
space-time we usually mean this .S; implicitly. Hence in this paper we shall also confine 
ourselves to this S; and shall denote it simply by 5S. Siz ie. S, whose B=const. in any 
spherically symmetric coordinate system is not dealt with throughout this paper. 

For convenience’ sake we shall call a coordinate system in which (1-2) holds a 
canonical coordinate system of the S. Evidently it is a kind of spherically symmetric 
coordinate systems. Next we shall call an S semzi-static when its A in. a c.c.s. (abbrevi- 
ation of the canonical coordinate system) is given by a function of r alone. In other 
words a semi-static S is an S whose line element is reducible to.the form 


de=—A(r)dr—r (dP +sin’ Od6) + C(r, £) at (2-1) 


by taking the coordinate system suitably. Especially when C’ is of the form ¢(7)¢(¢) 
in (2-1), the ds° is transformable into the form 


d= — A(r) dr’ —r° (dP + sin® Odd?) + C(r) de? (2-2) 


by the transformation 


=r 


> t=f(t ) ? (2 i 3) 

where f(¢) =|“ (¢)d¢. We shall call an S static when its line element is reducible to 
the form (2-2). Conversely we can easily prove that A in any c.c.s. of a static S must 
also be a function of 7 alone.and C must be of the form ¢(7) h(t). These results come 
from the fact that the semi-staticness and the staticness above defined are intrinsic properties 
of the space-times as is shown. in the Reference 1). But they can also be conjectured from 
the fact that a transformation of 7 and ¢ which keeps the type (2-1) and changes the 
form of g;; must be of the type (2+3)**. (7 being assumed to be positive always.) 


In the next section, using the properties of the characteristic systems introduced in 


* Recently Mller defined the notion of the staticness of the coordinate system of So by using (1-2) 
also, but he did not touch on the invariant character of his definition.” 

** On the other hand, transformations of (7 6, ¢, 4) which keep the form of ¢44 invariant form a group 

called the group of motions of the space-time. Moller called this motion a generalized Lorentz transformation," 
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the Reference 1), we shall obtain new invariant expressions of the semi-staticness and the 


staticness. 


§ 3. Invariant expressions of semi-staticness and staticness 


shah) Ber ne oa: Aw: : ; 1) 
For any .S a set of four intrinsic scalars ”, (, 77 and i is determined uniquely. 


In ‘a c.c.s. of the S p’s are given by 


9 


é x 4 
o=4(€+7—a—B8), p=M+N, p= M—N ; p=27 , (3-1) 


where , ae 
: . - OPT 5 
M=2(a4+8—2n), N=2(a—f) /cosh 2¢ , 2¢ =tanh {2 ae aah 
(3-2) 

CGS he, == (2 p= KF k= CY 2ACr, 
pe Kii=Ki=—A/2ACr, 4=Ke®=(A4-1)r*, (3 oo! 
f= Ky"=— 2(A—C") +4’ C'/A—AC/C—4/ A+ C"/C} [4AC 

ate the non-vanishing components of the curvature tensor Kg, G37, 


. . . . . . 1 mA 
primes and dots indicate the derivatives with respect to 7 and ¢ respectively, and (4', 7°, 
4°, x4)=(r, 6,6,¢). Furthermore for an .S a non-constant scalar /’ is determined uniquely 
to within an 7-transformation and it becomes —logy in a c.c.s.*. Therefore if we put 


paacony (3-4) 


then A is a scalar intrinsic to the S and 


holds in a c.c.s. Hereafter we shall assume that the above relations hold for the charac- 
teristic system we are dealing with by performing an 7-transformation suitably, or in other 
words, we shall deal only with the characteristic systems satisfying the above relations. 

Now we shall call a scalar 9 static and spherically symmetric** when ¢ is a func- 
tion of 2 ie. G=G(A). Then, since this relation is .of tensor form, this definition is 
independent of the coordinate system and it coincides with the usual definition in a c.c.s. 
Since ?, (@=1,---,4), is spherically symmetric”, we have only to say that ( is static 
instead of saying that / is static and spherically symmetric. Using such a terminology 
we can prove the following theorems : 


Theorem 1. A necessary and sufficient condition that an S be semi-static is that 
4 O 
v be static. 


* Tf we transform a characteristic system of an S by a motion, it is invariant in form in general. But in 
some special cases the resulting system is different in form from the original one and gives a new characteristic 
system for the same g;j. This transformation is called an 7-transformation of the characteristic system. In 
general /’ is also form-invariant under 7-transformations and it changes its form only in some special 5’s and 
only under some special 7z-tranformations. 


** As to the definition of a spherically symmetric scalar, see the Reference ib) 
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Proof. Since the relation p=27=2(A-1—1)r~ holds for any c.c.s., the theorem is ob- 
vious. We can also deduce this theorem from the identity 7,/=xu,—xf; and the theorem 
[5-5] in the Reference 1), where 7; denotes covariant derivative. 
Next, from the definition of the standard coordinate system for 2; we have* 
Corollary. Any c.c.s. of a semi-static S 1s standard for giz, and in this coordinate 
system (3-1) becomes 


=4(E+q—4-8), p=4(u-7), (=4(8—y), a—27 (3-6) 

From this corollary we have 

Theorem 2. A necessary and sufficient condition that an S be static is that both 
» and 0 be static. 

Next we shall deal with 0 and o. By this theorem we have a one to one cortes- 
pondence between static S’s and the pairs of oA) and pa). In general, since p’s are 
spherically symmetric, and /) are not only functions of 4 but also depend on one another 
variable. (Of course, in a c.c.s., we can take this variable as /.) If of these two 
scalars is a function of 2 alone, then A in (1-2) becomes a function of 7 alone and the 
S becomes semi-static. Though various S’s are obtained by taking 0 arbitrarily, as is seen 


from (3-3) and (3-6), / is determined uniquely from » by the following relation : 
for semi static S: o=dy, ('=dp/ds, a=), :-*, 4). (3-7) 


3 : F : 
*, are functions of A alone the .S becomes static and in 


Further when not only /) but also | 


a c.c.s. A and C€ are determined to within a transformation of the type (2-3). Then 
0 and j) ate given respectively by (3°7) and the relation 
for static S: — p=R/4-(p+2p) G—4P') A £#G/2) +1 + ')s, 5G 38) 
Here it must be noticed that ZS147'p/2+0 because it is equal to A™* in a c.c.s. 

The scalar Z~' is an intrinsic scalar of the static S and gives A of the canonical 
form of its line element. Now we shall give another intrinsic scalar of the S which gives 
C in the cc.s. It is obtained by expressing C in tensor form using 4 and p's. From 
(3-3) and (3-6) we have 


| PHC ZAC pr (3-9) 
which shows that the scalar defined by 
pexp{ [4A( +20) 7 da} (3-10) 


is an intrinsic scalar of the S and gives C’ in a c.c.s. Evidently 4 1s determined to within 
a constant multiplier. Especially when Z=+1 and je=const. the S is the Minkowski space- 


time [B]. 


A spherically symmetric coordinate system in which ny holds is called standard for sap 
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Remark. At first sight it seems also possible to define the semi-staticness of an S 

by using 
dv=-—A(r,t)dr’—r' (de? + sin’ Odd’) + C(r) dt’, (3219) 

in place of (2-1). In this case, however, p’s are not functions of 7 alone in general 
and that it is difficult to express the condition in an invariant form by using the charac- 
teristic systems. Hence from the standpoint of the characteristic system, we can not say 
that such an S has a semi-static property of invariant meaning. For this reason we do 
not introduce such a semi-staticness. By similar reasons we also do not introduce the semi- 


staticness and the staticness using A and C in an isotropic polar coordinate system. 


Gi eu 


yp 


and S, 


In this section we shall deal with two kinds of special static S’s which are often 
treated in general relativity. 
An S whose =p is denoted by S,, in the Reference 1). If we use the notation 


s 


» in place of S,,, then from the theorem of the Reference 1) we have 


Theorem 3. The line element of an S,, is reducible to the form 
ds =—A(r)dr’—r (df + sin? Id¢?) + Ade’, (4-1) 
and vice versa. 
From this theorem we have 


Theorem 4. An S, zs static. 
We shall call (4-1) the reduced canonical form of the line element of the S, and the 
c.c.s. in which (4-1) holds reduced. 


As is seen from the result of the last section we have a one to one correspondence 
between S,’s and pa). In the t.c.c.s. (abbreviation of the reduced c.c.s.), this corres- 
pondence becomes the one between (A) and A(s). When p=0 the S, is [B]. Of 
course » and (=p) are expressible in terms of /» as follows : 


SP an Sy: p=p=y', p21 p> ep, (4-2) 
Next we shall consider line elements of the form 
| de=— A(r)dr—P (dP + sin? Oa?) + dt’, (4-3) 


shall denote by S, an S whose line element is reducible to this form, and shall call (4-3) 
the reduced canonical form and the c.c.s. reduced. The space-time of Einstein universe is 
an example of S,. Evidently we have 


Theorem 5. .An S, is static. 
From (3-3) and (3-6) we easily obtain 


Theorem 6. A necessary and sufficient condition that an S be an S, is given by 


p=$Q@, — p+2p=o, (4-4) 


ae eK 
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es : one to one corres 
Hence as in the case of S,, we have a one t pondence between p(A) and 


Dy Seog is |B] when 


4 =) 
v=0. Further we have 


Jor an Sy: a, v7 ae 2p= 0. (4-5) 


a 1 
=—p=hp 


Ors 


The following theorem is easily proved : 
Theorem 7. The line element of an S which is both S, and S, at the same time 
ts reducible to the form 
as=— (14m) 1dr’—r (dh +sin? 0d¢") + a’, (4-6) 


where mt is a constant, and vice versa. ray 
We shall denote such an S by S,(7z) or S, simply. That an S,(7z) is an S, i 
also seen from the fact that (4-6) is transformable into the form 


ds = — (14m) dr—7 (d+ sin’? Od) + (A+m)at?. (4:7) 


Hence an SS. has two reduced canonical forms of line element and in a c.c.s. the line 
element is given by (4-6) to within a transformation of the form (2-3). 
S,(0) is [B]. When m=0, however, S,(7) is not [B] since non-vanishing com- 


ponents of Ajj” are given by Ka;¥=mr~* in a c.cs. From (4-2) and (4-3) we have 


Jor an S,(m) : p= —ps—p=2p=4mr. (4-8) 


From the above results we also have 

Corollary. An S, or an S, whose v=const./# is an S,. 

The .S,, S, and S, play important roles in the theory of the superposition of static 
S’s which will be published before long. 


§ 5. Some examples 


In this section we shall give some examples of the static S’s treated in the preceding 
sections selecting from papers: on general relativity. We can easily verify that various 
formulae hitherto obtained hold for these S’s. 

(i) de Sitter space-time [A] whose line element in the r.c.c.s. is given by (a: 4). 
This space-time is an S, and it holds that 


p=—2F, . (5*1)<: 
(ii) Space-time of Schwarzschild’s exterior solution whose line element in the 
r.c.c.s. is given by 
d= — (1—2m/r) dr —r? (dP? + sin’ Od 6") + (12m rat’ (5-2) 
sahers m is a constant. This space-time is also an S, and it holds that 


j=—26=—2)=6) =—24mh*. (5-3) 


{ 


(iii) Space-time of Einstein universe [C]| whose line element in the r.c.c.s. is given by, 
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ds=—(1—7/R’)*dr—r (dF + sin” bid?) +dat°, (5-4) 
where R is a constant. This space-time is an S, and it holds that 


o=p=0, p=—20=4/R’. (5-5) 


(iv) Space-time of Schwarzschild’s interior solution whose line element in a c.c.s. is 
given by 
di=— (1-7/2) 1dr — 1 (db? + sin’ 0d?) + (a—6V1—7°/R’ dt, (5-6) 
where a, 6 and FR are constants. This space-time is static though it is neither an S, nor 
an .S,, and it holds that 


9 


p=p=0, p=4aR(a=—bV1—P7/R) ay p=—2/R*. (5:7) 


(v) Lastly we shall. give the space-time of relativistic cosmology as an example of 
S which is neither static nor semi-static. The line element of this space-time takes: the 
following form in an isotropic polar coordinate system :* 


ds? = — 69 (14-7°/4R?) (dP? + 7d +P sin’ Od9’) +a’, (5-8) 
where 7 is a constant. If we denote this S by S(Z), we have | 


Theorem 8. Jf an S(L) is semi-static, then it is static. Moreover it must be 
one of [A], [B] and (C]. Hence’ S(L)’s other than |A\, [B] and [C] are neither 


static nor semt-static. 


Proof. As is easily seen (5-8) gives a standard coordinate system for g;; and non-vanishing 
components of 47;;’" for this (5-8) are given by 


u=pa—(gt+e%"/R), §=B=-(¢ +8"). (5-9) 
Hence by the formulae concerning ’s, we have 
P=P=0,  p=A(B—a)=4"/R—Z), p= 2g=—2(g?-+e-"/RY), (5:10) 
and by a suitable 7-transformation, we have 
A=e PF =r 147 /4R*) 7. (5-11) 
Therefore, in general, ? is not a function of 4 alone and the condition that 0 be a func- 
tion of A alone is (/=const. From this we can consider the following two cases : 


(a) When g=0 ie. g=const. In this case the S (ZL) becomes [C] or [B] according 
as 1/R°+-0 or 1/K*=0 respectively. 


(b) when g=E0. It holds that 
o24 en “0 / R= const.; (5-12) 


from which we have 


Fae FY/ R= 01 en a0: (5-13) 


* In an isotropic coordinate system of an S, the form of the line element is not necessarily determined 
contrary to the case of c.c.s,, and in some special S'’s it can take various forms. (See § i.) 
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Solving this we obtain the following results : 


(1) When ¢%g=[const. It holds that 


69 — 7 
e=—C1e 


Pen Clare 29 == cre rr, oN (cic=1/ KR); (5-14) 
where c’s are arbitrary constants, according as 1/R?=0 or 1 /R’==0, and the space-time 
is [A]. 
(2) When ¢eg=const. It holds that 

Piet ee Otte =a 6.04 os (G =—1/R*), (5-15) 


where again c’s are arbitrary constants, according as 1/°=0 or 1/K°==0, and the space- 
time is [B]. Thus the theorem is proved. 
This theorem can also be conjectured from ‘the form of the transformation which 


transforms (5-8) into its canonical form.!” 


§ 6. Conclusion 


In this paper we have introduced the concept of the ‘staticness’ of a spherically 
symmetric space-time which is independent of the coordinate systems, and then expressed 
it by using tensor equations. By virtue of this study, when a spherically symmetric space- 
time is given by designating its g,; in any coordinate system we can easily determine 
whether it is static or non-static. The staticness introduced in this paper is an intrinsic 
property of the space-time we are considering and is not a concept depending on the ap- 
parent form of its line element. Thus, for example, it is to be concluded that de Sitter 
space-time is static in spite of the fact that its line element of the form (1-5) or (1-7) 
is non-static according to the usual terminology. 

Lastly we shall add that the present research also gives the foundation of the theory 
of the superposition of static spherically symmetric space-times which will be published 


before long by the present writer. 
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Recently the large value of pseudoscalar coupling constant in B-decay has corne inte discussion. 
In this: paper the allowed shape f-spectra of He® and B'™ are investigated with the mixture of tensor 
and pseudoscalar interactions, and it is concluded the ratio of the pseudoscalar coupling constant to 
that of tensor must lie in the region —55< Gp/G7<19. 


$1. Introduction 


The spectrum of RaE ‘was analysed by Petschek and Marshak” last year and it was 
concluded that P must be included among the other interactions. (We abbreviate the 
five interaction types in the Fermi theory of /-decay as S, V, 7, A and P hereafter.) 
Though it was: pointed out recently by one of the authors that this conclusion is not 
necessarily correct, P still seems necessary if the spin of RaE is zero.” However, according 
to the relation of Ahrens, Feenberg and Primakoff” the nuclear matrix element {/7, in 
P is so small that we must take G,, the coupling constant of P, very large (|Gp/Gz|~ 
133) to make P match to 7. Recently it was shown by Ruderman” that, if nuclear 
force is mainly /y,-type, |/%), is markedly. large, and consequently G, need not be so large 
as expected (|G,|~|G,|) to explain the /7-decay of RaE. However, if nuclear force arises 
chiefly from pseudovector coupling between 7-mesons and nucleons, Gp should still remain 
large. According to the latest z-meson theory in which the damping effect is taken into 
account,” it is very doubtful whether a large fy-type nuclear force exists, even if the 
coupling between z-mesons and nucleons is pseudoscalar one ; though the conclusion is 
not to be taken too seriously, in view of many ambiguities in the present 7-meson theory. 

We feel the largeness of G, not very agreeable aesthetically, and it seems probable 
that G, is of the same order as G;. However, we should discuss this problem on the 
firmer foundations. The /?-spectrum of RaE will be analysed by Takebe” in the case of 
large Gp taking into account another terms pointed out by Ahrens, Feenberg and Primakoff.” 
In this paper, however, we shall find the upper bound of G, from another viewpoint, 


i.e. from the fact that a very large G» destroys the spectrum shapes of high energy allowed. 
transitions. (He° and B"). 


§2. Theory 


We assume for the moment that the nuclear force is the ordinary one and not of 


By type which is apt to make nucleon pairs. Then, | 7,0, the nuclear matrix element 


ra 
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in the second forbidden of P, becomes i/(217)-{o”, where M is the nucleon mass. If 
we use the non-relativistic relation {@~—J/?0, this nuclear’ matrix element is the same 
as the one in Z except for the constant factor, and the ambiguity concerning nuclear 
matrix elements does not exist. Since the factor 1/(2//7) is very small (we take the 
test mass of an electron as unity), it has little effect on the ordinary energy /-spectrum 
even for |G,/G7|~133. However, in the matrix element, the factor which comes from 
the lepton part has almost linear energy dependence and the term | (77,9 becomes significant 
in the high energy /-decay, compared with the ordinary allowed part which is almost in- 
dependent of energy. 


In order to make the situation clearer concerning /, it is convenient to introduce a 
transformation similar to the Dyson transformation in 7-meson theory.. Namely, instead of 
a field variable g of 7-meson we make use of ¢/*/%7,¢ of the lepton part. We shall use 
the following notation: capital letters for the nucleons, and small letters for the leptons. 
The isotopic spin components 7=1 corresponds to neutron, 7,=—1 to proton, 7,= 
to electron and t,=—1 to neutrino. All the Dirac matrices 7, are taken Hermitian and 
g=o*7, WU, ~ and A, are the field variables of nucleons, leptons and photons respec- 
tively, and denotes the nuclear force and commutes with the operators in the lepton 
quantities. /17Z, M—AM and m are the rest masses of a neutron, a proton and an electron 
respectively, and the rest mass of a neutrino is taken as zero. Then the total Hamiltonian 


density before the transformation is _ Sungpes 


=e + 7 (u—— Lay ME +. Z S Pr = b 


Me 


os a oe aeey Be ne a gk 
4 Gi tts ing + Sy ze aay SS egy 1+ ey 
eZ pal 2 p= 2 


% Sete ay 
+ EQE +f EIST, First, (1) 
(=1 


where Fs 


(REG Meir oie 


and the terms having no relation to /?-decay are neglected. We transform it by the 


~ following unitary transformation : 


H=UHC", U=exp( ies a PLL TY birgt #), (3) 


J 


where Jf, is the mean rest mass of a neutron and a proton. The coupling constant /p 


of [-decay is so small that the first order term with respect to /, only will be retained. 
Then, the transformed Hamiltonian density for the /?decay interaction is 


Wi ff SGT Sires) 
x 


‘ares 


2 Mii = 
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eres: YT. 78) > rarer” 
bs 2M, l=1 i=1 OX; 


3 _ — 
= See (Dar sti!) + m7 arate | 
t=104;, 


— foes) s [PT CAT TP pir sc ata Pl", UT epira pAty| 
2M, t=1 ¢=1 


tL SHEET, QU Gir cw, (4) 
2M, i= 
where { } means an anticommutator. 

The first term of (4) in which we are interested now is the same as 4 (axialvector) 
in regard to the nucleon part, but the lepton part behaves as if it had a one-order higher 
forbiddenness because it is differentiated. (The larger Z becomes, the more complicated 
the situation is.) The last term of (4) is related to the nuclear force, and from this 
expression it is easily understood that when a large fytype nuclear force exists this term 
becomes very large, but its largest term (unforbidden) has the selection rule, spin change 
zero, parity change yes. Spin change one, parity change no transition in which we are 
interested now appears only as the forbidden one-order higher. If we make this forbidden 
affect the ordinary allowed transition, the transition probability of the unforbidden, spin 
change zero, parity change yes transition becomes generally as large as that of the ordinary 
allowed transition*. However, the transitions which seem to belong to spin change zero, 
parity change yes transitions (there are more than ten examples) have distinctly larger ft 
values than those of the allowed transitions.” Therefore, it seems very improbable that 
there exists a nuclear force which cancel the effect of the first term of (4) through the 
last term of (4), and so we may neglect the last term of (4) in the following calcula- 
tion. It can be readily seen that the other terms can be neglected, too. (Though there 
may temain some ambiguities about the radiative correction. ) 

Therefore, we calculate the correction factor for the case of spin change one using 
the first term of (4) only. Since it has proved almost certain by the recent experiment” 
on the electron-neutrino angular correlation of He® that the G-7 type interaction is 7), 
we regard |{/7o|? term of 7 as the main and assume those coming from / to be relatively 
small. (It is evident that extraordinary large value of Gp, [|Gp»|~2I/ |Ge| J, is un- 
favorable.) Thus we neglect the square term in P and take into account only the inter- 
ference term between P and 7. We further assume uZ <1 because we are only interested 
in He® and B™. Arranging the main terms in a suitable way, the correction factor can 
be written in the notations of Konopinski and Uhlenbeck" as 


— 


+ In section 3 we take the magnitude of the pseudoscalar nuclear matrix element (including Gp/(2d%)) 
as about one-hundredth as large as Cr | Be in 7. On the other hand, a nuclear matrix element is about one 
hundred times as large as the one-order higher forbidden nuclear matrix element. (The latter includes one 
more 7, and the nuclear radius is about 1/100 in the usual units of %=c=m=1.) In §3 we examine the 
B-spectra of He® and B'. The logy) /¢-value for He® is 2-91 which is the smallest among the known //- 
values, and the one for B'? is 4-18 which is a medium value for allowed transition. 
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(G41, +N, ) 
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where the suffixes of f, and g, are quantum numbers x’s'” and ’ denotes the radial 
derivative. In deriving (5), we have used the non-relativistic relation J8o~—{o which 


is allowable for He® and B™ and the relations between the phases of the nuclear matrix 
12) 


2 9 (CAG 
c=Gi| CEL 2S2Gr\l a0 
el) PaltZ+2=277\\6 


elements. The derivative terms of g_, and /; are neglected, because they ate small when 
uZ <1 and should be classified in the higher forbidden transition. In the first two terms 
of (5) the effects of the finite nuclear size™™™ are not expressed explicitly. According 
to the recent investigation by one of the authors,” in the case of v7 <1 these effects are 
exptessed effectively by regarding the value of uZ/(2p) as a variable parameter in the 
approximate formulae (vZ<1) of Konopinski and Uhlenbeck™ without any assumption 
about the charge distribution in the nucleus. uZ/(20) appears in the second term of 
(5), but it is energy independent and much smaller than the first ‘term, so that the finite 
nuclear size effect is not significant. Also it is easily shown using the wave function in 
reference 15 that the last derivative term is energy independent and negligible too. The 
energy dependence of (5) is nearly linear with respect to the electron energy, and rather 
slight mixture of P can cause an appreciable energy dependence to the total correction factor. 


§ 3. Determination of the upper bound of G, 


from the experimental data on He* and B” 


The comparison with the experiments are carried out using the experimental data on 
He® and BY’. The f-ray of He® has the maximum energy 7.9mc’ and simple, and it is 
certain that the spin change is 0-> 1. Using the first two terms of (5) the correction 
factor and the Kurie plot are shown in Fig. 1 in the case of Gp/(2M,G 7) =—0.02 
and G,/(2M,G7) =9.04. We use the experimental data of Wu ef a/." To our regret 
this experiment has not sufficient precision, but we can conclude 


—0.02 < Gp/(2MGz) < 0.04, 


Le. 


The highest energy group of the fray of B” has the spin change 1—>0 almost 
certainly, and its maximum energy is very high (27.3mc*). This f-decay is complex and 
the second highest energy group has the maximum energy 18.5mc°, but this group is 
about 4% of the total fray’? and does not cause a detectable deviation of the Kurie plot 
from straight line above W=16mc?. The next highest energy group has the are 
energy less than 13.677c’, but it seems the entire decay scheme has not yet been established. 
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Thetefore, we discard the lower energy patt of the spectrum. Using the first two terms 


of (5) we show the correction factor and the Kurie plot in Fig. 2 in the case of 
G,/(2M,G;)=0.005 and —0.015. X Boalt 
—0.015 <G,/(2M,G,) <0.005, p 


We use the experimental data of 
Hornyak and Lauritsen." From 
2 ; +, 
| Sean 
1.e. \ 
z x 
SD Gg) Gp <9. 


Fig, 2 we can see that 


If the decay scheme (including 
branching ratio) becomes much 
clearer by some other method than 
that of the Kurie plot (e.g. with the 
method of B—7 coincidence), the 
lower energy part of the spectrum ah ae 


will be useful, and will serve to aad 


in arbitrary units 
=I 
o 
e 
, 


natrow the allowable region for 
Gp/Gp; especially it may reduce 
the upper bound for —G,/G, 
for which no more than the rather 
large upper bound 55 can be 
assigned from the above analysis. 


In the case of B™ the energy 


ba SS Sd a 
3 5 


is so high that we must pay at- ot 
tention to the higher forbidden 


W oct 


Fave of ae (including shes amie Fig. 1. Correction factor and Kurie plot for He® using the 
de Broglie. wavelength — effect") Sette soar: 
which ve rhe aie lecaha nile = ee eee for Cp/(2I4G pr) =0.04. 

Soe ; : orrection factor for Gp/(2IQGr) =— : 
as in the allowed transition and II: Kutie plot for Gp/(2 Sot ee tS yi 
negligible in most cases compared Ila: Kurie plot for Gp/(2IMG rp) =0.04. 
with the ordinary allowed terms. IIb: Kurie plot for Gp/ (2G) = —0.02. 


Since they are expected to be small, we have 
the main term, G,j/?0. They are 


only to investigate the interference terms with 


2G,[JPo* (Bor? {— (KY/6) L,+ (K/3)N,} + |Ra*| (Po -n)n(2/3) KN, 


—§Ao* [Bax r{(1/3)KL,— 0} 


(6) 


The effect of finite de Broglie wavelength which comes from Z, of the first term in (5) 
should be included in the first term in the brackets of (6). If we put [for= | (fo-r) x 
=ffo-o", the first term in the brackets of (6) plus the part due to che finite de Broglie 
wavelength effect of the first term in (5S) as well as the second term in the brackets Ss 


in arbitrary units 
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(6) shows the energy dependence at most 1/10 times as large as that coming from the 
second term of (5) in which we put |Gp/(2I4G,)|=0.005. The last term of (6) is 


% iE a a 
Wet 
Fig. 2. Correction factor and Kurie plot for B'? using the 
first two terms of (5). 

Ja: Correction factor for Gp/(24/C 7) =0.005. 

Ib: Correction factor for Gp/(2M)G) = —0.015. 

II: Kurie plot for Gp/(24HC'7) =0. 

Ila: Kurie plot for Gp/(244 G7) =0.005. 

IIb: Kurie plot for Gp/(244G7) = —0.015. 

It would be almost evident to which curve belong the 
plotted points, so that the same marks are used common to 
the three Kurie plots. The deviation of the Kurie plot II 
from the straight line below //=12yc? is due to the mixture 


of other transitions. 


almost energy independent. First, 
it is very improbable for {for? 
and §($o-9°)9%” to be much larger 
than the above value from. the 
viewpoint of //value ; second, even 
if we take them larger, the first . 
two terms of (6) do not cancel 
the energy dependence of (5) 
perfectly, because they have nearly 
quadratic forms as to the electron 
energy in contrast with the linear 
energy dependence of (5). From 
the above two facts, the negligibility 
of the higher forbidden terms is 
almost certain. The higher forbid- 
den terms in P can be treated in 
the same manner, but they are 
very small. 

Consequently, the coupling 
constant of P can not be so large, 
and it must lie in the region 
—55 <Gp/Gy<19. The upper 
bound for G;,,/G,, 19,.is very strin- 
gent, but the one for —G,/Gy, 
55, is less stringent, although this 
value is considerably smaller than 
the value 133 which has been 
proposed by Ahrens, Feenberg and 
Primakoff” in connection with the 
fi-decay of RaE. However, we 
expect that more elaborate expeti- 
ments will reduce this rather large 


upper bound. 
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The propagation character of light in moving medium is Investigated by an application of the 
characteristic theory of hyperbolic partial differential equations with intimate connection with the theory 
of compressible fluid, and then, the Cerenkov radiation is treated theoretically as a special case when 
the velocity of medium exceeds the light velocity in the medium, analogously to shock waves—such as 
result from supersonic flight of bullets through air. 


$1. Introduction 


The Gerenkoy. radiation” may be considered to be an electromagnetic shock wave and 
is analogous to the shock wave produced when a projectile travels through air at a speed 
greater than that of sound. Like the pressure shock wave, Cerenkov wave is conical with 
the apex of the cone coincident with the particle producing disturbance. The radiation is 
produced when any charged particle traverses a dielectric medium at a speed greater than 
that of light in the medium. The direction of the radiation is forward at an angle 0, 
from the direction of the particle, where @ is determined by the relation 

cos 9=1/fx. (A) 
Here 7 is the index of refraction of the dielectric medium. Mathematically, those shock 
phenomenon may be described as the solutions of the linear inhomogeneous wave equations 
approximately or exactly ;” and it is easy to derive relation (A) from Huygence’s principle 
by the superposition of spherical waves 
diverging from a point source moving 
at a speed greater than that of waves 
emerging from itself. (illustrated in 
Fis.:1):. For the Cerenkov wave, the 
pattern of disturbance can be given by 
the solution of Maxwell equation in 
the medium, with the charge and 
current distribution caused by the point 
charge moving with constant velocity. 

However, from the relativistic 
stand point of view, the different 
description may be also possible, which is carried through in the coordinate system : particle 


at rest, medium moving : in place of the laboratory system : medium at rest, particle moving. 


Bigeed. 
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Although the relativistic invariance of this theory is guaranteed if we use the four dimen- 
sional tensor notation, it must be kept in mind that the uniform motion of the medium 
has to be taken into account and it makes the velocity of disturbance different from the 
so-called light velocity in that medium, c/n which is that in the coordinate system : medium 
at rest:. The relativistic principle is thus violated in the above sence that it is possible 
in principle to detect an absolute motion by referring it to the motion of medium, and 
considerations were already made by Jauch and Watson” about these points. 

The quite similar relation can be found in Hydrodynamics, if we consider the 
correspondencies of the velocity of medium to that of fluid and the light velocity in the 
medium to the sound velocity; and the propagation of disturbance in fluid may be delayed 
or accelerated by the motion of fluid and its velocity, which is equal to that of wave 
front, is usually different from the sound velocity and the more faster the motion of fluid 
is, the more larger the difference is. 

According to the analogy with the propagation of light in medium, it may be said 
that Hydrodynamics is usually described in the coordinate system: fluid moving: though, 
of course, there can not be any transformation corresponding to Lorentz one, except when 
the velocity of fluid is constant and the non-linear character may be lost, and then, the 
Galilei transformation the transformation to the system “‘ fluid at rest ’’—is permitted. 
In the above exceptional case, the correspondence may be fully substantiated, and investigated 
mathematically in our following discussions. This analogy made above between Hydro- 
dynamics and Electrodynamics in medium teaches us also that Cerenkov radiation in the 


coordinate system ‘ 


‘medium moving at a speed greater than c/7, particle at rest,” cortes- 
ponds to the discontinuous change of density appearing in fluid when the fluid velocity 
exceeds to that of sound, as in the cases of the flow through rocket nozzles, flight of 
bullets and detonation of explosives. 

In the next section, we write down the Maxwell equations in the coordinate system 
“medium moving, particle at rest,” according to Jauch and Watson” and the correspondence 
to fluid-dynamics will be expressed in the subsequent discussions mathematically by applica- 
tions of the characteristic theory of the hyperbolic equation® which has been predominantly 


used in the investigations about propagations of discontinuity surfaces appearing in supersonic 
flows and fluid-dynamical shock waves. 
§2. Field equations in a medium” 


As is well known, the Maxwell equations in a medium ate, in the absence of charges 
and currents, 


rot H= — B, div B=o0, (1) 
rot W= D, = div D=0, (2) 
D=ch, B=yH, (3) 


with the electric and magnetic susceptibilities ¢ and 4 respectively. The equations (1) 
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and (2) can be also written in the relativistically invariant form 
OTL toope ace Ovi ip (1’) 
0, G**=0 (2") 


by introducing two antisymmetrical tensors 


Fy=| 0 Be a E,| 
| eH op 0 B, ze 
| ee 5, 0 wy 
Lae “7 28 0 
Ee eae!) B —B, nL, | 
| —B, 0 sep nw Es, | 
be iy 0 Aras 
| —w, —2*E, —w, fy) | 


The relations’ (3) hold only for the medium at rest and have to be generalized for 
any coordinate system “the medium moving with arbitrary constant velocity v.”, and this 


can be really done by the following linking equation between two tensors G), and /yy, 
Gp =F te Ene? 0. —LF yo? Uy.) 


where v” is the four vector of the medium velocity and equal to dv*/dc. (¢ is the 
proper time of the medium) and x=y’—1. ; 
Introducing the four potentials J, from (1)! defined by 


Fe 00 ee Auda; 
we obtain the field equations for them 

(0"0,—x0, 0" Ov"), =0 (4) 
with Lorentz condition 

X==0° 6, — xv," $,=0. 
The equation (4) differs from the ordinary wave equation considerably, if x is not zero, 
and the second terms in the bracket represent the change of the propagation character of 
é, waves due to the motion of the medium; though, of course, this effect. comes out 
from the Lorentz transformation from the system “‘ medium at rest,” to the system 


“ medium moving,” and may be physically superficial. Our purpose is to investigate the 
hyperbolic character of the equation (4) analogously to that of Euler-Lagrange equation 


of fluid dynamics. © 
For this aim, it is convenient to rewrite the equation (4) in the following three 


dimensional form 
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2 8 r ‘ fa) ak oe 

POR ate | Gio kee Stay Shy a oe | |b=9. (4’) 
Cc ar c’(1—”) t,k=1 OX; OX; OX; Or Ol J 

whete v;(2=1, 2,3) are the components of the 3-dimensional velocity vector v. It will 

be easily seen that the equations, thus written, are quite similar to the equation for density, 

pe, in fluid dynamics, if the suitable linear approximations are made; or, in the following 


‘ : : ey) 
non-linear equations of the general fluid motion 


3 3 
00 /Of+ >} us O/AX;:+ 0 2d) 0u;/dx,=0, a 
é=1 i=1 (5 
w . 
Qu,/OL+ >} a, Ou;/Ox,+ (Ce) /p) 0e/dx,=0, 7=1, 2, 3, | 
k=1 


approximating p, and 1, by 4+ 0p and v,+ Ou, respectively, (where p, and v; are constants) 

; Lae, aa aE ae 
and neglecting such that terms of order higher than first in 07, 01; and their derivatives, 
we obtain the following linear equation for 0p 


9 


a | ome 2 oe NT fo) ‘i Nt a / 

4——___- (1/a, {2 Bw, +>)>) viv 7} |ap=o, (5) 
| ce OL Ap N42 2 arab ck Oxaxr ide 

where cy=c(~) and denotes the sound velocity. Then, applying the fluid dynamical 

considerations to the equations (4)’, we investigate the propagation character of electro- 

magnetic disturbance in moving medium in the following section. 


§ 3. Characteristic theory of the field equations 


The wave front may be defined, for example in one dimensional space, as a point, 
beyond which in one side, disturbance exists and in another, does not; and _ this point 
moves with time, tracing a line straight in some cases and curved in general, in two 
dimensional space-time, according to the natures of original field equations, which is called 
“characteristics” and usually denoted by the implicit form g(x, 7) =0. 

The extension of this conception to many dimensional cases is quite obvious and the 
characteristics may be written down y(2;, ¢)=0 (i=1, 2, 3), in the 3-dimensional case. 
As is well known from the theory of hyperbolic differential equations, the equations which 


the characteristics have to satisfy — characteristic equations —, can be given for the equations 
(4)’ as follows” 


3 By : 
OD Pi G—I(Pr—D1 Ve $1)? =O, (6) 


4=1 t= 
where g=x/(1—/). 
The integration of above first rank partial differential equation is equivalent to the in- 


tegration of the following canonical equations representing the light ray” 


ax; at = A; _ ap, 


9 5 = * ; a 6 f 
CY;+9Vi(G,— >} Vif) — P= 9 (P.— D>) ViP;) 0 0 ( ) 


Especially, the solution satisfying the initial condition, 4,=0 (7=1, 2, 3) at ¢=0, 
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represents the light ray emerging from the origin in the four dimensional world, the so- 
called “light cone”, and can be given by 


PEt + fe/(1+2) (1—#)} (v-r/e-pet)2=0. @ 


When the medium moves in the positive direction of 1, axis, using the cylindrical co-ordinate 
oe, 2 2 D : ; 
43=2, 1 +%,=RK’, we can reduce the equation (7) to 


&—cP+R+a(Pz+ct)*=0, (Cay 
where __ a==2«/(1+%)-(1—(*). 


(¢) Discussions in one dimension 
Putting R=O in eq. (7)’, we obtain the two real branches of the light cone 
g—ua ct=0, 
: (8) 
2—asci—0, 
with 
u* = (Pu+1)/(a+F), 
a~= (Bu—1)/(n—f) 


and these values of u* give the velocities of the wave front measured in the unit of ¢ 


(8)! 


and these shifts of them from c/w represent the influence of the motion of medium. It 
follows from (8)’ immediately that always u* >u7 for all possible values of /? and 8 
dependence of them can be given by 


BS a= 1/7 for all values of /#(<1), 


ees 


AINV 


0 for 1/(B woe af ivel (9) 
or : 2) == 1,€; v=—C/1, respective y- 
= I = 


The above relations show that for those values of v smaller than c/7, which is the so- 


“medium at 


called light velocity in the medium, strictly speaking, referred to the system 
rest,” a” is negative, opposite to u* and represents the propagation of waves in the 
negative direction of 7 axis, whereas %* represents that in the positive direction, but if 
the velocity of the medium exceeds the value c/1, all waves propagate itself to the positive 
direction of # axis and one can not find any wave transmitted to the negative direction, 
because those values of v make both u* and «a, positive, or z/dt increasing. This 
result comes from the fact that the velocity of waves spreading to the negative direction 
of ¢ axis has to be compensated by the motion of the medium moving in the inverse 
direction which mediate the electromagnetic waves, and quite similar to that obtained in 


fluid dynamics. In fact, eq. (5) gives the following characteristic equation"; 


3 3 
G1 Gi (Yet 25 ut; Yi) =0 36 eae 
tel F ta 
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with c=Vp(0), 
which is quite similar to (6) except the point that 2, and ¢ are not constant but unknown 
independent variables, resulting from the non-linearity of the starting eq. (5). 

The relation between the velocity of disturbance, i.e. the characteristic ray, and that 
of fluid motion:may be given from (6)’” by 


2 
a8 


9 

S) (dx,/dt—u;)?=C 

t=1 
without any approximation.” Especially, in one dimensional case where the fluid moves 
in the positive direction of 2 axis with velocity 7, the above equation reduces to 

ay 

eee E es 
at 


or =u—c=a.. 


As is obviously-seen from the above relations, the status is quite same in this case as in 
the former and corresponding to (9), we also obtain the similar dependence of the velocity 


of disturbance «/*, to the fluid velocity 7, ie., a’ * 


is always positive for all w (w is 
surely positive) and u’* is positive or negative, according to w is greater or smaller than 
the sound velocity ¢ respectively, and equal to zero for the fluid velocity equal to c. 
These correspondencies indicate the intimate connection between supersonic flows and super 
light. motion’ of: medium and then, in the next subsection, we investigate the pattern of 


Cerenkov disturbance in two dimensional space, connected with the shock wave in. fluid. 


(72) Shock front and Mach- angle 


In Hydrodynamics, the shapes of shock fronts or discontinuity surfaces caused by 
sudden changes. of the fluid density, have been calculated in the two dimensional steady 
flow. In this case, the terms referred to time derivatives in equations (5) may be dropped 
and then, eq. (6)’’ may be reduced to 


2 2 
a Gi— (D1 %, 9,)°=0. (10) 


The same is also valid for our case and eq. (6) reduces to 


to 


2 

Oe Peed CS gO es 
or : 

O(G2+ Py) —9 VPs t VyPy)?=0 «.Q1) 
under the similar condition. 3 . 

The existence of the discontinuity lines or shock fronts in plane, across which theré 

exists the discontinuous jump of the field strength, is guaranteed by the condition that 
eq. (10) permits the real value for dy /dx(=—¢,/¢,), the tangent of those lines, 
determining the geometrical nature of the discontinuity. ‘And then, it follows immediately 
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9 9 ” © 9° 
vv, tv, >c/n 
or v>c/n, 


i.e. if and only if, the velocity of the medium exceeds the light velocity in that medium, 
the discontinuity surface, resulting from the sudden change of the strength of electromagnetic 
potentials, appears. 

It is quite obvious that the similar relation between the velocity of fluid and the 
existence of discontinuity surface can be derived from (10). The shape of the discontinuity 
can be obtained by the integration of characteristic equations derived above and in fluid 
dynamics, it gives the so-called Mach-angle’ though the exact solution of eq. (10) 
can not be obtained because of the non-linear character. However, for eq. (11) the 
velocity of medium v are constant and the integration can be performed exactly as follows. 
Assuming that the medium is moving in the positive direction of 1-axis, without loss of 
any generality, we can get the following differential equation for the tangent of the dis- 


continuity lines from (11) 
dy/dx= +41V#—1, (12) 
where, #=@/2”. 


Denoting the angle between these discontinuity lines and +-axis, the direction of 


motion of medium, as u; we get 


tan u=1/(7—1) (13) 
or u=arc tan {1/(4—1)} 
=arc sin(1/4). 


This corresponds to the Mach-angle in fluid dynamics, which gives the shape of 
discontinuity surface photographed instantaneously, appearing in violent disturbance—-such as 
result from the flow through rocket nozzles, or from supersonic flight of projectiles; and 
then, we can expect analogously the shape of the shock front of Cerenkov radiation from 
above calculations. In fact, we can prove from (13) the experimental result (A) for the 
direction of radiation by introducing the angle @ between the. normal to the discontinuity 
line and the direction of motion of the medium and transforming the value of cos @ 
(=sin ) into that referred to the laboratory system, according to the Lorentz transforma- 
tion 


yap eet) VISE, 
which gives the following equations for /’==0. 

tan u! =y"/x! =1/ VP —1 
or cos W’=1/n. 


It has been recognized that the characteristic theory of the hyperbolic equation was 
often very useful for the study of shock waves, and it was proved that this was also 
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true for Cerenkov radiation, though in this case, the usual Fourier analysis makes us enable 
to obtain the exact solution, because of the linearity of the equation, and through analysis 
of the propagation of light in moving medium and compressible fluid dynamics, mathe- 
matically very similar in nature, the correspondences between them became much more 
clearer. 

The writer expresses his cordinal thanks to Prof. Y. Tanikawa for his kind interest 


and to Prof. K. Husimi for his valuable advices. 
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The Yang-Feldman’s method is generalized in order to obtain a covariant Hamiltonian formulation 
of quantized fields with non-local interactions. The interaction Hamiltonian is constructed according to 
the perturbation theory in such a way that the equation of motion in the interaction representation is 
integrable. The calculations are carried out actually up to the fourth order approximation. 


§ 1. Tatroduction and summary 


It has been generally believed that for fields with non-local interactions the Hamil- 
tonian formalism is impossible and only the S-matrix exists which connects free fields in 
the infinite past and in the infinite future?”. With the S-matrix alone, however, there 
remain questions how to treat unambiguiously the problems involving bound states such as 
energy levels, line-breadths and mutual scatterings of composite particles. The aim of this 
paper is to find a generalization of the current covariant Hamiltonian formalism which will 
offer a field-theoretical basis for these problems and, at the same time, will give a S-matrix 
which is obviously unitary. 

Recently, Umezawa-Takahashi” and Katayama” have shown that fields with interaction 
Lagrangians containing higher derivatives of field quantities can be quantized in a covariant 
way by generalizing the method of Yang-Feldman”. Their method can be applied, but 
with modifications, to the fields with non-local interactions developed by Kristensen-Moller” 
and Bloch?. We shall confine ourselves to the solutions of field equations which are . 
described by the same number of independent variables as the free fields and agree with 
those of the free fields in the limit of vanishing coupling constant. These solutions will 
be described well by the integral equations of Yang-Feldman’s type which are solved by 
iteration. These equations, however, are not unique in that any homogeneous terms, which 
satisfy the free field equations and vanish as the coupling constant does, can be added to 
them. We can determine in a covariant way these additive terms together with the in- 
teraction Hamiltonians by successive approximations in the coupling constant such that these 
Hamiltonians satisfy the integrability condition and there exist unitary operators O(a, a’) 
which connect states on surfaces o and co’. Hamiltonians thus obtained are expressed as 
infinite power series of the coupling constant, each term of which is an integral of products 
of field operators over the whole space-time and has an explicit dependence on the entire 
form of surface o on which their argument lies. These Hamiltonians are not unique, but 


the different systems are connected by unitary transformations in a way similar to the local 


° 
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The calculations have been carried out actually up to the fourth order approximation. 
The S-matrix constructed from these Hamiltonians is obviously in agreement up to the 
third order with those obtained according to the theories of Kristensen-Mdller and Bloch 
since the in- and out-fields are defined by the same integral equations. In the fourth order, 
however, our equations differ by one special term, which will show that S-matrix defined 
by them is in general not unitary. 

We shall not investigate the convergence of the Hamiltonians as infinite series, which 
seems to have the same character as that of the S-matrix. Then, in our formalism the 
integrability condition for the equation of motion is satisfied for any two points which lie 
not only on a space-like surface but also on a surface which can be time-like in the finite 
demain of space-time. It is a characteristic of the fields with non-local interactions that 
the Hamiltonians can not be defined without such an extension. Indeed, in the local 
theories we have interaction Hamiltonians which consist of a finite number of terms and 
satisfy the integrability condition if surfaces o are restricted to the space-like ones, but if 
Hamiltonians are allowed to be infinite series o will not always have to be space like. 

If we choose flat surfaces we can obtain easily Hamiltonians in the Schrodinger re- 
presentation. In the first approximation the results agree with those of recent Pauli’s theory”. 
It seems to be possible that the degree of singularities of these Hamiltonians is low enough 
if we choose the form factor appropriately. This can be verified with the form factor of 
Kristensen-Mgller for the first order Hamiltonian. In this way, it will be possible to treat 
the problems involving bound states without divergence difficulties, for instance, according 
to the Tamm-Dancoff’s theory”. In another way, the Hamiltonian formalism will also 
offer a basis to extend the Bethe-Salpeter equation” after Gell-Mann and Low™ such that 


its kernel is free from singularities due to the effect of the form factor. 


§ 2. Method of quantization 


For the sake of simplicity, we shall consider charged scalar fields #, ¢/* and a neutral 
scalar field with non-local interactions of Kristensen-Méller’s type.” The similar results 
are obtained for spinor fields ¢/ and ¢*. In what follows the same notations as Yang- 
Feldman’s” and Kristensen-Modller’s will be used if not otherwise stated. The Lagrangian 
is given by 


\Ldx=\L,(x)dv+e\¢* (1) 9(, 2, 3)u(2)¢ (3)@1 a243, (1) 
Ly(2) = — (A, Bish + MP) —1/2- (Byte -B,a0-+ mint), (2) 


where Y(1, 2, 3) is a form factor satisfying the Hermitian condition P(A, 2, 3) =O*(3 
> 


2,1). Numbers 1,'2, 3; 1’;.2', 3’ ;-.-which denote points in space-time will always be 


used as variables of integration, and to simplify the expressions we shall write 


P(1, 2, 3)\d1d2d3=a(I, 2, 3), (3) 


Field equations are given by 
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(C= 47) (2) = —¢fu(2)$(3) (2-1) dQ 23), 
(Cm?) u(e) = —g 4 (1) (3) 8(e—2) da. 23), (4) 
(=a) $* (2) = 2 {$* (1) (2) (e—3) a(123). 
The solutions of (4), which agree with those of the free fields in the limit ¢—0, will 
be described by the integral equations 


i (a) =H, a)—g|£G= _ 8a 1) 4 (@—1) (2) (3) d(123) + 329"9, (2,0), 


(a) = u(x, °) =v) eee = ole. 2) D(x—2)$(3)d(123) + Sg" (4,4), 


>) 
n=1 


I (2) =$"(x, 0) —g|$* Au(2)§ FP = 879) 4 43) d(123) + Vg" ok (~, 0), 
(5) 


Here we assume that ¢/(1,0) and w(x,o), being the independent variables which describe 


the motion of fields, satisfy the free field equations and commutation relations 
(CW) oG:2)=0, (nae 2) =0, (6) 
Gia He Mme A) Loe), a MOE 2. 
[P (4, 6), P(4', 6) J=[ (4, 2), u(4’, a) ]=0, 
and are connected by a unitary operator (/(a,0’) for any two surfaces a and oa! 
b(x,0) =U (0, 0')$ (4,0) U (a, 0’), u(4,¢) =U" (a, o’)u(4,0')U(a, a"). (8) 
The additive terms %,(%,0@) and v,,(4,¢) should satisfy the free field equations 
(I-41) ¢, (4, 0) =0, ((J—m’) v, (x, ¢) =0, (x=1, 2,--+), (9) 
and should be determined successively such that there éxist the above unitary operator U (a, a’) 
and consequently the interaction Hamiltonian. It will be prescribed that they are ex- 


pressed as integrals over space-time of products of Heisenberg operators ¢/*(1), «(2), (3), 
*(1'),--- and depend on the form of o explicitly. If they all vanish for both ¢=— oo 
and + co ; 
Y,(%6=+0)=7,(4,0=40)=0,; (#7=1,2,--*), (10) 
the equations (5) for = + co agree with those of Kristensen-Mdller” and Bloch” which 
define the incoming and outgoing fields, with an obvious consequence that the same .S- 
matrix as theirs is obtained from the Hamiltonian. As shown in § 3, the conditions (10) 
can be satisfied up to the third order, but a particular term appears in ¢,(4, o) which 
can not be made to vanish in general for both g=— oo and +0. 

If the difference between o@ and o’ is infinitesimal, U/(¢, 0’) can be written with some 


Hermitian operator //(1’/o) as 


U (a, a )=1—i| H('/0) ds’. (it) 


| 
Then, we have from (8) and (5) for a point x’ on o 


aes 
- 
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og (a, a) = 1 [b(a, a) H(a'/o) | 


da(x') i 


s(t 0 Kona odes 
== — (4d (x—1)u(2)$(3) 0 (2'—1)d(123) — ao) ae Y,(%, 4); me 


Bult) Vy (9), H/o) | 
Zz 


¥ > Ny / > fe) S71 olay " 
=~ \b*(1)D(4—2) b( 3)O( a= 2) a(i23).— seta Un (4, o), 
where 0/da(x’) means a functional derivative with respect to @ which appears explicitly. 


Now, we write the solutions of (5) which are obtained by iteration as 


r) = oh (x 
W(x) =$ (a 0) + S22" Yala), he 
u(x) =u(4,o) + as" ehet rap 
and define H/(x/a) as a power series 
H(x/0) =>" Ha(+/9), (149 

where ¢/,,(%, 0), %,(%,0) and H7,,(%/c) are all expressed as integrals of products of opera- 
tors in the interaction representation #*(1,0), u(2,0), $(3,¢), $*(1’,@),-+-and factors 
depending on o explicitly. If the additive terms 9,(1,¢) and v,(4,¢) are known up to 
n=1, we have ¢,(x,o) and %,(#,¢) up to m=z from (5) and we can write down 
the equations (12) in the 7+1-th approximation. If we obtain //;,;(4/o), 9:4:(%, @) 
and 7,,,(7, 0) by solving these equations and this procedure proceeds to any higher orders, 
it can be shown as follows that the Hamiltonian thus obtained satisfies the integrability 
condition which is extended from that in the local theories in order to have a Hamiltonian 
formalism in the case of non-local interactions. 

As seen from the form of equation (5), @,(4,0), U,(4,0), Jn(%,a), tn(4, 0) 
and /7,,(+/a) will all depend on o explicitly through the sign-functions e(¢, 1), e(a, 2), 
e(o, 3), (a, 1’),---. Only if surfaces o divide the whole space-time into two simply connect- 
ed regions and are space-like at an infinite distance, these sign-functions have a well-defined 
meaning for @ which is not always space-like. Accordingly, as made clear by considering 
equations (12) as a limit of coupled difference equations when the space-time is divided 
into small elements, the integrability conditions of (12) for ¢/(4,¢) and w(x, 0), that they 
should be determined uniquely when their initial values (x,a)) and w(x, d)) are given 
for a specified surface a,, are for any two points x’ and x” lying on o (we can not confine 


ourselves to the case where the distance between x’ and 1’ is infinitesimal even if ¢ is 


space-like) 


12 


i. ee se Nee (x") \y (#, a) =0, 
es 


(15) 
da(2") da (2) da(x!) da") | 3) 


to 


ie 


—_ iu —_— — 4 
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or noting that 9, (4,0) and z,(17,o) are written in Heisenberg operators 


ie sue (2’) Danes (x!’) Lente, a) = 9; 
: : | | (16) 


9a(x")Aa(x!)  da(x!) da Gal ate Gas 2), 


If ¢,(%,¢) and v,,(%,@) are obtained as one-valued functions of o on which they depend 
explicitly, the condition (16) is satisfied. In other words, we should determine /7,(7/a) 
such that 0¢,(7, a) /da(x’) and O%,(4,0)/da(2’) appearing in (12) are actually inte- 
grable. 

H,(4/o), Gn(x,o) and v,(%, a) ate not determined uniquely at each stage of the 
approximation, corresponding to the fact that the following unitary transformations are 


always possible. If the equation 


d¢(4,0) __1,, 

aks — = tA (Se 6 30) Jie HT -f 1Gy/ 
$218) — Lip(x,0), HCe!/2)] a7) 
holds, ¢f’(x, a) obtained by the unitary transformation with some Hermitian operator G(a) 
depending on a, 

iG(o) 


f(a, a) = h(x, ale, (18) 


satisfies the following equation in the lowest order approximation in the expansion of the 


parameter appearing in G(a) 


BY (49) Lyi(z,0), H' (2/0) + 224, (19) 
0a (a') 2 da (x") 
where H!’(x/o) is the one transformed from /7 (x/o) according to (18). 

The only restriction imposed on the form facter (1,2,3) to perform the above pro- 
gram is that the integrals containing the form factor have a well-defined meaning, which 
will be realized if we introduce a suitable damping factor. The essential effect of the form 
factor will appear in the convergence of the series. This problem will not be considered 
here. It can be said safely that our method gives at least the asymptotic solutions cor- 


rectly which agree with those of free fields in the limit g—0. 


§ 3. Derivation of the interaction Hamiltonian 


Following the above method we shall derive H,,(2/o), Gn(% a) and U, (a, 4) succes- 
sively up to the fourth order approximation. In this section we shall omit the notation 
(3) for simplicity, noting that<1,:2,233 1, 2’, 3/;---are integral variables multiplied always 
by form factors P(1, 2, BVM TL 8 a) sree 
(1) First order 

The first order equations of (12) are 
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oy 


(2a2)) —— J4(e-1)u(2, 2) (3,0) d(x'—1) + p(x, 0) AY ('/o) }) 
page) ) (20) 


Bui(4, ¢)) — era, 2) D(2—2)$(3, 0) 8(2'—2) + ial, 0), H(2'/a)), 
GGA) 74 / 


where the sufix / means to take the lowest order approximation of the term in the bracket, 
that is, to replace the Heisenberg operators (i* (1), w(2),+--by the operators in the interaction 
representation ¢*(1, 0), u(2,a),::*. In order that the second terms in (20) may be of 
the same form as the first terms, H/,(+’/a) must be of a form 

H,(2'/o)=—S$* (1, 0)u(2, 0) (3, @) {20 (4! 1) +48 (2"—2) +ad(2!—3)}, (21) 
where a and & are real constants. Inserting (21) into (20) we have for the first equa- 


tion 


eae {4 (x—1) u(2, )f(3, 0) {(a—1)0(a’—1) + 60(4’—2) + ad(x'—3)}. 
a(x’) 

(22) 
Returning «(2,¢) and ¢/(3,¢) back to the Heisenberg operators 7 (2) and (3), where 
their orders are prescribed such that ¢/*, ~ and ¢ always stand from the left in this order, 
and using an integral 


\ (2-1) dx = 1) const. (23) | 
we can integrate (22) and obtain | | 
ei(x, 0) =| 4-1) (2) $3) {(@—1) 2) + pO eee 1c G4) 


where C is a term independent of o. The condition (10) can be satisfied if we choose 
C=0 and 
2a+6=1. (25) 


{ 
These restrictions are also necessary to have a correspondence to the local case where (24a) ' | 


should vanish for any a. In the same way, under the condition (10) we have (25) and : 


i 
Dako aa Ue t— y ho 1) G, Ela, 4 
(4% 9) fy (1) DC 2)9(3) | ; ives 22) say. od (246) 


The arbitrariness of (21) within the limit of (25) is : 
, : explained by the unit i 
mation (18). If we choose y unitary transfor 


G(a) =—s{¥'*Q, a)u' (2, o)$' (3, 0) {(a=a') G4) “ (o—#) £00 2). 
2 


a3 (aa) $22) (26) 


¥ ! jee : 3 5 . ; 
with 2a'+ 6'=1, we have the interaction Hamiltonian (21) with new constants a’ and J’ 


cvs 


me 
so 


waa i oma lili ci at A i ae laa 
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in place of a and 6. 
(ii) Second order 


Tt will be convenient to add 9,(4,0) and w,(x,¢) obtained above to the second 
terms in (5) and write 


$OD)=Ma 0)—g| FSV — 808129) se 1) u(2) (3) + Bevan. 0), 


ee * (27) 
u(#) u(x, a) —g| (1) $e 186 125) D(x —2)$ (3) + Sgr, 0) 
where we have written 
€(o, 123)=ae(o, 1) +4e(a, 2) +ae(a, 3). (28) 
Then, the second order equations of (12) are 
( CON) oe —|4ee— 1) {a,(2, 6) (3, ) +2(2, 0) ¢,(3, 0)}0(2", 123) 
- Oa(4") /, 
3 +ilp(x.0), Hy(x!/0)), a 
GD) = — | D(e—2) {9h (1, 0) (3, 0) +9" (1,0) 4h (3, 09} O(a", 123) 
da(x’) 7, 


+7[u(4, 0), H,(2'/) ], 


with 


ile, a= —|SPL I 12)_ (4 1)u(2, 0) (350). 
(30) 


ses a) =—[yra, oS G—2)— la, LZ ee DV GCG, a): 


i, 123)= 5 (9: 422) =ad(x!—1) +60 (x'—2) +a8(x!—3). (31) 


In order that the second terms in (29) may be of the same form as the first terms, we 


must put 
H,(2!/a) = —§ {eh,* (1, 0) (2, 0) 6 (3, 2) + a* (1, a)n, (2, 0) $3, 0) 
+ cf* (1, a) u(2, 0) 4,(3, 0)} (2, 123), (32) 


where c and ¢@ are real constants. Inserting (32) into (29) and using (30) we have 
for the first equation 


sal : | ) a y uke Co D Seer y 3/, a) h 9 da 
x e(2 : 2°) e(a, 4/2'3%) O(2', 123) } 7 &(2!— 2) e(o at 23)i }( fe 1'2'3)} 
‘ > ; z ‘ 


(9 OHM =H6.199) 


as face 1) u (2, ) d(3—1')u(2’, a) oh (3', 2) | 
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/ m \ - 
x O(4', 123) +e e(1’—3) —e(a, 123) 3-47, 1/2’3’) . (33) 
2 F / 


In order that the expression in the bracket on the right of (33) may have a form 
0/da(4’), we must choose 


C= day 2: (34) 
Returning *(1, 0), ¢*(1’, c),---back to the Heisenberg operators we have 


(2—2')—e@, V2 


pila) =— + [d(x 1) DA—2) YA PEIYE)* : 


y e(2!—2).—e(a, 123.) 
2 


— 1a HyAG=1)0Q)405¢G)2 2 sea es 1'2'3") 
2 
Bi ies 
ye —3) —e(s, 123) (35a) 
2 
where the integration constant is chosen such that %,(%,@) vanishes for ¢=—co and 


+o under the restriction (25). In deriving (35a) the order of ¢/(3’) and (3) is 
not determined. If we choose the reverse order in place of (35a), %,(7, 0c) and all terms 
higher than the fourth are affected. This alteration will correspond to making some unitary 
transformation. In the same way we have with (34) 


v(4, 0) = ~+\4ca — 3!) D (42) b* (1) 0 (2!) (3) £39 = (es 1/2'3') 
e e(3’—1) —e fo, 123) 
2 


-+ Herm. conj. (35b) 
Gii) Third order 
_ Using (35a) and (35b), we have the third order equation of (12) for 9,(x, 0) 


OP.(4,0)\ 
( eau = 


-|4 (41) {75(2, a) 0G, ay + #,(2, 0) $, G3, @) 


+ u(2, 0) (3, 0) } 0 (4%, 123) + ~ 4 (t¥—1) D(2—2') {h,* (1, 2) f (3', 0) (3, 2) 
FPL, 0) $,(3', 0) $3, a) + $* (1, 0) h(3', 2) $,(3, 6) | ee < (2, 2") E(2', 2) 
+ <\4 (w—1)4(3 a 1’) {2,(2, o 2(2!,a) ee a) +u(2, a) 1,(2', a) (3', a) 


+ u(2, 0) u(2', «) ds, (3’, )} a ap 7 €(3, 1), 3) +o, 2), H,(2'/a)], (36) 


where we have introduced a new notation 
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r= e x—y’') — (a; 1'2'3') a = e (a! 9!) — (a, 123") Ne 
- ‘ 2 
Ee CST (37) 

In the approximations higher than the third, it will be convenient to proceed as follows. 
Terms on the right of (36) except the last one ate all developed and graphically equivalent 
terms are grouped together by the interchanges of the integration variables. Each group 
is expressed as an integral of the products of definite propagation functions such as 4(3—1’), 
D(2'—2"),---, definite operators such as #*(1, 4), «(2, 4), and a factor consisting of 
sign-functions and 0-functions. This factor is divided into two parts as simply as possible, 
one part having the form 0/d0(x’) and the other having not. The Hamiltonian is 
chosen in such a way that the latter part is canceled by the last term in’ (36). For 
instance, we have as one of five graphically independent groups appearing in (36) 


— 1/24 (x—1)4(3—1') 4(3/—1") u (2, a) u(2', 2) (2”; 0) $3", 2) 


Larry OO EEE UIEAN 39 
+0GQ; WEG 5 O0G123) 4-00, 360; Sy OC, Le 27 3". 


The second and the third terms in the bracket ate canceled if we choose as one part of 


F(4'/6) 
os 1/2:|4G— 1/) 4(3/=1") $* (1, 0) (2, 0) u(2’, a)u(2", a) $(3", a) 
x {C(3, VC (3/18 (a!, 123) +01, 3)C(1, 3B (a, W273"). 


We shall write the results alone since the actual calculations are lengthy and tedious. 
In what follows some simplifications of expressions will be made. O(a‘, 123), O(2’, 1/2'3’), 
e(z', 1//2/'3'’),---be written as 0, 0’, 0'’,-++5 products of operators in the interaction repre- 
sentation such as ¢*(1",a)u(2, 3) 9 (3', «)(3, a) and products of Heisenberg operators 
such as #*(1)a(2)7(2')¢(3"") be written as (¥%223'3 | “and 4172253") respectively, not- 
ing that 1, 2 and 3 always represent the arguments of #*, uw and ¢, respectively. The 


results are 
H,(x'/c) =-2\4G—1)4'-1 9D 29! a! Bt ie(3, 1) C(3’, Ve 
ee aca aya § (38) 
—+4a-3/) DE 2/72 3") aired Glas 2" d+0(3, 1)6 (2%, 2.04 
2 


—1{4e- 1) D(2'=2!)(1 1” 2 3" BAGS Ch?’ 2S C1 SEZ 208 }5 
2 


ga(ts 0) 24 1)AG—V 949! <1" 2 2 2 3IC0" EAINES 2) 
E 2 
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7 Jd@-D)Pe- ya = aity {at-2"' 3’ 31C(24, 2001S ES, FD 


— 7 {ac (x—1)4(3—1/)D(2’— 20) acd 2 Bll End Oke 3 AGS: DUET aE 2’) 
(39a) 


pe JAG) DA—2) 43 1")| 1! 2! 3!7 3\.(2", 2)0(3, WCU”, 3), 
ahs es ee {5,0 1/63" 31 GRIN 262 eae 


—4(p- 2) 4(1—3')4(1'— 3") {y/! git ai 316(3', je au le C3", iy 
2 


+ Herm. conj., (39b) 
where we choose the integration constants such that ¢,(1,¢) and 7(%,¢) vanish for ¢= 
—co and +o with (25), noting that (+, 7’) C(y’, x) vanishes for c= — 00 and +4 oo. 
Our choice of H;(1'/c) as (38) has reduced the numbers of independent terms from 
five to four in (39a) and (39b). 

(iv) Fourth order 

We have fourteen and sixteen graphically independent groups in the fourth order equations 
of (12). In the equation for 9,(%,¢) some groups consist of two members in which 
the orders of operators are different, and as the result of contraction we have new terms, 
_ the last ones in (40) and (41a) below. Such a term does not appear in v,(4,¢) and 
in the lower orders. The results are, writing simply D(r—2), 4(1—3’), D(2"”—2'"),---, 
as (v- 2), (1—3’), (2"—2'"),.--, respectively, C(2, 7’) as (2; 7") and C447) COS) 
as ((4,9")), 


le NE sa pe eal (Boo Ti) SOY (3 oe ese svete) 13, 155 
x 3’, 1) d— _G yam™,.3')0— ‘ (VS )ad se ar} 

+3 {2-29 0-3") CARE hs AW RE Se eared a 12, ZL 3 ey 0 
= - (27.2) (207, 2) oe (25 25 21") at 


+ \G6- ¥) (2'—2") (3/—1/"")[1 qi! 9) HEE ay BUEN ES LUE 


Xx 


x { (3, 1/)(2', 2”) — ((2’, 2") }o 


1 
+*{G- ees) (2 aie) (3’— 1} [1 aR gui! 2 3i uaa a 34) 12% 2 (3, tS ol 
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+ 3a, 0-4-0", 3h 514) al 
+ 1{G- BEY (Se (2) [2020-37 3h) {ca 31329 2h 0! 
= (21, 2) (3,11) 31 Ua" + 2 (2, 27) (GP UD) 2", 2) 19) ah 
+1 {a- oie as) Ge yt a hee 377103", 1) {(2', D3, 0" 
+ ee TOT eee De (COS EE Bee art (40) 
cg 2 (B21) (2S 2) 4 — 3" a =2) {1 "3" 3" {+ C(2) 20 )) (252) 


22% Qe 2’) (35 1’’) (2, eae a (25 2) Cs, 1’) Cre; 3") O 
+ Herm. conj., 


g(x, a) —_ -2|@=1) B15 (3’—1"") Bl! —1""){2 Qh an git als (a, 3) Sz: 172) 
x 1a”, 3/)— = (3, vy} — fue 1) CPeaXs (1’—3!’) (2 —2'"") RATES SEMEL 2 
{ 1 / 1 eo Na A enh 
CED), 2) ) {35 1’) -- yp 2 )| —1\@-1)@-2 \ (1 33") Ba) 


x Galo PII 33 \ ((2, 2’)) Cal at) (3', Be) Seay Fe, Tareas gas te Seas he (41a) 


: +2 \@-1)G-1) (2! —2'')(1" —3"") (2'""—2) ee ae 
5 {62,2 2, 3) (2,279) — 4% 0.04 9) (2 2) — 2) (2) 
+ BAS: ty (2's gi) qi”, 3/0) PAE 2) -+@ 2S (S09 42) (2, 2) Gu? 3) ae ae 


v(x, a) ope S| @-2) (3—1') (3/1) G6" = 1) {1 at Qi Qiu Bee C1, EPEC EL, le 3) 


x {(2" yee )| -4|@=2) (3—1') (Va2")(3'— 1") {1 sd Qi 3h MMe: 
? 4 > 2 
x (1%, 3) (3, 1”) ((2', DN) eee ebeeneneeenecceneess (41b) 
+ Herm. -conj., 
where (41a) except the last term and (41b) vanish for ¢=— % and + co, but the last 
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term in (41a) can not be made to vanish for both o=— oo and +00 by choosing the 
integration constant C’ appropriately. If we choose C such that ¢,(7, 0) vanishes for 


g=— oo, we have 


g,(4,g=+0) a. [4(r— 1)4(3— iD 2'=2”") 4G" 3 DDG 2) EE Be 
2 


x (6(2—2"") 661502" —2') 01 — 3) (42) 
—6(3—1/)6(2'— 2") 0a" — 3") 02" —2)}, 
where 
a(x) = + (43) 
In the local limit 
@(1, 2, 3)—+d(1—2) 0(2—3) (44) 


(42) vanishes, but in general it will not. From the examination of (42) in the form of 
Fourier integrals in momentum space it seems unlikely that there exist form factors other 
than (44) which are analytic and make (42) -vanish.: Bloch” has proved on a basis of 


the equations containing no additive terms 


Ha) =e, 0) —¢[ SDF 4(e—1)u2)9@), 


(45) 
u(x) =u(4,— co) —s|y* a) 2@=2)41 pee 2)9(3), 


(2) =H (4, + 0) —g|SF— U2 41) u2)Y(3), 
(46) 


e 


u(x) =n(x,40)—g\9"(1) =F =I p(a—2)$@), 


that if the in-fields g(x, — co) and w(4, — co) satisfy the commutation relations (7) 
the out-fields ¢(x7, + 0) and u(x, +00) also satisfy the same relations. His proof 
seems to be doubtful. Indeed, if we calculate directly, for instance, [P(x, +00), d(x, 
+)] from (45) and (46) with the commutation relations of the in-fields, a term 


similar to (42) remains in the fourth order 
[b(4, +0), $@’, + 0) J=e4f4 (4-1) 4 (2! —1'") 4(3—1')D(2!— 2") 
x A(1"—3') D( 2!" — 2) [37.3 40 (22) 630 150 GI 9) 03) 
—9(3—1/)8(2'=— 2") 01" — 3) 8(2'"" —2)¥ (47) 
That is to say, in-fields and out-fields defined by (45) and (46) will not be connected 
by a unitary S-matrix. If we retain, however, the term (42), (47) is canceled by it. 


It will be apparent from the results in this section that FT, i (#/6); Gn(#,o) and 
v,(#,0) depend on o explicitly through the products of 7 €-functions defined by (37). 
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In the local limit (44), /7,(4/o) agrees with the usual one and H,(x/o) (7=2, 3,---) 
together with all additive terms ¢,,(17, a) and v,(%, @) vanish for space-like o. This 
can be seen easily from that 9,(4, 7), 27,(4, 4), ¢,(4/o), u,(%/o) and terms of a form 


re ee ele) 


vanish. On the other hand, if o contains some portions which are time-like, H,,(«/e), 


y,(%, 6) and v,(4, o) (7=2, 3,-:-) all survive and guarantee the integrability condition 
which is not satisfied by H7,(7/o) alone. 


§ 4. Hamiltoaiaa in the Schrédinger representation 


If we specify a surface o,, which will have to be space-like in order that field opera- 
tors may be defined initially on it, and divide the space-time region between a, and any 
a by a number of surfaces denoted by 4), 9, F°**» Fn—19 In= 7 WE have for the unitary 


operator defined by (8) and (11) 
Wea) =O (o, 6 Us, 6) Uke og): (48) 
Then, noting that . 
Ula, 0) (2,6) =$(x, ,)U(a, 0), Ua, oul, 0) =u (x %) (2, 4) 


we have 


jg IL 2). <7 (6, oy) (ue /2) =H a/ 4, %)O (0), (49) 
Oa (x) 
where H;(x/o, 4) is the one obtained from H(2/c) by replacing the operators ¢* (1, c), 
u(2, a),---contained in it by /*(1, Gy), U(2, Oy) y***5 & explicitly contained being unchang- 
ed. If we put, with any state vector Y, in the Hilbert space, 


PY (a) Ss 17(G) Ady) Pps (50) 
we have a Tomonaga-Schwinger equation 
29) _77.(x/a, 0) ¥ (a). (51) 
0a (x) 


If the integrability condition (15) for the equations ( 12), which is expressed in terms of 
H(2/0) as” 


ey ee yt emo) aH G/) 2 
Ue He en ay (52) 


holds, the condition for (51) is also satisfied for o which is not always space-like since 
this condition is nothing other than the unitary transform of (52) with UY Cer 
The transformation to the Schrddinger representation will be performed most easily 


by making all flat. Writing c=¢ and o,=4, we have from (51) 
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7 OPGY 2G, t,)'F GE 77.4, ty) = ESAERES ty) aM. (53) 
Ot 


Expressing the free Hamiltonian, denoted by H(t), in terms of *(1,4), u(2, %)s--*, 


and putting 


E (2) seit) Mt), (54) 
we have for Y(t) a Schrodinger equation 
con es s 
so = {Hj(%) +14(4)} P(t), (55) 
Ht; ;) = po tMfolto)+(¢-t0) A Ct, t,) pito(to): (t—fo) | (56) 


It can been seen from the invariance of the form factor for time displacement that //;(4,) 


does not depend on ¢. Actually, in the first order we have 

H(t) =—eS$*C, 1) (2, 46 (3, t) {a0 (4, —4) + 60 (4-4) +.20(1,—4,)} d(123). 
(57) 

If we choose a=0 and 6=1, (57) agrees with that obtained by Pauli.” 

(x, t)) and w(x, ¢,) can be expressed as surface integrals 

(4, ) =— | {de —3) $B, 6) +4 (4-3) 9G, 4)} OG—4) a3, | 
u(x, t) = —§{D(~—2)u(2, t) + D(z —2)u(2, t)}8(4,—t)d2, | 
where i Ds ane ah ih (3, ig pater A ae t) t-te» “777 Which will be denoted ieee on as ¢/(%,), 
(Its), 2(#»),++*, cespectively, are the canonical variables in the Schrodinger representation 


(58) 


satisfying the well-known commutation relations. Using (58), (57) becomes 
HT (ty) =—g\ Fy (Wy, We, I) $*(90,) 2(90,) f(a0,) dar, dat, Ai, 
= 9 | Fy (0,, Wo, 5) f* (90,) (a) $(a,) da, AX, da, 
Sieselicis hits ehanwlovutstttats eoeta, ws : (59) ‘ 
—e\ PF. (9, Wy, Ws) h* (a4) u (32) fh C3) AAs Ais 


where the form factors in the three-dimensional space 


F,(00;, 5, Ws) = —§A (4, o,! —a0,) D(z; ace —00,) A (755 a2) 
x {a0 (t') +40 (4)) +a0(4!)}d(1'2'3'), 
Fy (H;, Hy, H,) = —[A(t/, a,’ —90,) Dts, to! — 9) 4 (¢s', Iq! — 90) : 


x {a8 (t!) +60 (4!) +.a0(t/) }d(1'2!3"),  f (69) 


CORSE SOC yCOW Btn acer Prac heats 


P(e) Wy 5) = — {A (t!, 90) —20,) Dt, ay! — a0) A(t, ary! —a°,) 
x {a0(t!') + 60 (t)) +00(t/)} BV 273" 


do not depend on 4. Thus, the Schrodinger representation is defined independently of the 
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choice of 7, if this is finite. (59) shows that derivative couplings appear in the first 


order. In the local limit, however, (60) all vanish except F,(a,, 0, 3) which becomes 
Fi, (8, Ho, Wz) —>0 (H,— Hy) O(Hy—H). (61) 


We shall examine the degrees of singularity in the form factors (60). For illustra- 
tion we shall choose /,(#,, #5, 03) which has the highest singularity. Using the form 
factor given by Kristensen-Mdller ; 


or 1 L,% 4+ lgx%3— (4+72s) x9 
P(x, 49 Xs) = (27) x \GG, Lae as me al, als, (62) 


where G(/;, /;) is a function of [1° only 
2 (4-4) (G.4+4)G—e)l 
ea |e was S in 8 1a 3/ il 3 E> 
2 ) 4(4,+4)° : 2) 


and expressing 4-functions in Fourier integrals, we have in the case a=0 and G=1 


Fat, at 5) = (22)-*§1/2 (G(2I8= VEEF ME V1E4 M2 — MOI, 1,) 


2 =a ae SS A 2 ; t 7y— Wa L2( W2— Ws 
IEE AAI MIE IE 1 ye oO a a. 


(64) 
We can see by estimating the integral with respect to relative angle between @, and ¢, that 
(64) is less singular than (61). Especially, a value of (64) for %,=#,=9%#,=0 turns 
out to be P'*/# as compared with P® of (61), where P is the upper limit of |2,| and 
U,|, and 1 /# is the cut-off value of //*. These differences will be made more distinct if 


we consider space integrals of /; (90,, Hs, #5) over one of variables ,, #, or H,. We 


have 
| F(0,, Hy, 1,) dae, = (27) -*§1/2- {G(2IP=MVC+ iM? —M) 
4GQIF=—M VEL IP — My} oO) th, 
(2°(00,, Wy, WH; )darg= (27) *41/2- {GUP=P) 
+GUP=— My} —*9 ait. 


Then, if G(/1°) vanishes for |/1°| = J”, (65) are finite for any values of w,—a, and 
,—2%;. In this way, we shall have a possibility to treat the problems involving bound 


(65) 


states without divergence difficulties according to the Tamm-Dancoff’s theory”. 
In conclusion, the author would like to express his appreciations to Professor H. 


Yukawa and Dr. Y. Katayama for many valuable discussions, 
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Note added in proof: We can show as follows that, starting from the field equations (4), it is always 
possible to find the interaction Hamiltonian H(x/¢) which satisfies (12). For a specified space-like surface 
o*, we have directly from (4) 


p(x) = (a, o*) —g\{e(x—1) —e(a*, 1) }/2-A(*~—1) (2) ¢(3) 20 23), (N-1) 
Ole, a) Hf da, A (ea) Oy/ 6) 00) By (9) bat ow (N-2) 


We assume that, for given operators (x, o*) and w(x, o*) which satisfy (6) and (7), equation (N-1) and 
the corresponding one for (0°) have a unique solution, that is, the form factor belongs to the Pauli’s “ normal 
class”). If not unique, however, it will be possible to define by iteration an asymptotic solution which agrees 
with that of the free fields in the limit g0. With these known operators {(x) and w(«), we write for 
general surface o the equations (5) as 


P(x, 6) =o (4, 6) — G(x, a), u(x, 6) =u9 (4, 6) —7 (x, 0), (N-3) 

do(x, N=b(x) +9) {e(a—1) —e(a, 1) }/2-A(«—1)“(2)$(3)d(1 2 3), u(x, o)=----- 7 (N-4) 
where additive terms ¢(x, a) and v(x, a) should vanish for ¢=o*. The known operators go (x,a) and w%(a, c) 
defined by (N-4) are not in general connected by unitary transformations for fixed x and varying co. By 
subtracting from them suitable operators g(r, 0) and v(x, ¢) which are functionals of known He’senberg 
operators and dependent on o exflici¢/y, we can obtain operators ¢(x, 0) and w(x, ¢) which satisfy (8). The 
way of subtraction will not be unique, but ¢(, ¢) and another solution (x, ¢) are both connected by unitary 
transformations with ¢$(., o*), and they are also connected with each other by some unitary transformation as 


(18). Thus, the existence of g(a, a) and w(x, ¢) as one-valued functions of o assures the possibility of finding 
{(x/¢) which satisfies (12) and the integrability condition. 


The rode in §3 are given for o*=—oo. In this case we can define energy-momentum four-vectors 
P,(6), which are constant and form the infinitesimal generators of the coordinate transformation for finite o 
~ x , 

P, (6) =T-(4, a0) {Py (60) — § g(x’, 00) do,/}U (a, 60), (N-5) 


where 7, (a) are free energy-momentum operators written in (x, 60) and u(x, 6p), and 7; (x/a, ao) is 

‘ : : ’ > 
defined by (49). It is shown from the results given is § 3 that, if the form factor contains a suitable damp- 
ing factor such as exp[—e|/,;+-¢-+-4s|], the following equations hold except terms of order ¢ 


d7, (a) /da(x)=0, Op (x) /0x,=[ p(x), Pil, Ou(x) Ox, =7[2(x), te (N-6) 
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The Feynman-Dyson theory is extended so as to include the scattering involving composite particles. 

For this purpose we have clarified the relation of the Salpeter-Bethe wave functions to the probability 
amplitude by introducing co- and contra-variant components of state vectors keeping a close correspondence 
to the vector analysis in an oblique coordinate system. (§ 1). 

The integral equations for various kinds of Feynman kernels are derived in a systematic way by 
making use of functional diiferentiations with respect to external source, and these equations are shown 
to have formal solutions expressed in terms of Fermion kernels and various interaction operators. (§ 2) 

The procedure introduced by Gell-Mann and Low is fully utilized to derive integral equations 
for the covatiant components with devices to suitably take account of the initial conditions. (§ 3) 

Finally the method to construct the S-matrix is discussed. (§ 4) Not discussed are the problems 
of renormalization and of metastable states. 


Iatroduction aad summary 


In recent years, the so-called Feynman-Dyson theory has widely been applied to 
scattering problems for open systems with great success, yet the theory in its original 
form can not immediately be adapted to such scattering problems that involve composite 
particles, since the hypothesis of adiabatic switching plays an essential role in the theory. 
For the scattering of particles. by short range potentials, we can regard these particles at large 
distances as free from forces and the hypothesis has its validity. To our regret, however, 
it is not the case for the interaction between particles and fields, because the interaction 
of a particle with vacuum cannot be discarded even when the particles are separated far 
away from each other, hence the particle can no more appear to be free, but we must 
retain the interaction of the particle with vacuum by treating it as a dressed particle. 
This situation is especially worth noticing in problems involving composite particles. 

In addition to such a basic requirement, we are modivated sometimes by the necessity 
of the relativistic theory of nuclear forces, in which the current means to deal with such 
problems in reference to the static potentials, a purely non-relativistic concept, is suspected 
to lose its applicability for high energy problems and for the Ps( ps) meson theory that 
requires a relativistic approach even at low energies. — 

For this purpose, we must start from a positron theoretic point of view. Indeed, 


Nambu” proposed an equation to treat the two-body problem on the above basis 
(O+*),7A+%) 290, 2) = — 6 (7a)s (Tu) 2D r(1—2) 9s 2)- (1) 


In this equation only the second order effect is taken into account, and later on this 
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equation was further extended by Salpeter and Bethe” and by Kita® upon the Feynman 


picture as to include the higher order effects 
g(12) =o (12) SF \ dw.dw,dw,do,SpA, 3) S7(2, 4) G(34 ; 56)9(56), (2) 


where g® and g represent the incident and scattered waves respectively. This spe 
3 ; . . . ( as 
enables us to treat the problems of bound states by dropping the incident wave 9 
well as scattering problems. a 
The equation common to the above two cases is given in the form of an integro- 
differential equation by generalizing the equation (1). ee 
An attempt to derive these equations from the conventional field theory was furnishe 
by Gell-Mann and Low”. 
The essential point of their theory is the relation between Heisenberg operators and 


Feynman kernels 


K(12 ; 34) =— (Vac| T[¢ (1) 9 (2) 6(3) (4) J] Vac). G3) 
Thick letters denote Heisenberg operators throughout this paper, and I/ac. is the abbrevia- 
tion of the true vacuum. 
The sole connection between the state vector /’, in the Heisenberg representation and 
the Salpeter-Bethe wave function y,(12) given in their paper is 


g(12)=(%, TIPQ)P IY), = Vac), (4) 
where Y, is an eigenstate of the total energy-momentum operator P,, 7.2. 
(P. Pi) P.=0., (5) 


P.. being the eigenvalue. 

It must be emphasized that only energy levels can be determined by these equations 
but that we need further investigations in obtaining such information as the expectation 
values of operators in bound states and the S matrix for the scattering involving bound 
states. | 

The purpose of the present paper is to clarify these points. In order to investigate 
the connection between Salpeter-Bethe wave functions and the state vectors, it is very 
instructive to note the close correspondence of the present problem to the vector analysis 
in an oblique coordinate system. The relation (4) suggests us to provide the Salpeter- 
Bethe wave functions with the name of “ covariant components” of the state vector. In 
a similar way, ‘‘contravariant components” are also defined as the coefficients of the ex- 
pansion of a state vector in terms of Heisenberg operators operated onto the true vacuum. 

As a characteristic feature of the positron theory, both components do not coincide 
with each other in the presence of the interaction between fields. Only after the settle- 
ment of these components, expectation values of physical quantities are calculable as will 
be shown in §1. (Also see Appendix.) 

The temporal development of a system is then described by integral equations for 
Feynman kernels or covariant components which are studied in a systematic way with the 
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aid of functional differentiations with respect to external sources and of the limiting pro- 
cedure of Gell-Mann and Low. (§ 2, § 3) 

The method to construct the S matrix for scattering processes involving bound states 
is presented. It is stressed, for this purpose, that we must prepare a variety of asymptotic 
forms corresponding to the boundary conditions imposed upon the final states. (§ 4) 


$1. Represeatation of state vectors 


Our first task is to investigate the precise connection between the state vectors in the 
Heisenberg picture and the Salpeter-Bethe wave functions. The state vecter Y ,, for instance, 


for one nucleon system, will be expressed as 


U=[\ fla) o* (ade t.. Ly (1-1) 
where v’s refer to four dimensional coordinates, while the integrations are extended over 
a three dimensional space. 

In order to represent the state comple! we need in the integrand of (1-1) various 


Esipbinations of operators such as 


P* (x), P*(X)GE), PF )B (SD 
corresponding to the meson cloud. Here ¢ and ¢ mean the wave functions of nucleon 


and meson. 
Hence we begin with examining what combinations of operators will be necessary and 


sufficient. 

(a) Closed Set of Operators 

Let the linear space expanded by the linear combinations of a set of operators O,, 
O.,... be KR. If for a given Hamiltonian H=j\H(x)d*x and for an arbitrary operator 
O €, results always 


[H, O]eR, 


we call the set of operators {O,, O.,... } as closed. 
Theorem 1. In order to represent a stationary state /’, completely by operating a 
set of operators to 7, as in (1-1), it is necessary and sufficient that the set is closed. 


(Proof ) Let &, be expressed as 
V-=>*\ a,(n)On%;, 


then the equation 
(HL ae E,) Y,=0 


may be read as 


St Ha,(2) 0,25 
—Saee a, (2) ([ HO,]+£,0n) fT, (Note (H— £,) ¥,=0) 


=E, Sj a,(2)O,%. 
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Hence, if the set is closed, this equation can be transformed into a compact form of 
equations for a’s (sufficient), otherwise these equations for a’s are not closed (necessary). 
This condition is equivalent to the invariance of the space Jt under time development. 
From the above theorem, we see that if the motion of fields is described in terms 


of canonical variables y’s and p’s the set of operators of the form 
Ce PP (1-2) 


is closed, provided that #f is a polynomial of these variables. The field variables corres- 
ponding to y and p are ¢ and @* for Fermions and ¢ and ¢ for Bosons respectively, 
and we can readily construct a closed set of operators as (1-2). 


For instance, for a one nucleon system, the state vector is expressed as 
Pi =[| Lo) gadtes [pe oO areas 


+| Fila, 8)0* (2) 6(Od xd ¥+...]E,. (1-3) 


In such relations, all arguments refer to the same time. 


Rigorously speaking, however, we further need to fix the order of operators. 

(b) Ordering Operators 

For the ordering convention, the 7~-product introduced by Wick" is convenient for 
the present purpose. In connection with the 7-product he has also introduced the .S- 


product or the normal product, and we will attempt to apply the concept of the S-product 
to Heisenberg operators. 


He defined the S-product in the interaction representation 
TA Gee ne 


by dropping the contracted parts from the well ordered products of operators (i.e. creation 
operators to the left, destruction to the right) between colons. Hence we can reduce the 


S-product to 
SD CZ I (AD Cia ye Bebe opt bs POR 
ES CED a Ze) ees (1-4) 


where thin letters refer to the interaction representation and the dot superscripts for a 
pair of operators are the contraction symbols defined by 


AB = (vac| T( AB) |vac). (vac.=free vacuum) (1-5) 
In the expression (1-4) all contracted terms are properly subtracted, since a term with 
m times contractions (Cf. Fig. 1) are subtracted in 


n : 

(") ways in the second term, added 
need nee 

in (5) ways in the third and so on, it is subtracte 


d by only once as a whole as seen from 


“U)+(G)-(G)4+-=-14 8 (a | (1-6) 
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B The 7-product for Heisenberg operators 
Cc ————-p CABO (ie7) 


is well defined. We shall, however, use the 7-product in the sense 


n-line 4 R : : ae 
of the 7*-product® for later convenience. The direct decomposition 


Fig. 1. of Heisenberg operators into creation and destruction operators is not 
possible since they obey non-linear field equations contrary to the case of the interaction 
representation. 

Since we cannot define the S-product for Heisenberg operators as Wick has done in 
the interaction representation, we start from the alternative definition (1-4), because the 
T-product and the contraction procedure may ratain in the Heisenberg representation. 


The .S-product for Heisenberg operators 
: ABC...Z: (1-8) 
is thus defined by refering to (1-4), and the contraction of Heisenberg operators by 
A’ B:=(Vac|T(AB)|Vac). (1:9) 


The. physical meaning of the S-product here is not so clear as was the case in the 
interaction representation, but we shall find it useful as well as necessary in what follows. 

‘Theorem 2, If the arguments of the operators A, B.,..., Z are “ space-likely ” 
situated from each other, then holds the following identity 


Gab det) ee esd AF, (+ : Hermitian conjugate). 


In the interaction representation, this theorem holds trivially without the condition 


of space-like situation. We shall simply state the meaning of this theorem. We see 
TFABC..2) =TUZ AC BA’). 


Even if the arguments are space-likely situated we cannot replace 7~' by 7 in general, 
since there may be non-commutative quantities involved in the operand of 7~’. It must 
be remembered, however, that their commutators should be c-numbers provided that they 


ate space-likely situated, and therefore the extra terms arising from their non-commutativity 
become 
T(AB)*—T(B*A*)= (Vac|T(AB)*—T(B'A*)| Vac) 
= (A: B:)*— (Bt: A*), 
which are just cancelled out by contraction terms in (1-4). 


(c) Co- and Contra- variant Components 
We have seen that the state vector for a one nucleon system can be expressed as in 
(1-3), and from now on we shall employ the .S-product for the combination of operators 


to express the state vector. Namely a state vector can be expressed by a linear combina- 


tion of such S-products as 
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P*,: 98s PO, 9 bbs 
operated onto the true vacuum. »* 


We call the coefficients of these operators 


VST es JAS) oe (1-10) 


the contravariant components of the state vector ¥,. 
On the other hand, functions like 


g()= (OPO) Ce, )=Cvey CHO): Fae (1-11) 
ate called the covariant components, where operators should be understood as being 
S-products. 

These nomenclatures are suggested by the close analogy of the present formalism with 


the vector analysis, in which the components 1° and +,, defined by 
N=LCH 47= (Ee, H) 


are called contra- and co-variant components respectively, €’s are basic vectors in an 
oblique coordinate system. 


Relations corresponding to 
45 =JijX’s Jius= (Cis €;) 


are also furnished in the present formalism, and as we shall see later Feynman kernels 
correspond to the metric tensor /;;. 


In addition to the above two kinds of components, we shall introduce another 
auxiliary kind of components defined by 


X41) = (Fo PP), XC I) = (4% TIP (4)G() IB), (1-12) 
for which we provide with the name of S—P components. 


The utility of understanding the 7- ~product in the sense of the 7 *-product consists 
in the following identity” 


(, 7 | SD. | = Cry TTA eee (1-13) 


Theorem 3. Covariant and S—Z components of a state can be expressed in terms 
of alternative components. 


This theorem is an immediate consequence of the definition (1:4) which connects 


the S- and 7. “products with each other. 


In what follows we denote such quantities as g, ~*, ¢ and ¢ indiscriminately by e@, 
then the co- and contra-variant components gs and /’s are given respectively by 


Is,n— Ce, : @,..-Ey : Y .), Ns Cie Dis Bias 1) 


#=>| hoy: On iOpen Bee (+ : Hermitian conjugate) (1-14) 
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where | corresponds to the spatial integrations in (1-3). 


If we choose /;=...=/,, we see from the theorem 2 


(%, Y,) = (33 jPae : Cn EF : fs P.) 


I 


>| Pri Wis. : @,. €y : Y,) 


V 
sy eee JRE EGE (1-15) 


Hence the ortho-normalization for state vectors is expressed by 


>| ax) Gg. n= Ole, oe Qa +16) 


NV 


The relation (1-15) precisely corresponds to the formula to give the inner product of 


two vectors #@ and y 
(0/9) =4, 7 =2£ 7;. 
The connection of the contravariant components with the covariant ones are given by 


I; xn Ce, > @4.--€, : Y,) 


SF ii Perea Whe aae Ser as Aik 
a aga a co Ss \ Se Mas Cafe Lays f,) 
NI 


NO Feaas (1-17) 


fe >| RIN 


where 
RNIN’) = (bo bys On 2 2 Cnr Our? Y,). (1-18) 
If we choose 4,=...=t, >4=---=ty, K may be written as 
RAN Ls eens. Cre ey: (1-18') 


Since this is a mixed 7-product, it can be reduced into a linear combination of 7-product 


kernels like 
K(N, N= (Gy Ter: On Chr -€ir| Yo) eel ALS) 


by means of the relation (1-4). 
The functions K’s in (1-19) are just the Feynman kernels. Hence, if ’s are 
known we can in principle determine the contravariant components from the covariant ones 


with reference to the equation (1-17). 
The means to get information on Feynman kernels and covariant components will be 


discussed in the following sections. 


(d) Lxpectation Values ‘ 
We shall briefly describe how to evaluate the expectation value of a given physical 
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quantity Q in a given state /,. 
The expectation value is written as 


(Q),=(%, Q 1). (1-20) 


The state vector VY, is given by 


r 3 +. 
Bea fini Oh -2) : 0, 
< 
and hence 


QUAD | fw Qien et % 
N 


If we choose the time coordinates in e@’s to be earilier than that of Q, the above 


quantity may be rewritten as 


> \ Fowl (Qs en...e7 2] Yo. 
N 


The mixed 7-product in the above expression can be decomposed into a linear combination 


of S-products, 7.¢. 


ae [Q ah a 2 J=>h OQ NIN * Chr Ori. 
vy 


N 


Thus (Q), in (1-20) turns out to be 


(Wiig SS ee ORT Ne AN oS 


N,N! 


I 


- bee Ora es 1 CprersGir eg) 


NANI 
ae hoe) * : : *) 
PS \ Jsnr Ont nfs,n- (1-21) 
NUN! 


Finally we must add an important comment. 

The S—Z or covariant components are defined, as we shall see in the following sections, 
for all configurations of arguments including the case when arguments are time-likely placed. 
Such a situation seems at first sight to be in apparent contradiction to our physical intui- 


tion compared to the cases of conventional many-time theories of Dirac” and of Tomonaga”? 
and Schwinger”. 


This difficulty is interpreted as follows : 

The theorem 2, equations (1-15), (1:18’) and (1-21) indicate that contravariant 
components have their physical meaning only when all arguments are space-likely situated, 
and in the calculations of physical quantities we need contravariant components as well as 
covariant ones. Indeed, to these expressions contribute only the values of covariant 
components for space-like region in conformity with our physical intuition. 


* Thete is another simpler mean’ to express the expectation values of physical quantities in terms of 
covariant components alone. See Appendix. 
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§ 2. Integral equations for the kernels 


We have seen in the previous section that the Feynman kernels play the most 
fundamental role in the present theory. Furthermore, the dynamics of the system of 
interacting fields are governed by the integral equations for the Feynman kernels, so that 
in this section our efforts are devoted to the investigation of these equations. 


After Dyson™, the integral equation for the one-body kernel is given by 
Sie 4 5, 51% S15, 452 3\* Sp (2-1) 


where S}* is the proper self energy part for a nucleon, and functions such as S, and 
Sj} are defined in the absence of external fields by ge 


( T[bQ)$(2)]) me=Se(1—2), ( TIP (1) G(2)]) rae= Se 2); 
similarly 
(7 [4a(1) $02) vac= Oas4e(1—2), (7 [Ba 1) $0 (2) J) vac= Sande (1 2). 
The function J/ statisfies an integral equation similar to (2-1) 
41=4,+4, I1* d,=4,+ 4; Il*dy, Qeko, 


where //* is the proper self energy part for a meson. 


The two-body kernel satisfies as discussed by several authors”®” an integral equation 


K(12 ; 34) = S$, (12; 34) + | du,dodo,do,Sp(A, 5) 97(2,.6) 


x G(56 ; 78) K(78 ; 34) are (Zee) 
= S,(12; 34) +| dododo,to, 12 3030) 


x G (56; 78) S7(7, 3) Sr(8; 4), (2-2') 
where 
S112 3 34) = Se, 3) S2(2, 4) — Sr (Q, AVS ph 2,93) 
In order to solve these equations we need to know the boundary condition. 


For instance, for a two-body kernel 
FA 12734) =802|(34) =— (Vac\|7 [9 A) 9 (2)€ 3) #(4) | Vac), 
we may decompose it as 


=— 3) (VaelT [9 92%) Wl TFG) PAI Vee), (2-3) 


if 4=h=t>t=4=. Here T[g~(1)¢(2)] must operate onto Y, as a destruction 
operator and 7[¢ (3)¢(4)] as a creation operator, and hence the time dependence of | 
the term in the summand should be like exp [—74, (¢—t’) | for ¢ > 7! and similarly like 
exp[ —72,(t’—7) ] for /' >t. This isp recisely the /eynman’s positive frequency conde 


tion being equivalent to the outgoing wave condition, In this example, we divided 
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the operators tentatively between @’s and @’s by the time label f= ft. + H=Z, but 118 
obvious that positive frequency condition should hold for an aréitrary division of operators 
between two groups. 

The iteration method to solve these integral equations will fail to satisfy the positive 
frequency condition when there are isobar states or bound states, since the solutions of 
the integral equations without the inhomogeneous terms corresponding to such states cannot 
be included by such a method. 

In order to discuss the problem in more detail we choose an interaction Hamiltonian 


HH =n : LOW : bat O.ba— Lsers, (2-4) 


where //,,., is the counter term to cancel divergences like self energies about which, how- 


ever, we shall not discuss in this paper. The operators in (2-4) are to be understood as 


=| on {" ua { Se (2-5) 


a symmetrical Ps( ps) 


in quantum electrodynamics and in symmetrical /s(/s) meson theory respectively. -The c 
number quantity Q, represents the external source introduced formally for the later 
convenience. 

In charged meson theories the existence of such a c-number source violates the charge 
conservation, so that we must regard (, to vanish in equations derived after the differentia- 
tion with respect to Q,. Namely we must understand Q,, as a purely mathematical tool 
rather than a physical quantity. 


From the Hamiltonian (2-5), we define the tranformation function VU by 


eee 
z 5G) UG; 64) =ldL a(t) C (6, 6 ewith.U (oe ey) ile (2-6) 


; : : : ‘ : : 
According to Gell-Mann and Low”, there is an identity which connects Heisenberg operators 
to operators in the interaction representation 


(Vae|T [A (1).B(2)...Z (7) ]| Vie) 


_ (vac 7 [0 (c0, ~ 20) 41) BQ)... Z(u) vac) 
(vac|U (co, — co) |vac) ; 


(2-7) 
provided that there is no external field. 
The expression (2-7) will simply be denoted by 
( A(1)B(2)...Z(2)), 
and also the following abbreviations are used ; 
U=U(0, —«), C=(vac|U(co, —co)|vac). 
Then we have 


POGa LL team eae 
80, (x) ee 00, (4) 7 [exp(—i| Teg s (dey) |= PL Coy (7)]. (2-8) 


Many-body Problem in Quantum Field Theory 559 


In a similar way, it follows 


ea) ae ei ane 
Serie eB) Zeive) 


a 


= (vac| 7[U¢,(0) A(1) B(2)...7(x) ]|vac), (2-9) 


ey) r 7 
ey aE Ae) >| 


= C($,(0) A (1) B(2)...Z(x)) (2-9) 


in virtue of the relation (2-7). 

In these equations, we must always put O,,=0 after differentiation as has been noticed 
before. Namely in what follows, we utilize differentiations with respect to the external 
source © to derive integral equations connecting various kernels. Since, however, the 


identity (2-7) holds only when there is no external source, we define kernels by 


(A(1)B(2)...Z(n)) 


= (vac| 7[UA (1) B(2)..-7 (x) ]|vac) /C (A) 
rather than by 
(Vac| T (AQ) B(2)...Z(n) | Vac) (B) 


when the external source is present, since the true vacuum cannot definitely be defined in 
this case. 
On differentiating equations for a kernel of the type (A) with respect to OQ, we 
arrive at integral equations connecting various kernels of the type (A). 
Then we may put (B) equal to (A) by letting O vanish, giving desired integral 
equations connecting kernels of the type (B) when the external field is absent. 
Then we can derive 
Oc | ae : 2 
a =0,,47(1—2) -Co=o (2-10) 
te lO) 
_ If we put after Feynman” 
Gases (2-11) 
we do not have to be concerned with the contributions from processes involving isolated 


loops. (Fig. 2) 
The quantity L is given in the second order by 


ge 1 7| | JolrsSA 0,594 —2) O-5e(2—1) ]4,(1—2)- (2-12) 


If we take account of the existence of a symbolical external field QO, we must supplement 


— the following term ; 
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Lire : \| du,do, O,(1)Q,(2) 4x(1—2)- : (2-12) 
Los 


Q From (2-10) and (2-11), there results 


Q £ PL |= Ae ee 
LO Q=9 


(1) 00, (2) 


/ Q The usefulness of such an operational differentiation 
af is exhibited by the following examples. 
Lext a) Differentiating the equation 
L 4ext me 
Fig. 2. CSiA, 2) =Cl ORD?) ae 
we have from (2-9) 
fo COSA Srely.2) 20 41, 2) =($(1) $(2) 4,03) ). 
30.0) 10.8) 8" 


Since we know 


T((1) (2) $a (3) J=: 9 1) $(2)b.(3) 2+ (G1) G2) )b.(3) 


=:9(1)$(2)6.(3) :+6.(3) -S-(1, 2), 
and 


ae (2-13) 


we get immediately 


Bees) 
“80,.(3) 
The terms (¢,(3))S;(1, 2) and 
(: (1) $(2)$,(3) :) correspond to dia- 
grams Fig. 3 and Fig. 4 respectively. 
The right hand side of (2-14) is 
nothing but the definition of the vertex 


SHA, 2) =( (1) 8 (2) 4,03) :). (2-14) 


part, so that we may write ; ieee 
Fig. 3. Fig. 4. 


eS Gl 2) — 7| dodo do,ss (1, 4), (45 ;6)S r(5;,2)4;(6, 3); (2-45) 
oe 
where 
0,45; 6) 00450656) 4. 
is the vertex operator. 
In the above example, the situation is rather special and is much simplified since 


there was a ready made quantity, the vertex operator. Hence we shall exhibit a general 
means to utilize the symbolical differentiation. 
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The problem to be dealt with is to find the relation between functions 


(9 (1) $(2)) =S4(, 2), 


and 
(9(1)¢(2)$.(0)) =K.(12 ; 0). 


In the presence of an external field (though it is illusory), S; satisfies the following 
equation™ but not (2-1) 


(i 2) 5-42) +) din S(t y OA 4 (3)) SEG; 2) 
+| dw w,Sp(1—3) 5\*(3, 4) Sp(4, 2). (2-16) 
From (2-9) and the definitions of S; and K;,, it follows 


0 a 
lH DI (2-17) 


BAG 500 3 


Multiplying (2-16) by C and differentiating it with respect to Q, we arrive at an 


xe 


integral equation for K, 


K,(12 5 0) =(Ga(0)) Sp(1—2) + 9) dionSe(1—3) Onh (Ba(0)$s (3) )S#B 2) 
+ (6, (3)) K,(32 3 0)] +] Poti oS (58) 
x Bees “iS et4n2) + 17 (3, 4%, (42 ; 0) |. (2-18) 
60, (0) 
It is convenient to write the equation (2-16) formally as 
Sit; 23=S,(1—2) + F (1) S20, 2), (2-16') 


where cf is the integral operator in (2-16) and the argument 1 in parentheses refers to 
the argument to be operated. 
With this notation, the equation (2-18) can be written as 


K,(12; 0) =($,(0)) Sr —2) + F(A) M12 5 0) 


+7\ diroSr(1—3) On Ga(0) 4 (3) ) Se, 2) 


: cO) Sue (46° ; | 
+] dud ;(1—3) E a | SC 4p 2), (2-18’) 
It is to be noticed that (2-16’) may be transformed into the form 
(1—F (1)) 7S p(1—2) = Sr (1, 2)- (2-16!) 


The operator (1—A(1)) has not always its inverse when there are isobar states, but it 
is well-defined by the above equation if we can find S,(1—..-) in the operand. Then. 


we are fortunate to find that the eqution (2-18’) can formally be solved by operating 
(i= (1) on both sides of (2-18’) after bringing the term (1) K,(12 ; 0) to the 
left. 


K,(12 50) =($4(0)). S41, 2) +n| dirSp(1, 3) OnSz(3, 2) (bz (0) $s (3) ) 


! G D Sa 3, 4 Gas he 
+| dw,do,S,(1, 3) ee | S7(4, 2). (2-19) 


On putting QO — 0 we reach 
K,(12 3 0) =| dw,57(1—3) OgS7(3 —2) 4;(3—0) 


+| dw.doS;(1—3) i EBSA Es 4 S7(4—2), (2-19) 
30,(0) int 
since (¢,(0)) vanishes due to Furry’s theorem and (@,,(0)¢,(3)) reduces to 0,,4;,(3—0). 

The above procedure is quite general and can be continued to ‘obtain Feynman 
kernels with any number of meson wave functions starting from Fermion kernels. For 
instance, the kernel for the meson-nucleon scattering can be derived by differentiating 
(2-19). It must be noticed, however, that the differentiation of (2-19’) does not yield 
a correct result. 

The functions 

Da") eo. (F31*/9Q) x0, «+ 
are calculated by graphical inspections.*? 

In meson-nucleon scattering, the standard Salpeter-Bethe method deals with a pure 
two-body problem", while the present methed to utilize (1-16’’) deals with a one-body 
problem. This difference is interpreted that the former is essentially concerned with the 
integral equations for (0°S!*/dQ 0Q), on the other hand this quantity is treated as if 
already known to higher orders in the present method.**? 

Comparing (2-19) with (2-13) and (2-14), we see 


SO GL ae 
ay = dw, (12 ¢ 3) 4G; 0) —70,0(1—2) A, (4, 0). (2-20) 


The first and second terms in the right 
hand side of this equation correspond to 
diagrams in Fig. 5 and in Fig. 6 respectively. 
Inserting (2-20) into (2-19), we find 


bo 


Fig. 5. Fig. 6. 


a The subscript Q=0 will be omitted sometimes unless it might lead us to confusions. 
Ps ; ‘ ae : 
We can derive the equation for (0°2'*/0Q20Q) starting from the closed integral equations for the 


mass operator, polarization operator, vertex operator and Green functions given in the Schwinger theory of ° 
Green functions!2). 
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K,(12 ; 0) =('.(0) )S;(1, 2) 
+7| dududo, Sp, 3) O_(34; Bee 4.2)05(5,.0 oS (2s21) 


being equivalent to (2-14) and (2-15). 

The illustration of the present method will be accomplished by applying it to the 
two-body problem. 

We start from the equation (2-2), in which the interaction operator G is given by 


G(56 ; 78) =770,(5) O1(6) 4,(5 —6)4(5—7)0(6—8) +... . (2-22) 


The arguments 5 and 6 in the parentheses indicate where the matrices O’s are to 
be inserted. (Fig. 7) 
On differentiating (2-2), we must take account of graphs for G in which the 


symbolical external source Q is involved. (Fig. 8) 


(Q 


7 Sie 
An example of the graph for G 
involving the source Q. 


Fig. 7. Fig. 8. 
We search for the relation between 
—( PD) 9(2)$ B)G4)) =KU2 5 34), 
and 
—( P(1)P (2) $(3) (4) 4.0) ) = Ka(12 5 34; 0). 
They are related to each other by 


é 
00, (0) 


Multiplying (2-2) by C and differentiating it with respect to Q,(0), we find 


CK, (12 ; 34;0)=2 [CK (12; 34)]. 


ie x 
(1233430) = CSiG2 84) Cor 2) K23 34's 0) 
CK 12534; 0) 70.0! rk )] 


4+ CH ,(12 ; 0) K(12 ; 34), (2-23) 
where cf (12) is defined similarly to (2-16) by writing (2-2) as 
K(12 3 34) = Sh (12 ; 34) + A(12) K(12 5 34) 
= 51(123 34) 4K (125 34) (34), (2-42) 
and F,(12;0) by 
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(12; 0)K(12; 34) 


=| dw, do,dw, t eM yl Ses 5) Sp(2, 6)G(56 ; 78) |K(78 ; 34). (2-25) 
ee AERO (CO 


With reference to. (2-2), (2:13), (2-17) and °(2°21), the first term in (2-23) is 


evaluated as 


[GS p(12-3 34) 


Doe (0) 
= 0.030) yore l2 5 34) ar iC| du,du do; 


x [Sh(12 ; 35) O,(56 ; 7) S36, 4)— S412 ; 45) O,(56; 7) Sr(6; 3) ] 4z(7, 0). 


(2-26) 
The factor in the integrand of (2-25) is given by 
Spll2 $56) GO6278 
Wee A (oer EC )] 
= S}(12 ; 56)[G,(56 ; 78 ; 0) —(¢,(0) )G(56 ; 78) | 
0 ‘ 
Cie CS;(12 ; 56) |G (56; 78), (2-27) 
a2 20,(0)- r( )] . ) 
where G,(56; 78; 0) is defined by 
G,(56 ; 78; 0) =70G (56; 78) /0Q,(0), (2-28) 


and we must insert (2:26) into the second term of (2-27). A simple graphical con- 


sideration leads to the result that G, can always be expressed as 


G,(12 ; 34; 0) 5] du,®,(12 3 34; 5) (¢.(0)4,(5)), (generally), 


si des© (125 94415) db(5 20) ler 10%, (2-28") 


We shall see later that this form is more useful to construct the S matrix than (2-28). 
The operator ©, corresponding, for instance, to Fig. 8 is given to the lowest order by 


7 OrS 7 —3) 0,055 (2 = 5) Of S35 =2)0,-4. (14) deo 3), 

The intergral equation (2-23) can formally be solved as before 

K, (12 ; 3456) =(,(0))A(12 ; 34) 

+1] do dodo K(12 ;35)O,(56 37) Sr(6, 4) —K(12; 45) O,(56 3 7) S4(6, 3) ] 
x d,(7, 0) 


1 , 
=| dudodu,du, K(12 ; 56)[G(56 ; 78 ; 0) — ($.,(0))G(56 ; 78) ] K(78; 34) 
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1 y 
| dedado,do1—F ONG 1 GS (4 253 56) 1X (565078 
2 2 ( )) * 50,0) rf > )I ( Pal ) 


x K(78 ; 34). (2-29) 


The intergrand of the last term is written by (2-26) as 


= =174-1_ 7 9 ! P 
(a—F(12))7"C Je TPES acum 


= ($,(0)) K(12 ; 56) +7{ L0-LO AW, X 


x [K(12 ; 57) O,(78 ; 9).S4(8, 6) —K(12 ; 67) O,(78 ; 9) S,(8, 5)] 44(9, 0). 
(2-30) 
That all S; functions are replaced by A in the above expression corresponds to the 
method of distorted waves. 
‘We have so far investigated the procedure to find the Feynman kernels involving 
meson wave functions from kernels of Fermions alone, and found that all kinds of kernels 


are expressed by the combination of kernels of Fermions alone 
$42... 3 12". = 2) 90) 0DER)-”) 
and the interaction operators like 
CS) ens, (@) go, (935*/8Q) g=0, (9F/8Q) o-0, ++. 


It will be better to add a remark here, that we have only to refer to a Fermion 
kernel with one more particle when we intend to deal with a problem of pair creation. 
The meaning of this remark will become clearer in the next section. 


Finally we give a relation between Fermion kernels with different number of particles, 
i{ db) 7 IVE, 2) 5 My Dodane 


= —(m—n) K(2,..05.2',...), (2232) 


where 
MG, 2,23 15 2". =¢ 92): 9) E01) 2 9@).-:) 
H(i 2 poke 15-2 si — Srl, MVD vhs 2g vy, 


and 72 and w stand for the numbers of ¢’s and @’s earlier than the surface a. 


This is readily shown if one remembers 
i do,:%7,P=No. of particles—No. of anti-particles. (2:32) 


§ 3. Tategral equations for the covariant components 


From the integral equations for the kernels investigated in the previous section, we 


can readily find those for the covariant components by adopting the limiting procedure of 


566 K. Nishijima 


Gell-Mann and Low”, which we shall simply call the G—Z procedure. For instance, from 


(2-2) we obtain the equation 
Gi (te) =a, (12) +| du, dlw,tiu,do, SpA, 5) S_(2, 6) G(56 ; 78) 9, (78), (3-1) 


where g°(12) is the covariant component for the incident wave consisting of a product of 
plane wave functions of the two incident particles. Each plane wave is normalized in 
reference to the procedure developed in $1. A simpler means of normalization will be 
given in the next section. 

Rigorously speaking, the G—Z procedure when applied to inhomogeneous equations, 


7.c. for unbound states, yields equations like 


g3(12) =cg}(12) + \ duo dw.do, Sp(1, 5) Sp(2, 6)G (56 ; 78)9(78), 


where c is an indefinite constant. Thus the covariant component g,(12) depends on the 
constant c. Since, however, we know how to normalize in reference to (1-16), we can 
in principle fix the constant c. We have put c equal to unity for simplicity since this 
choice seems to be plausible in that it leads to the same results with those for the 
perturbation expansion.*) We must call our attention, however, when we intend to apply 
the G—L procedure to meta-stable states for which the degeneracy of energy levels is 
essentially important, since the procedure is applicable only upon the assumption of the 
non-degeneracy of energy levels. 

On dealing with the problem of bound states, we must drop the inhomogeneous 
term g(12). Hence, the problem to derive integral equations for the covariant components 
seems rather trivial after those for kernels are settled. 

There are such important subjects, however, that give tise to discussions only in the 
equations for the covariant components. The equation (3-1) can fix the first member of 
the covariant components of the state vector VY, for a two-nucleon system. 

The second member y,(12;0) can be expressed in terms of the first member g;(12) 
by adopting the G—/ procedure to the equation (2-29). For simplicity we shall illustrate 


the procedure in rhe case of one-nucleon system. The G—Z procedure produces, when 
applied to (2-21), the equation 


Js(1 ; 0) =(,,(0) )g,(1) +n] dododo, Sp(1, 3) O4(34 35) Ip, 0)9,(4), 


(for O > 0) (3-2) 


where 
9515 0) = (Yon PA) fa(0) - ¥) =(%, T[P(1)b.(0)] %). 


Furty’s theorem is of help to reduce the equation (3-2) into 


ee We can put c equal to unity if we only assume that the interaction between dtessed particles are 
adiabatically switched on, but we need not assume for bare ones, 
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Js(1 3 0) =| dogdudu;, SpA —3)O,(34, 5)47(5—0)9,(4). (for Q=0) (3-2’) 


The second member of the covariant components is thus determined when the first member 
is known, and the later members ate also derived in completely the same way. Hence 
all the covariant components for a state can be fixed in principle. 
It must be noticed that for components involving two or more mesons we must dis- 
tinguish between covariant and S—Z components. (Cf. eqs. (1-11) and (1-12).) 
Next we investigate the component with a virtual nucleon-pair produced. For simplicity, 
we shall again consider a one-nucleon system, and for this purpose we must start from a 


two-body kernel as has been remarked in the previous section. 
K(12; 34) =—(9(1) 9 (2) $3) G(4)) 
=—S1(%, TIP) 9(2)$(3)] BB G4) %), 
; forse yloisig et, (3-3) 


Application of the G—Z/ procecure to the equation (2-2) with the above division yields 


the equation 
X, (12 ; 3) = S;(2, 3)9,(1) — S71, 3) 95(2) 
+| du flu,du,do, S}(1, 5) S7(2, 6) G (56 ; 78).X,(78; 3), (3-4) 


where 


X,(1233) = (Fn TP) 9 (2)9G)1 %), 
go(12 3 3) = (Yo P(1)P(2)P(3) 2%), and = ¥,(1) = 9.1). 
From (3-4), we have the covariant component 
gs(12 5 3)=| dw do,lw,dig, Si(1, 5)Sz(2, 6) G (36 ; 78).X,(78; 3). - (35) 


(a) Method of Green Functions 


We must solve the integral equation (3-4) for X,(12;3), and for this purpose we 
introduce the method of Green functions. The equation (3-4) can be written with the 


notation defined in the previous sections as 
(1 — #(12))X,(12 3) = SL(2, 3) 9,1) — SHC 3) 9402). 6-4") 


We need some device on applying (1—4(12))~* onto the equation (3-4") in order to 
solve the function XY, since the right hand member does not in this form involve the 
function S/(12;.-.) only for which the operator (1—4(12))™ is well defined. 

The equation (2-16) is changed into 


(78,42—ij0uM¢q(1))) Shs 2) —é | dos? A, 3) SEG, 2) = 90-2), B-6) 
by utilizing the relation 
(:84+2) Sp(2) = —10(2). 


The equation (3-6) may formally be written as 
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| He DU. By SE. Bye 03) 
or 


| dé, S10, 2) Diz3) S003) (3-6) 


with the help of the integral representation. » is given by 
D (1, 2) = (78,42 ip O0Aba(1) ))8(1—2) 7D" (A, 2). 
Hence the right hand side of the equation (3-4’) becomes 


S7(2, 3)9;)— Sp, 3)9;5 2) 
=| du, [S7(2, 3)8(1—5) —S,(1, 3)0(2—5)] 9.(5) 


=—i| duo, Sp(12 ; 34) D (4, 5)0,(5) 


uv 


for which the operator (1—4(12))7 is well defined, and the equation (3-4!) is 


solved as 
X;(12; 3) = =2 | dw,du, K(12 ; 34) D(4, 5)9,(5). (3773 


(b) Lncident Waves Involving Composite Particles 


When the incident wave involves composite particles, we must call our attention in 
applying the G—Z procedure to obtain the integral equations for the covariant components. 
As a typical example, we consider the problem of neutron-deuteron collisions. 


The integral equation for the three-body kernel is given by 


K (123 3 456) =S;,(123 ; 456) +[4 (12) + F(23) + F(31) ] K(123 ; 456) 
+ F (123) K (123 ; 456), (3-8) 


whete 
A (123).K(123 ; 456) 
=i Hin, ts. Dea Sp ( 15 1S p( 252) SE(8¥ 3 ).Ga2' 3! 4'5'6') K( 4'5'6" ; 456). 
(3-9) 
The second tern in the right hand side of the equation (3-8) refers to the scattering 
by the two-body iftteraction (Fig. 9), and the last one by the three-body interaction (Fig. 10). 
If we immediately apply the G—J/ procedure to the equation (3-8), we cannot express 


the initial co ndition that the incident system consists of a neutron and a deuteron. 


In order to avoid this difficulty, we operate (1—FA(12))- on both sides of the 
equation (3-8) from the left. Then the S’, function turns out to be 


* In order to réduce this expression by eliminating ), the equation (2-2’) is useful. We have 
Ihe 


N's (12 5 3) = Spr’ (2, 3) 95 (1) — Sp’ (1, 3) 5 (2) my da, dogtoytergh (12 ; 56)G (56 ; 78) Sy (7, 3).94 (8). 
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K(I2:.45)S,G;'6) 4 K(12.456).S,C6; 4) 
+ k(12 564) S,(3;'5), (3-10) 
while the remaining members to be 
[1— G—FA(12)) "(A (23) + A(31)) 
— (1—4(12)) 14.123) | K(123 ; 456). 


EAS: The last term can readily be obtained by replacing as 


SS Clot 55 (232!) S (373) {Kas US pt 323") 
in the operator # (123), since one can write (3-9) as 
4 % Z probes : / BiCd In!) Ct 
(123) A(123 ; abl a> a AO no Tide 9g 123: 2) S (353') 


x G,(1'2'3' ; 4'5'6') K(4'5'6’ ; 456). 


While the second term, as the operand of (1A—H(12)) lacks the function S/(12;...) 
or S,(1,...)S;(2, ..-), but involves only a single S;. Hence we must again resort to 
the method of Green functions. 

After such a device, the G—Z procedure provides us with the equation for the 
neutron-deuteron scattering. We have described the procedure very simply, however, the 
present method is considerably general and can be applied even to nucleus-nucleus collisions 
in principle. A more detailed discussion of this method will be given in another paper™. 


§ 4. Construction of the S matrix 


In this section the method to construct the S matrix is investigated. This will 


perhaps be the final goal of the present theory. 

The Feynman-Dyson theory developed so far provides us with a means to calculate 
the matrix U(co, —co) as the final answer and the matrix U/ has tentatively been identified 
with the S-matrix. However, it is evidently not the case when there are composite particles 
involved before or after the collision. Hence we begin with the discussion of the differences 


between these two matrices. - 
Hypothesis of Adiabatic Switching on and off 


The so-called hypothesis of adiabatic switching on and off is understood in this paper as 


fim (Pe TLAG).. A’) 1%) 
noe 


-=(¥,, Aco)... U(co, — 0) A'(=00).- Po) / (Po Ym, — 00) #,) 


or more rigorously speaking, it must be expressed as 
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lim lim Z[U(z, ')A@...A'(e’)--] 
t>+o T>4+0 
tl>-© tl>—o 
= lim lim: FUG 2 AG) =A Cee) (4-1) 
T3+H t>+o@ 
tl»>—@ t!>-—o 


i.e. the hypothesis requires the commutativity of the two limiting procedures. 

The first expression of (4-1) is interpreted to express the matrix element for the 
scattering of dressed particles rigorously, while the second one corresponds to a process in 
which bare particles are adiabatically dressed before scattering and again adiabatically undressed 
after. The Feynman-Dyson theory stands for the latter point of view, on which the con- 
nection of the Feynman kernel with the S matrix was investigated by Kita” and by 
Utiyama et al.’” 

The adiabatic hypothesis will perhaps be valid if we confine ourselves to such a 
restricted class of collision problems in which no composite particle appears. 

Since we are interested in a more general class of problems, however, we shall develop 
our discussions upon the former viewpoint. 

As an example, the problem of nucleon-nucleon collisions is treated. The Salpeter- 


Bethe equation for this case is given on account of (2-24) by 


(1—F(12)) gal 12) =95(12) (4-2) 


where 47,(12) refers to the incident wave and 


Ja 12) = Jar (1) Parr (2) = Garr(1) Jar (2)» (4:3) 
each g stands for a plane wave defined by 


Jar (1) = (%, $1) Far), (4-4) 
where Y,, is the state vector for a one nucleon state a’. 
With (4-3), the equation (4-2) is solved in the form 


GHAZ =o (12 yee | dododudu, K(12 ; 34)G (34 ; 56) Ja(5)Jar(6), (4-5) 


in virtue of the relation (2-2). 


The first term corresponds to the incident wave and the second one to the scattered wave. 

Once the first covariant component g,(12) is known, we can successively construct — 
later components with reference to the procedure described in the previous section. Then 
we can define the S matrix as follows. 


Consider, for instance, the multiple production of mesons by nucleon-nucleon collisions. 
[he covariant component (12; 1/2. 


..2) referring to two nucleons and mesons may 
asymptotically be expressed as 
Pglh2 p52. WAS, | Gall 2ey Ut 2h con! y.s (4-6) 

a) 


by which the S matrix is given. The function gy is defined in a similar way to (4-3) 


as the symmetrized (for Bosons) or antisymmetrized (for Fermions) direct product of the 
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covariant coomponents of individual particles. 


The S matrix defined by (4-6) is directly related to the transition probability 
amplitude, since (4-6) is derived from the relation for state vectors. 


ba 


PSE = P,(%, Oj s S, ~,, 
b b 


Y, and @, refer to the scattered and incident states. 

On multiplying the above equation by (¥,,: $(1)0(2)¢(1’)...6(x'): from the left 
we have (4-6). 

Corresponding to various kinds of boundary conditions, we must suitably rearrange the 
Feynman kernels which appear in equations like (4-5) to express covariant components 
in terms of incident waves. In order to construct the asymptotic forms of covariant 
components, we must replace 0, functions of energy, which are involved in Feynman 


kernels because of the positive frequency condition or equivalently the outgoing wave 
condition, by 0 functions. 


For the elastic scattering, we may better rewrite (4-5) as 
g.(12) =9242) + j du.do dodo, Sp(12 ; 34) G (34 3 56) Jar (5) Jar (6) 


+if Aw;...dw Sp(12 ; 34) G (34 ; 56) K(56 ; 78) 
2 


x G(78 39 10) Gar (9) Jar (10), (4-7) 
by means of equation (2-2). 


We must replace each 0, in Sy by @ in order to obtain the asymptotic form. This can 


readily be achieved if we only remember” 


lim ¢e7*" 0, (w) =0(). (4-8) 
t>o 


By letting ¢, and ¢, tend to +o, we have the asymptotic form 
Jq(12) ~92 (12) +3 93(12) { dul, do da, J (34) G (34 3 56) Ja (5) Jar (6) 
b 
43392 (12) al dey... 98 (34) G (34 ; 56) 
P 


x K(56 ; 78) G(78; 9 10) ar (9) Jan (10), (4-9) 


since we can write for such a temporal division 


lim S7(12; 34) = 31 93(12) 73(34). (ty > 4+) (4-10) 


t1,l2>+0 b 


The relation (4:10) may be utilized to determine the normalization of the function g, 
*) 


for non-interacting particles without recourse to the contravariant components. Similarly 


* As a result of the characteristic features of the renormalization procedure, the normalization of the 


function g° coincides with that in the interaction representation. 
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the normalization of the function y, for interacting particles is determined subject to 
/ 
K(12 3 34) =30 9(12)% (34), for 4, & > fy Me ae ee: 
b 


Comparing (4-6) for the case ~=0 to (4-9), we have the desired S matrix for 


the elastic scattering 


Tra= | du,lodu,do, gh 34) G(34 5 56) Jar (5) Garr (6) 


awe | do. ..der gf} (34) G (34 ; 56) K(56 ; 78) G(78; 9 10) Jar(9) Jar (10) 


N 


=1( dw duwytodo, J,(12) G (12 ; 34) ga(34), (4-11) 
2 


where aS ale 
In a similar way, we can treat inelastic collisions such as 


pPtprutprn, (4-12) 
and 
pt+pod4+z* (4-13) 
by means of (2-29). 

In the latter example, however, we slightly modify the above method to express the 
boundary condition that the final nucleons are bound to form a deuteron. For this purpose, 
_we retain (12; 34) which appears in the equation expressing g(12;0) in terms of 
kernels and incident waves like (4-5), without rearranging it into Sj as done in (4-7), 
and we let ¢, and /, tend to +00 to make use of the following relation instead of (4-10) 


lim A(12: 34) =319,(12)9,(34), (4 > +0). (4-14) 
5 


ti ,f2>9 +20 


in which bound deuteron states are involved. In this way, we can derive a concrete ex- 
pression of the S matrix for the process (4-13) 


ae i 23 LF; 
La = | dwy...da, Gy (12) Fz (0) O,(12 5 34; 0)g, (34) 2 


— Fin | dary der, Ga 12) I (0) O.(23 5 0) D(A, 4) 
x Sp (34 ; 56)G(56 ; 78)y,(78), (4-15) 


where 


Wi (0) ae (ees ¢;(0) ‘JaP 
Y, is the state vector for a one 7° state. Note that 
| do D a, 4) Sp(34; 56) = —7 [0(1, 6),S4(3, 5) —dU1, 5) SL(3, 6yl. ; 


Finally it will be worth while noticing that the Present treatment of the S matrix 
gives such a normalization as 
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(Vte|S | Vac) =1 (4-16) 
contrary to the conventional relation 
(vac| /(00, — co) |vac) =e" 3e1, (4-17) 


Or more generally, for a stable one particle state “a” either elementary or composite we 
have 


De Ie 
The author expresses his sincere thanks to Prof. S. Hayakawa for his continual encourage- 
ment and helpful discussions. Thanks are also due to Prof. R. Utiyama and members of 
Osaka University and Kyoto University for their kind criticism. 
Appeadix 
Livaluation of Expectation Values 


In this appendix, we study the method to express the expectation values of physical 
quantities in terms of covariant components alone. 


Let 9, be defined by 
Prot h 29s OLY anf 2 Oy. ly: GLO) | 5). 
Then for 7, 4)... >%, it is separated as 


Gehl pa Me Ol > (a, Cy. - Ciel 4 Girs 60) 8 9) 
= 3) 9-(12...2) QO) (Aa) 


where 
Gr(12...2) = (Po, :€y.--€n: F,), Q0) w= (Fr Q0)%), 


and Q,, is the expectation value of a physical quantity Q in question. 

The relation (A-1) is regarded as the equation for Q,, provided that covariant 
components 7,2 and g, ate known. It is interesting to see that thi§ equation can 
explicitly be solved in general. We shall illustrate the procedure by a simple example. 

Expectation value of the operator : J. ~;:in one nucleon states. 

For brevity we shall omit the spinor indices u and ?. From (3- -5) we have 


Is,0= (Lor T(P(1) : $(2) 9 (2) 2 Fe) =Se(1—2)g.(2) +9612 5 2) 
= S,(1—2)9,(2) +| du,du,do,dw, Sp(1—5) Sp-(2— 6) 


. x G(56; 78) X,(78; 2), 
where .X, is given by (3-7). 
On letting ¢, tend to +00, we have 


906 (LG K2)9,(2) +] du dudo,du, J, (5) 
x S}(2—6) G(56 ; 78).X,(78;2)], (2+). (A-2) 


_ By comparing this relation witn (A-1), we have 
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Q 2) n= (PF, + Gal 2) Pp (2) + Vs) 
=7,(2,) Js(2s) +| du,do,do,dog J,(5) Sp(2;— 6) G (56 ; 78) X78 5 25) Aes) 


The technique utilized here is essentially equivalent to that employed in the derivation of 
the S matrix. There is no essential objection in applying the above technique to a more 
complicated class of problems such as the calculation of the magnetic moment of a — 

It is worth while noticing for practical purposes that we caw cvalivate the expectation 
values of physical quantities as well as the S matrix without recourse to the contra 
variant components. The contravariant components do not appear in practical calculations, 
but they will be of much help to understand the physical meaning of the covariant com- 


ponents. 
It is interesting to see that the present method is developed upon the over all space- 


time point of view contrary to the case of the equal time formalism described in § 2, and 
that we can speak of the expectation values of the physically observable quantities alone, 
but not of those of the unobservable ones such as the probability of a nucleon to be bare. 

It should further be stated that the normalization of the covariant components for a 


state involving 7 nucleons can be determined in reference to the relation 


p 


i| do, (Lr: GP ¥) =n(E,, Fs); : (A-4) 


the left hand member of which is calculable by means of the method given in this appendix. 
The eqs. (4:10’) and (A-4) refer to the normalization for the renormalized amplitude, 
while the eq. (1-16) refers to that for the unrenormalized amplitude. 
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Note added in proof a Recently a similar treatment appeared by Matthews and Salam. They have employed 
completely the same definition of the S product for Heisenberg operators with the present paper. The “ Feynman 
amplitude”’ in their paper corresponds to the covariant component in the present paper. They have derived 


coupled equations for the covariant components. The equations given in the present paper are the separated 
forms of their equations. 


The author thanks Drs. Matthews and Salam for their preprint. 
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On the Inverse Power Expansion 
of the S,,.[N*, N, J] and the 


Green-fuactions* 


Shoichi Hori 


L[nstitute for Theoretical Physics, 
Kanazawa University 


October 17, 1953 


By way of illustration we will choose the charged 
scalar field ¢ (mass x) interacting with the neutral 
scalar @ (mass A). 


functions, 7*, 7,_/ in the Lagrangian, as was done 


If we introduce suitable source 


by J. Schwinger,!) we can obtain all relevant Green- 
functions by differentiating functionally Syac[y*, 7, 


J | by the source functions. 


“Diffusion equations” for the Syacly*, 7; _/] 


can be derived with the help of the Feynman’s path 
integral”) or the Schwinger’s variational principle”) ; 
OS¥ac/0(a-1) =—7 \ j dix d4y(d/6n(4)) (_l-x°) 
x O(x—=¥) G/0y*(7)) -Svac » 
Sraej9(0-1) = — Vf ated ty G/ACA)) 
(1-2?) 6 (ey) (6/87 (1) “Svac » 


where the similar scale-change has been made as was 


done in our previous paper,” 
aig i 
B-U2A7 —~f. 


These equations can be solved to lead to the inverse 


Bb > ob; 


GOs; 

a2 y-> 9, 

power expansion of the S\ac, if we know. the.“ initial 

condition”, Syac(v, 6—» ©). The conventional choice 

Lint=e¢* pg, however, gives the following result, 
Svac(a, 6 x) 


~ \Vexpl4? | (ta JO"” 
f>9 ; 
xcosh/(x) atx] D(/(x)), 
(which we may call ‘‘ Functional Hankel Function 2) 
and leads to a diverging result. To obtain a con- 
verging result, therefore, we must modify Lint or 
Svae(a, 6 x) accordingly. 


“* Read at the Kyoto meeting of the Physical 
Society of Japan, May 3, 1953, 


An equation which leads to the conventional 
perturbation expansion has also been obtained, 


OS\ac/Og =— \ dx (08/d* (x) da(~) a7 (e))) . Syae , 


with the initial condition, 


yAC (@ = 0) 


Bere ai 


Z \ j digdty J DAP aTs nyc | : 


(a. Ea ty yn (x) Ap (e—y's x)n(") 


1) J. Schwinger, Proc. N. A.S. é7 (1951), 452. 
2) R.P. Feynman, Rev. Mod. Phys. 23 (1948), 367. 
3) J. Schwinger, Phys. Rev. 82 (1951), 914. 

4) S. Hori, Prog. Theor. Phys. 7 (1952), 578. 


The Second Virial Coefficient at 
Very Low Temperatures 


Kazuo Hiroike 
Physics Department, Tokyo [nstitute of Technology 


October 20, 1953 


By the solution of Bloch’s equation for the density 
matrix, Green!) has obtained an expression suitable 
for the evaluation of the second virial coefficient at 
very low temperatures. Recently, Ichimura”) has also 
obtained a similar expression by the method of the 
number representation of the grand partition function. 
Now it is known”) that the phase shifts method can 
also be used to evaluate the second virial coefficient 
at very low temperatures. Starting from the expres-. 
sion of the second virial coefficient in terms of the 
phase shifts, we shall, in this note, obtain the same 
development as Green’s except for the terms coming 
from the bound states of two molecules. 

For simplicity, we shall restrict ouiselves in the 
case of Boltzmann statistics. The second virial 
coefficient is given by the following expression : 


Ba 28S | +1) oa aah Eas 
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: lL Layaes = (242/20) + 
Piss (202 Sa ZEF 1) \e 
2 /=0 4 
dé,(h he 
ss 67 (4) dh 


he — 1) 
aie aise: 2nmkT ” ‘ 


where Z’n/’s(En1<0) are the bound energy levels 
and 6,(4)’s the phase shifts of the /th partial wave. 
The subscript G of Ag means that it will turn out 
to be identical with Green’s expression for the second 
virial coefficient, at least at very low temperatures. 


Let $(7) be the potential between two molecules 
and put 


T= 60) (2) 


Solving the integral equation for the phase shifts by 
a simple interaction method, we obtain 
oe oo 
1 i ( 
es —tand;= s ie | ooo j ary 


w= 0 vu 


rn ED O07) Ki lry PNUD 


= ey 
47 n=15 Tn) Un) oe ? @)) 


where 
Kis) Aer), 7S 
2 ae m0, r>r 


AO=NV Tis 019 0) 


mir) = (=) vy Aer t= (1/2) (47). (4) 


By a formal expansion of the right-hand side of eq. 
(3) in powers of & we can obtain the expression for 
the phase shift in power series of “%. Substituting 
this power series for 6;(%) in eq. (1) and integrat- 
ing over # term by term, we obtain finally 


9 


/ 4 se SERS 
2647) Seepage OC ee 


Ro j 4n7P°-U (7) t(*) ar, 
0 


foe) 


R= 2a | POO o} 


i) 


\ ar dre U(r) O (9) 2 (7) 204) AQ (757) 


wdryrd (nh) KO (4; 2) OU) 
Ky o (rn ea Vn) Un ) Fas 


1 ao 
(=~ = S982 \ ae j dr, 
rum v 0 


dry Ky? (4 4) OM) 
Ky Gn—13 Tn) O(rn) Vn 9 
Ran rr, KyM=r/4- [P4377], rr, 


= et” 5 


KiO=PA)34, <1, 


=r//4- 2432], r>%, 


772137, > Fs 

(5) 
Ro contains only the term coming from ¢@o(4), and 
R, contains the terms coming from 6)(#) and 6; (4). 
It is easy to verify that Ay) and A, are no more 
than Green’s corresponding terms, and so 4 is 
identical with Green’s expression, at least at very low 
temperatures. This tells us that Green’s expression 
does not contain the terms coming from the bound 
states of two molecules, that is, the first terms of 2 
in eq. (1). Since both 7 in eq. (1) and the ex- 
pression by Green are derived from the same difinition 
of the second virial coefficient, it is clear that the 
two expressions should lead to the same result. The 
origin of this discrepancy is not clear, though it may 
be cue to the mathematical assumption that all the 
eigenfunctions of the Schrédinger equation form a 
complete set of functions, which is necessary for the 
validity of the initial condition used to solve Bloch’s 
equation. ; 

-In order to evaluate t(7) in eq. (5). Green has 
found an integral equation which z(7) must satisfy 
and transformed it into a differential equation with 
suitable boundary conditions. However, making use 
of the well-known expansion?) of £%+1!cotd; in 
powers of %*, we can obtain the final results without 
using the infinite series such as t(7) in eq. (5). In 
fact by using the following expansions : 


& cot dy9=1/a+ Woy? + Vy M+, 
AU+1 cot d,=1/a7+ (V7, o—Di, 0) 2 
He II gi estes = SD (6) 
we can obtain the expression for Bg as follows : 


2Be Tao? (1+3 + W0/e) 
ep = 4a} 1 = 
R/2n : of re 
3r2c93 el +5 x IVo9/a+5 WW 007/40" —5- Woylao*). 
+ wa _ 
rt 
9ay zm — 4502( yo —Dyo) 22 
ao 7 a A 


75a 77 : 
zh ay at fe |: A) 
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The coefficients of the expansions, i.e. @7, im and 
’ Dim, can be obtained by solving the differential 
equations, which are equivalent to Green’s. In the 
right-hand side of eq. (7), the first line comes from 
69(%), the second from 6;(4) and the third from 
bo (2). 

An expansion such as eq. (7), though it may 
not converge, may be sufficient to determine 4g at 
very low temperatutes, i.e., when /° is very large. 
However, the temperature range in which such an 
expansion is valid will depend strongly upon the 
form of the potential function ¢(7), especially upon 
a behaviour of ¢(7) near 7==0. Therefore, it seems 
to be rather meaningless, from the point of view of 
applying the theory to actual gases, to evaluate the 
second virial coefficient from the expansion eq. (7), 
unless we know the precise form of ¢(7) and so the 
range of validity of the expansion is determined. 

We wish to thank Professor A. Harasima. 
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3) For example, see E. Beth and G. E. Uhlenbeck, 
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4) For example, see G. F, Chew and M. L. Gold- © 


berger, Phys. Rev. 75 (1949), 1637. 


The Photon Self-energy Problem and 


Microscopic Space-time Structure 


- Toshiei Kimura 


Research Institute for Fheoretical Physics, 
Hiroshima University 


October 21, 1953 


In spite of many successes of the Tomonaga- 
Schwinger theory, which is based on the renormali- 
zation procedure, we are often encountered with cases 
in which results of computation contradict with 
formal requirement of gauge invariance. The most 
serious one is the non-vanishment of the photon 


self-energy term 


a Iula) =—“S (ae") Spl Se oD 7 3A,(09 
; = KAu(~) ) ( 1 ) 


where A’ is a constant. This term is neither gauge 


invariant nor renormalizable in photon mass.  Re- 
cently, Hara et al.) have attempted to remove the 
difficulty of the photon self-energy by using the idea 
of renormalizing the light velocity which depends on 
the momentum of photon in their development. . But 
in my opinion, this procedure is intrinsically equal 
to change the metric of space-time. In the general 
relativity to represent the gravitational field in micro- 
scopic world, ordinary Euclidian space is replaced by 
the Riemannian one. (In this case the velocity of 
light is no longer constant.) Moreover we. are able 
to consider that the gravitational field, besides its 
influence on the space-time, acts like a medium with 
In the 


microscopic world the vacuum is not empty space 


the dielectric and magnetic constants.” 
but physical and real space. For instance, in the 
vacuum polarization problem charge renormalization 
can be interpreted as vacuum is polarizable matter, 
that is, the vacuum has material structure. Therefore, 
it seems natural to treat the electron field @(.r) and 
electromagnetic field 4.(«) not in Euclidian empty 
space but in Riemannian space whose departure from 
Euclidian one is due to. the interaction between the 
photon and vacuum electron. As a first step, we 
generalize the gyv(x) so that it becomes dyyv of 
Minkowski space when the interaction between photon 
and vacuum electron is neglected. Using such a 
metric, we attempt to remove the photon self-energy. 

In the Riemannian space which has metric gpy(); 
Maxwell equation is 


v 
Fa y= (2) 
where ,v indicates the covariant derivative. By the 


generalized Lorentz condition AY =0 (2) becomes 


Ayut+Ryy AY= hei ( 2’) 


where Ay is conttacted Riemannian-Christoffel tensor 
and LJ Ay is g¥°(Ay), y, 0 
effect, to the right hand side of (2’) we must add 
the induced current 6/y. Therefore (2) becomes 


0 4p4+RpyAY=—Ju—O/u- (3) 


Here, (| 4y=0 represents the law of propagation 
of electromagnetic potential without inteiaction of 
matter in the curved space-time. Now we postulate 
that |] 4y.=0 is not the propagation law of bare 
photon, but dressed photon with vittual electron- 
positron field. As. the observed propagation law of 
photon is the one of dressed photon, our procedure 
to.remove the photon self-energy term is that by 


renormalizing the gv which appears in [} 4y, to usual 


Considering the vacuum 


metric of Minkowski space, therefore we treat OU) Ap 
as ordinary []4y=dpo- 0° Au/04 Ox, and remove the 
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photon self-2nergy term 6/y by the excess term 
Ruy AY. 
that following equation holds 

Ruy= —Kepy ’ (4) 
where A’ is defined in (1). If —A is replaced by 
the universal constant, above equation is nothing but 


For th’s purpose, we must take gyy(x) so 


the Einstein equation of gravitational field in empty 
space. 

In the ¢-approximation, we shall show that the 
eq. (4) holds by taking gp, suitably. We put gyy 
in the following form 

gv (x) =Ouyt+eur(*)- ©) 
Here, the departure from the Minkowski space 
is represented by eyy(x«) which is O(e?). In the 
e*-approximation A’yy is 


Ryy= 1/2 < [ Ey 1/2 
X (07c/Oxp. Ox, —OPen7/O.xy 02g —07 ey 7/Oxn0%G), 
(6) 
where 
6n7=0%P Eup, e=ep? = OPF epg. 
In order to express euv (x) explicitly we separate 
(6) into two equations 


1/2-[Jewy=Ryr, (7) 
07¢/Oxn Ox, —O7 en /Ox, Ox,—O7e,7 Oxy 01,=0 
(8) 


(8) is satisfied if 
O(en%—1/2-dy2 e)/O%G—Ore (87) 
(7) is written by 
epy (x) =—2 \ (dx’) Dp (x—x/) Ryy (x). 


Then, the left hand side of (8’) becomes in our 
approximation 


z \ (dx) Dp («—x/) Bx,’ 


Na | Rue Ga— = On? R(x) | 


=1\ (dx) Dp (ew) (Aue (27) er, ) : 


Owing to the property of Ruy (ise. contracted 
Bianchi identity) it becomes 0, the compatibility of 
(7) and (8) is guaranteed. 

In the theory of general relativity (Ry? =1/2 
Xoy2 2) is equated to the energy-momentum tensor 
7° of the total system. In our formalism we shall 
also take 7" as the energy-momentum tensor which 
causes the non-flatness of the space-time. In the 
following, we take 7yy as c2-correction for the 


electro-magnetic energy-momentum tensor, 


Ts Ub Push, ALY) 
— 4061/2-40Aq/Ox-049/0--4) —Opv (04/00) }). 


th. ; OA, (4) OD y(x—27) 
Fed Emaar 


5 ae oe ae ), .@3 


where Z% is normalization constant and €(7'.y) means 


e2--correction for energy-momentum tensor of photon. 


éur(«) is then 
nay —i{ (dx!) Dp (x—4’) 
1 
x| Tus (0) —s-Bpy 7) | 


= = 4 (dx!) D(x x/)X0av(2’), (10) 


where 
J aiauer< rl 04,(4) ODrl(x—3’) 
buy (x) = 4 \ @ dp Or a 


0A OD p(x 
re Pant) - 
M6 


ee Tas x/). - (11) 


Above @1y(«) ‘does not ie (8’) but by taking 
the one-particle part (8) is satisfied. In virtue of 
(7) and (10) Ayy can be written as 


Ruv=*~(Opy1 ph.—0 ph. » (12) 


where 
(Our1 ph.—0 ph.= —3/4-duy%{ Ag A) ph —0ph. 
(13) 
If we take 
3 
zai [7 (Ax A>), ph.—0 ph. » (14) 
we obtain 
Ruy=—Kbuy.- (15) 


We have thus shown that eq. (4) holds in c?- 
approximation. 

Similar method will be applied to the charge 
renormalization procedure. 


1) O. Hara, H. Shimazu, Prog. Theor. Phys. 8 
(1952), 265. 
2) Meller, Ze theory of relativity. 
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Analytical Representation of 
General Spin 


Takao Yamamoto 
‘ Department of Physics, Hirosaki University 


November 2, 1953 


The spin operators and their eigenstates are 
usualiy represented by matrices. But it is also pos- 
sible to represent them analytically in several ways.) 
An interesting example is shown as follows. The 
spin operators are assumed to be the following dif- 
ferential operators of the two real variables « and v 

S2=1/2(uo-— /0udv), 

Jy=i[2(v-0/au—n-d/02), 

Je=WAC 0/0224 F/90%), (1) 
which operate on the state function ¢(#, v). These 
expressions result from the substitutions 

at =i(u—0/0u)/V2 , 
a= i(u+9/au)|VE, 
aot =i(v— 0/02) /V2 , 


a= —i(v+0/00)/V2 (2) 
in the Schwinger’s general theory of the angular 
momentum?) 

S52 
J=H2- >) - Dd) axt (Clale)ecr (3) 
t= al 


and the commutation relations /,/y—/y/J«='/z 
‘etc. are easily verified. 
Now solving the eigenvalue problem 
JS2b=mp , (4) 
S247 4I YG IFVEG > (5) 
we get as the spin eigenfunctions 
hj, m= Hj +m) -Hjim(v) -exp [— (2-0) /2] 
(6) 
with j=0, 1/2, 1;.3/2,--- 
and m=—j, ~j+l,-J 
where /7,,(x) is a normalized Hermite polynomial, 
‘whence there follows the orthonormal condition 


+o ~-+0 
\ du { Ad 5; m jt, mt =8 531 Omm! + GF) 
—o -—o 


For the special case of /=1/2, we have the two 
eigenstates 
 h.12,1/2= (2/2) V2 +2 exp [— +2") /2] 
guy, -1/2= (2/n)'2-2 exp —CP-+0")/2] (8) 
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which satisfy the following relation 


2 JuSvtly J) $112, m=Opy 01/2, m » (9) 

Therefore 2eJ corresponds to the Pauli spin exactly. 

If we can adequately adapt the above formulation 

to the inner structure of the elementary particle, the 

spin wave functions (6) or (8) may be effective as 
the convergence factors. 

This work was performed during the author's 
stay at Kyoto University. He wishes to express his 
gratitude to Profs. H. Yukawa and T. Inoue and 
the colleagues in Kyoto University for their hospitality 
and discussions, 


1) EF. Bopp und R. Haag, ZS. f. Naturf. 5a 
(1950), 644. ; 
N. Rosen, Phys. Rev. 82 (1951), 621. 
T. Yamamoto, Prog. Theor. Phys. 8 (1952), 
258, 570. 

2) J. Schwinger, Lecture Note 
Momentum” (1952). 
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On the Magnetic Structure of 


Manganese Antimoide 


Kozo Komatu 
Department of Physics, Nantwa University 


November 9, 1953 


Manganese antimonide Mn.Sb is known to 
crystallize in a tetragonal form, the Mn atoms being 
distributed on two kinds of sublattices. The satura- 
tion magnetic moment of this substance has been 
measured by Guilland") to 0.963 wz per Mn atom, 
which was interpreted by him with an assumption 
that the Mn atoms on one sublattice have a magnetic 
moment of 3 4, and those on the other sublattice 
a magnetic moment of 5,2, these two magnetic 
moments being antiparallel and thus resulting in 
1 wp pet Mn atom. In order to interpret the observed 
anomalous thermal behavior or the saturation magneti- 
zation above room temperature, he supposed further- 
more that the liberation of electrons from Mn atoms 
with a magnetic moment of 3 “7 might take place 
with incteasing temperature.’ Néel,®) on the other 
hand, has shown that both the temperature dependency 
of the saturation magnetic. moment below room 
temperature and that of the paramagnetic susceptibility 
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above the Curie point (277°C) measured by Serres,”) 
could be explained consistently with the assumption 
of two kinds of atoms mentioned above. Here it 
will be shown that, in spite of the apparent success 
of Néel’s computation, the susceptibility data well 
above the Curie point can equally be explained with 
an assumption that all the Mn atoms possess the 
same magnetic moment 3 pp. 

First, we shall derive an empirical formula for 
the atomic susceptibility from the values observed by 
Serres, following Néel’s procedure. In our case the 
Curie constant is Cxy2=1.875. With this constant 
the best fit can be obtained by the formula, 


i/¢m=7/1.875+4.77.5—1560/(7—630). (1) 


The calculated values from this formula are plotted 
in Fig. 2 along with the Néel’s curve and the ex- 
perimental one. Above 400°C the three curves may 
be considered to coincide within experimental errors, 
while below this temperature our curve lies rathet 
far apart from the experimental one, yielding 0»— 67 
=84°. One might regard this large difference 
between 0» and 07 as a failure of our model. How- 
ever, Gingrich, Shull and Wilkinson?) have recently 
observed that at high temperatures above the Curie 
point the observed paramagnetic scattering is only 
about half that calculated with Guillaud’s model, 
though the room temperature observations agreed 
with this model. As the cross section of the para- 
magnetic scattering is proportional to S(.S+-1), .S 


— calculated 


=, cal. byNéel 


_... observed by 
Serres 


Fig. 2 


being the spin angular momentum, the expected 


paramagnetic scattering for our model is six tenths 
of that for Guillaud’s model.” Accordingly, we may 
infer that our model is preferable to Guillaud’s at 
high temperatures, presumably above about 400°C. 
Below this temperature, however, our empirical formula 
would have nothing to do with the real phenomena, 
as the paramagnetic scattering observations have proved 
that the magnetic structure at high temperatures is 
no longer identical with that at lower temperatures. 
Further, we obtain the molecular field constants 
from the numerical constants in (1). They are, 

using Néel’s notation, 
n=414, a=0.76, B=0.48. (2) 


Here the positive signs of g@ and 8 show positive 
interactions in each own sublattice, while they were 
negative in Néel’s results. The positive interactions 
seen to be preferable, as the atomic distances 2.88 A 
4.08 A in each of the two sublattices, respectively, 
are larger than 2.81 A, which is supposed to be the 
lower limit of the distance which gives rise to posi- 
tive interaction from the consideration of the magnetic 
properties of other manganese alloys, such as MnBi, 
MnSb and MnAs.°) 

To understand the magnetic behavior more clearly, 
it is desirable to have detailed data of neutron 
diffraction, magnetic measurements, specific heat, etc. 
in the whole temperature range. 

In conclusion, the writer wishes to express his 


Letters to the Editor 581 


cotdial thanks to Professor T. Nagamiya for his kind 
discussion on this problem. 


1) C. Guillaud, Thése, Strasbourg (1943); J. de 
Phys. et Rad. 12 (1951), 492. 

2) N. L. Néel, Ann. de Phys. 3 (1948), 137. 

3) A. Serres, J. de Phys. et Rad. 8 (1947), 146. 

4) N. S. Gingrich, C. G. Shull and M: K. 
Wilkinson, Phys. Rev. 89 (1953), 910 (A). 

5) R.R. Forrer, Ann. de Phys. 7 (1952), 605. 
C. Guillaud, Rev. Mod. Phys. 25 (1953), 119. 


Charge Independence for 
V_particles* 


Tadao Nakano and Kazuhiko Nishijima 
Department of Physics, Osaka City University 


November 16, 1953 


Assuming the charge _ independence for /— 
particles, the qualitative features of these unstable 
heavy particles are investigated. 

In view of the present experimental mater: ‘al, 
there seems to be three charge states for 1: 

(1) 4°: This particle has been most thoroughly 
investigated by many workers, and known to decay 
as Vio>p+n-+0, O~37 Mey. 

(2) V,+: This particle was discovered by the 
Pasadena group.'). 1,+—f+7°+0, O~40 Mev. 
“(3) V4-: One case was found in the cosmotron 
experiments”) that seems to require the existence of 
V,-, although not conclusive. It is as yet not clear 
whether the isotopic spin of / is 1/2 or 1 or 
higher. We shall, however, tentatively assign it as 
equal to 1, since this case is of special Rice Then 
from the cosmotron experiments,» 74° or /2° which 
is tentatively denoted as J[° should have a half 
integral isotopic spin’) in reference to the process 


n-+fh{°+I°, UI°>nt +77). (1) 
If we assume that there is no doubly charged counter 


particle to 1°, the isotopic spin of I should be 1/2. 
In such a case I[* and JI° are treated just as ssa 


* After the completion of this work, the authors 
knew in a private letter from Prof. Nambu to Prof. 
Hayakawa that Dr. Gell-Mann has also anne a 


similar theory. 


and neutron so long as we are concerned with their 
Hence 
the 17°—particle should be described by a complex 
wave function as well as the charged IJ-particle, and 
we must distinguish between the J/°—particle and 


transformation properties in isotopic space. 


its anti-particle 1°. This distinction leads to many 
interesting results as we shall see later. 

From the above isotopic spin assignment we have 
the following results. 


(Cee 


consequence of the charge independence. 


even-odd”’ tule®) is an inevitable 
If both 
the spin and isotopic spin of a hot particle* are 
integer or half-integer we call it an even particle, 
whereas if only one of them is integer and the other 
is half-integer we call it an odd particle. The even- 
odd rule holds for such an even-odd assignment of 
hot particles. Hence the large abundance and the 
striking stability of the V—particles against x- or 
y-decay are automatically guaranteed. Recently Pais 
derived this rule from his own theory of the “ w’— 
space®) by imposing the conservation of the w-parity, 
while in the present work it is derived with less new 
elements. 

(2) In production processes, we have the follow- 
ing conservation law valid for the charge independent 
and electromagnetic interactions 

n(V,) —2x (IT) =const., (2) 
whete 7(/,) is the no. of /\-particles minus the 
no. of anti-/;~particles and (II) the no. of II* 
and 11°, minus the no. of if- and IT°. This law 
is proved as follows. 

From the above isotopic spin assignment for /\- 
and /T-particles, we have 

g=l54+1/2(n(M.) +2), (3) 
where g and /, are the total charge and the third 
component of the isotopic spin of the system of hot 
particles. 

There is another conservation law, the conservation 
of baryons** 

b=n(Vj) +2(LY) =const. . (4) 
Since g, 4 and /, are conserved for the charge 
independent and electro-magnetic interactions, we have 
from (3) and (4) 

n(V,) —2 (Il) =6—2(9¢—/) =const. . 


ee Uewese 
* By a “hot particle”, we mean a particle with 
strong nuclear interaction. 
** The “baryon” is the collective name for the 
members of the nucleon family. This name is due 


to Pais. See ref. (6). 
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Especially in pion-nucleus or nucleon-nucleus impacts, 
(2) can be written as 
n(V,)=n(11) =n(*+, H°)—nCUI-, 1°). (5) 
It must be noticed that in cases of heavy nuclei the 
Coulomb effects cannot be discarded and hence the 
validity of the conservation law for the electromagnetic 
interaction is necessary. 
The conservation law (5) can forbid many 
processes, ¢. 2 
a +p>V,++I0-, (6) 
(4: nucleon). — (7) 


Hence the production of /~particles in nucleon- 


N+4N-V,4V;, ete. 


nucleon collisions will be due to the processes such as 
NAN NEV (8) 
or N+N>N+N+T+I. (9) 

(3) Since the process (7) is forbidden, we may 
conjecture that the production of /~—particles will 
result mainly in pion-nucleon (or nucleus) collisions 
rather than in nucleon-nucleon (or nucleus) collisions 
at energies where the cosmic ray experiments are 
being performed, i.e. at about 10 Mev in the labora- 
tory system and about 2 Mev in the centre of mass 
system, in conformity with the experimental view- 
point.) 

(4) From the rarity of the g-stars produced by 
negative heavy mesons the Bristol group’) conjectured 
that the positive Aparticles might be much mote 
abundant than the negative ones. 

Since the ,—particies are supposed to be more 
easily produced then the 7I— mesons because of the 
lower excitation energy to transform a nucleon into 
a V\-particle than the energy required to create a 
heavy H-meson, the production of /\-particles in 
high energy nuclear events will occur in such a 
manner that ~(/,) assumes as large a value as 
possible for a fixed value of 7(II+, II°)-+-n (II-, iI°) 
+n(V\). Then from eq. (5), we may expect 

n(V\)~n(II*, I1°)S>n(II-, T°). (10) 

If we identify the A™particles with the M- 
particles, then the conjecture of the Bristol group 
can be interpreted in terms of the relation (10). 
However, in the cloud chamber experiments both the 
positive and negative }—particles lighter than nucleon 
are observed comparably.”) Thus it is an important 
problem to settle how many kinds of charged 
particles’ are present in natute.* 

(5) The selection rules imposed by the charge 
conjugation and charge symmetry) cannot be applied 


to I-meson decays. Since the real and imaginary 


° 
parts of the complex wave function of JI° have 
opposite parities under charge conjugation, we cannot 


apply the selection rule 
n(v) +n (t) =odd is forbidden, (11) 


for transition among neutral Bosons, to 1°. 

For charged /I-particles the C7" transformation™ 
when applied to [+ alters its charge state, so that 
in this case, too, we cannot apply the second selec- 


tion rule 
n(v) u(t) +2(r3) =odd is forbidden, (12) 


for non-radiative transitions, to +. 
The authors thank Prof. S. Hayakawa for his 
kind criticism. 
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* If particles with different names correspond to 
the different modes of decay of an identical particle, 
the branching ratio of these modes should be constant 
independently of the mechanisms and energies of the 
production processes. 
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The Distribution Function of 
. Degenerating Ensemble 
(An Addition to “ Generalization 
of Statistics ”)” 


Taisuke Okayama 


Osaka Gakugei Daigaku 


November, 11, 1953 


Conventionally, 2 Fermi’s distribution function 
has been used for electron ensemble neglecting its 
spin. 

The reason why it is applicable is as the follow- 
ate 

Let x be a physical quantity now in question, 
and w Fermi distribution, then the mean value of 
the quantity is given by 


F= 3 wfe(o)}wfe(o)}4e, (1) 
Z ts 
where ¢ and o denotes its energy and spin respective- 
ly. Now e(+1)=e(—1) for two directions of 
spin. 

Taking first summation about ¢, there appears 
automatically factor 2. 

However, since it should be taken into account 
that Fermi distribution function is calculated under 
the condition that a energy state should be occupied 
by one and only one particle, it is dangerous to put 
e(+1) =e(—1) without further proof. 

And then we should start from the first, taking 
the fact into account that a state can be occupied 
by two particles. 

For simplicity, we treat an ensemble of Fermi 
particles with spin 1/2. However we can extend to 
general case of capacity 7 as it is. 

In our case ~=2. We shall split the problem 


-§ jnto two cases: (A) ideal gases so entirely free that 


there is no interaction among them, and (B) teal 
gases that there are interaction among them. 
(A) Ideal gases. There is no confusion in this 
case to get the distribution function straight forward. 
” But in order to discuss the problem parallel to 
the second case (B), we shall calculate the number 
of independent proper functions of the ensemble. 
The statistical circumstaces depend upon not only 
occupation number but also how many pairs of 
antiparallel spins ate, or the total spin momentum 


of the ensemble. 


To that purpose, let us calculate the number of 
independent proper functions when #7. pairs of spins 
are antiparallel and 7z, sp'ns parallel : 


N=2imy +My , (2) 


where AV denotes the total number of Fermion. 
The total spin momentum S is 7z,/2 and it has 
25+1=m,+1 Z-components, and further, each 
component is accompanied with dm, m2 independent 
proper function, where @m1, m2, denotes the dimension 


Mo my 
e of 


of the representation Sees 2 tees 
symmetry group of the /V! th order. 

(a) In the case when JV particles occupy /V different 
states respectively the combinations of sp'ns of. the 
particles are all possible. The total number of proper 


functions is 


TO: Pie > (7y/-+ 1) ale mol 9 N= 2 iol +- yf, 


my/=0 ov 1 
where 7,’ begins from 0 or 1 according to VV even 
or odd. : 
(b) In the general case when there are 7 pairs 
in each same state and 7, singles in each different 
state the problem is entirely reduced to W—211, = 
bedies problem. The number of proper functions is 


HL 
Pina, m= DS y+) Amy, mat» y= 2Mtof +! 
my! =v or L - 
where dynyt, oot (1 =1ty/ +29!) denotes the dimen- 


sion of the representation of symmetric group given 
by 

my \ (my +1) [Cty te +1) | 729/! 

=maiCmy! + me! —miCmil + mal +1 

by the virtue of Frobenius-Shur’s dimension formula. 
Py, m, is simply reduced to the form Pv, my 
=2m1 (N=2.+m))- 

The total number of the complexions C is 
SS Ping my. 

Denoting the total energies of the ensemble as 
7 and the occupation number in energy level ¢,. as 


n,, we add the conditions 
31n,=M, mMy+m=N, Sep 2 oe, 
Introducing the generating function g(e,) =1 


—2v28t x%228¢, we have the following distribution 


> 
function after Fowler’s method”) 
eq-9) /KT 
W(e) = 2 en OKT (4) 

which is precisely equal to 2 Fermi’s distribution. 

(B) Real gases. The distribution function of 
the entirely free ensemble of Fermi paricles with 
spin 1/2 has shown nothing but the customaty. 

In the real ensemble with interactions, however, 


the circumstances suddenly change their aspects. 
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Because the total energies of the ensemble 
depend upon the total spin momentum S=71;/2 and 
moreover, each state with total spin 77/2 has @n,, m2 
different and #7,-++1 fold total energies De y where 
Z runs from 1 to Gm, m2: 

These facts are due to the exchange force caused 
If we neglect the quantum 


mechanical force, for instance the exchange forces, 


by spin character. 


the results will be the same as the case (A). 

For instance, the existence of the pairs with the 
antiparallel spins in the same energy level comes to 
consequence to reduce the total binding energies of 
the ensemble, and the existence of the parallel sp'ns 
in different energy levels comes to result to increase 
the total energies of the ensembie, which affects the 
ensemble to occupy a energy level with two particles 
more easily and with one particle less easily. 


The total energies gee yy consist ee the two 


parts # and ¢,, v3 L£, Se Seeygos 


m1, N where Zz 


MA; 
tuns: from 1°to dm, m2, 2 rae the usual total 
energies including the kinetic energy and coulomb 
energy etc., but exchange energy, and oni y denotes 
the exchange energy only. 

Therefore /“ must be expressed by the sum of 
the energy of individual particles; H=S\<,, ¢,. de- 
notes the usual energy of the rth particle. 

To construct the formula analogous to Fowler's 
we may regard en wv as the weight of that state 
of the ensemble, where Z is any how to be in fate 
to put Z=e—!/KY fater, and so we shall take the 
weight as e-em, N/KY. 

(a’) In the case corresponding to the case (a) in 
(A), the total weight is 


mil, mal 


mh 
Po, n= 3 (7m/+1) TS @ Smal, mx) 2} 
mi/=0 or 1 


XM =2M/ +71)’. 


(b’) In the case corresponding to the case (b) in 
(A), the total weight is 


Gyn, m1 
Pat my! = 3 Gs ’+1) 
mi/=v orl t=] 

My =y/ 4-25. 


Then introducing two functions 


SC) =1+ (ate) 2&6 + (xe/v) 2 228s 
and 


ey : 
em, my depends hot only to 7t;/, and my but 


also JV. 


ee 
{ >} é ema, m1] KT} * , 


fle 2) =Po, wi 4 Ph, na UND 
a8 fins, ora y2m2 UMA +--+ + 4 
the total complexion C subject to the condition (3) 
is equal to just the coefficient of +N 2” in IIg(ee) 
J, Vv). 
Considering x, 2, #,7 as the complex number, 


and integrating a contour enclosing the origin, we 


have 
C= =. 
2rt 
x ih) \a glen) f%, v*) } [2+ gN+lyydzdzdudy , 
(5) 
The distribution function is obtained 
w + oe 
(A/a) 0& = +-2(2° |B?) 0" (6) 


Ne= 

e+ (Ala) 08+ (22/B2) 0% ? 
where 2, 0, a, 8, are unique positive real roots in 
following equations and coriespond to x, 2, w#, v, 


respectively. 
O (2x, 5 4, 0) =H (ger) ) fey 02) [2 a 
t 
00 5 OD 5 ao ag 00 - : 
ay ce? Gb. a = eee 


§ is presumed to the function of temperature and 
put @=e—!/47 after Fowler. 
By the suitable choice of 7, and ¢ function of 
T, we have 
eM Ar— Qe2(E-%)/ KL 
1 —e(€—H/KT = -HE-O)/ KE (8) 


Ne=lV(e) 


In more general case 7”, similarly we have for 
the entirely free ensemble, 


n 

DS 72 nCy, em E-M)/ AL 
Wey=™— 

Ss gntm e~m(E—4)/ KL 


n= 


A) 
= AT: a log (1-+-e— €-9)/ X72) 
€ 


eo (E-4) KP 
esa J ce bac —/RE ? : . (9) 


which is just equal to 2 times Fermi’s distribution. 
And for real ensemble with interactions 


ai 
We) = AT —— log]1 fe -OTeP on. 2. 
€ 
ery 8) 1} (10) 
where 7),-----+ %n are, in general,* function of Z’ and 


* 
At any rate, 4,=nCy» é see: where 6 means 
“the mean quantum mechanical” energy per one of 
mt particles in the same state. ; 
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determined by. the circumstances of the degenerations 
and interactions. 

To stop his pen, the auther expresses his thanks 
to Prof. M. Kobayasi. 


1) TT. Okayama, Prog. Theor. Phys. 7 (1952), 517. 
2) R.H. Fowler, Statistical Mechanics, 2nd edition. 


An Interpretation of Asymmetric 
Fission 


Tatuya Sasakawa and Taturo Sawada 
Department of Physics, Kyoto University 


October 14, 1953 


Roughly speaking, one of the characteristic 
features of nuclear fission may be that, when the 
energy of the incident neutron is low, fission occurs 
asymmetrically while in the case of high energy it 
occuts symmetrically. Though this is a well-established 
experimental fact, a considerable time was spent 
in the theoretical study without satisfactory result. 
The first attempt was made by Present and Knipp” 
who extended the potential energy series to higher 
order terms in a and a, than the 4-th order in as, 
including the coupling terms between even and odd 
harmonics. Such a homogeneous liquid drop model 
will fail in the interpretation of asymmetric fission 
was shown by Frankel and Metropolis.”) 

Several other attempts were brought forward.” ~")* 
But there were scarecely any dynamical theory. This 
is one present feature of the theory of asymmetric 
fission. Another feature may be that various theories 
resting on the assumption of uniformly distributed 
nuclear density seems to be unsuccessful to account 
for asymmetric fission. Thus it may be of significant 


* Professor J. A. Wheeler remarked about the 
influence of the difference between the radius for the 
protons and the neutrons at the International Con- 
ference, held in Kyoto, Sept. 1953. He stated 
« Protons will undergo fission before neutrons undergo 
fission. And it is considerable that this circumstance 
gives an opportunity for shell effect to work in a 
way, which is not obvious from the ordinary liquid 
drop picture in which both: particles treated in a 
same way.” 


to try to interpret the asymmetric fission on the basis 
of hydrodynamics of an inhomogeneous liquid drop 
model, in spite of the fact that the drop model. fails 
to interpret any reaction in detail, even fission itself. 

Indeed it seems that apart from the prompt 
neutrons the droplet model, when it is described 
suitably by quantum mechanics, fails mainly in the 
incident channel. As for the prompt neutrons, the 
writers consider that this is the very problem to be 
handled by the use of “collective model”. This 
situation may in a sense resemble to the theory of 
superconducting phenomena, in which the coupling 
between lattice vibration and motion of electrons plays 
an important role. 

No numerical calculations have been made, since 
we cannot expect much from pute hydrodynamical 
considerations. A very simple model is taken, as 
otherwise the treatment will be very complicated. 
We do not consider the model taken in this article 
is essential, but consider it is only handy one. Here 
we want only to express that one course of.asym- 
metric fission may be inhomogeneity of the nuclear 
matter. It is another problem to calculate the 
distribution. Perhaps we can do it from statistical 
cons'derations like Thomas and Fermi, taking into. 
account of the influence of surface vibration on Fermi 


distribution. | 
In the case of uniformly distributed nuclear 


matter the deformation of the order one does not 
occur can be shown by the requirement of center of 
the gravity or by the expression’ for frequencies : 


On={n(n—1) [0r-+2) 


—107/(22+1)]7/ (37° MA)}'?, (1) 
where 
7= (3/5) (222 /% TA) 
and surface energy == 7'A?/°. 


Then how will be the equation of motion when 
the mass distribution is not uniform ? 

‘Fot simplicity, we consider here the initial small 
vibration of “ocean” of uniform depth," covering 
a spherical core, radius of which is denoted by C. 
Here the calculation assumes that the core is fixed | 
and the charge distribution is proportional to the 
mass distribution. This fixed core assumption may 
hold good in the initial small vibiation, which will 
determine the shape for large deformation. For such 
a-case we have an equation of motion: 


day, n(n 1) { (Role) — C/o) +4} 
de + Ry{Gr+1) (Role)n-+n(e/Ra)™* 


(2+-2) Cs hea 
x p 4nry Alls 
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orc Aer (a- Bike 2 ba, =o Se) 
3 1 IA 2xz+1 po 


where p, po and 2) stands for the density of the 
surrounding part, the mean density of the core and 
the surrounding part combined and the mean radius 
respectively. For the pressure at the free surface we 
have 
pH (M1) (24-2) (Ti4ar3A'l)an Pn (3) 
from the calculation of radius of curvature. The 
potential energy due to the Coulomb force at the 
free surface is given by 
Q=—(R,2/2) (1077/3792 MA) (1—3/(22-+1) 
X (0/00) )an Pro (4) 


In this.case, frequency for 7=1 is given by 


[ 2{ (Role) — (el Ro)™} (0 _ 1) 
ML 2Role) + (e/Ro)? \ oo 


| i ) (5) 


Thus if o> 0, this deformation will increase ex- 


win 
& 

o 

=I 
RR 


ponentially, 

fo=p, this deformation will never occur, 

po<, this deformation will vibrates. 
If in the course of vibration the core “ melt” 
“conduction of heat ” from 
surrounding part to the core, the deformation of the 
order one will stop. Then the deformation of the 
order 2 will become predominant. This process will 


gradually, owing to the 


give rise to asymmetric fission. If the excitation of 
the nucleus is so high that there is no core at the 
initial time, then the deformation of the nucleus 
will give rise to symmetric fission. Although here 
we assumed the existence of an spherical core, this 
is done so mainly for simplicity sake. As previously 
stated, what we want to express is that the asym- 
metric fission may come from a slight inhomogeneity 
of nucleus. From these considetations, one is sug- 
gested more or less to take into account of the 
influence of compressibility of the nucleus. 

Now let us proceed to a non-concentric case with 
an axial symmetry. Notations are; radius of the 
core: C, distance between the center of gravity of 
the total system and the center of the core: 7. 
See Fig. 1. Velocity potential in this case for C>7, 
is given by 

$= (3) Ginn 7+ (1frr*t)) By Pu(u), (6) 


where ainn is the expansion coefficient of tn(u) by 
En(u) : 
In(n) =>) G@mn mC) y C7) 
™ 


yn and &, being given by 


tn(p) ={7+D Pre) (Ai) Pi ) 
+ PH (p/) PY Cw) —Pi Wh) PY OO Ar 


—PS (mw) Py (a) f-(n42) (z), 
and 


En(w) ={aP rw (AdUIA 
+P \(p/) Py (a) + Pn (oe) (PG) Pia) 
—P3 (pw) Py) } fn-1(4)- 


Fig: “1 
Non-concentric axial symmetric deformation. 


O: the center of giavity of the total system. 
O’: the center of the core. 


where fin (/1) stands for (77) 4+ (m2 —Oe—2))™, 
and » and p/ represents cosine of the polar angle, 
the origin being at the center of gravity of the total 
system, and at the center of the core respectively. 
It is easy to show that (6) satisfies the boundary 
condition at the core surface 

ag 


=e =0, ,: the normal direction from 
ce 


the center of the core. (8) 


Assuming the pressure divided by the density 
near the surface plus the Coulomb potential at the 
free surface, a particular case of which is given by ~ 
eq. (3), plus eq. (4), is expressed by 

P=Dkn Gn Pn (9) 
= , 


we get the equation of motion in this case 
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dee Zoe {2 MOnn Ro") — (24-1) Ro M+} 

x he an/(>\ Amn Ro™+ Ke (nt Yn) 

4D {mm — (CS an Ro — (#41) Ry M4) 
m m 

x Ro (San Ro + Ro~ @ +1)))} 


x Ro”! Oamn/OZ) 
x (dan/at)/(> Maman Hig ae = (724-1) Ro ee 2) $ 
™m 
(10) 
If we can get explicit expressions for an, and 4n 
exactly or numerically, we know the manner of the 
surface vibration. The coefficient for da,/¢¢ of the 
last’ term of the above equation represents the 
coefficient of viscosity for the surface vibration. 
When the core gradually move to the outside, 
the distance between the center of the core and that 
of gravity of the total system wiil be equal to the 
radius of the core. After this, the velocity potential 
becomes ; 


$= SAn Pr(p)- (11) 


n= 
The boundary condition (8) that the surrounding part 
must not flow into the core requires each 4,, should 
vanish. This shows that the location of C=7 is a 
critical one and the nuclear surface vibrates no more. 
Thus for this location, the kinetic energy becomes 
zero. Note that the radius of the core may perhaps 
depends on the energy available. Excitation energy 
will be consumed partly to melt the core away, partly 
to climb up to the ridge of the barrier and partly 
to emit particles, neutrons and in some cases alpha 


particles also. When the excitation of the nucleus 
is moderatly high after emission of prompt neutrons, 
the melting process will proceed, causing asymmetric 
fission. Asymmetrisity thus depends upon the available 
energy i.e. the higher it becomes, the smaller asym- 
metricity one gets. When the excitation of the 
nucleus is so high that the melting process occurs 
instantaneouly, fission becomes symmetric. 

The authors would like to thank to Professot 
M. Kobayasi for encouraging this work, to Drs. Y. 
Fujimoto and Y. Yamaguchi for. helpful discussions. 
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Hitherto unnoticed algebraical features of the Duffin-Kemmer algebra, the so-called meson algebra, 
have been exhaustively brought to light in the general case of 7 dimensions. Stress is laid on treating 
it quite generally as an abstract algebra rather than as a matric algebra, so that no reference is made 
to explicit representations. The main point consists in explicit construction of the on+1C, linearly 
independent bases of the algebra each transforming as an antisymmetric tensor for all orthogonal trans- 
formations of the »-dimensional f-space. From the physical point of view this tensor character is of 
patamount importance, for it enables one to get an adequate apparatus for extracting any component 
from the wave function and accordingly to manifest the direct correspondence between the two alterna- 
tive modes of formulation of meson theory, the particle formulation and the more usual wave formula- 
tion. Recently A. Klein has proposed an interesting procedure to extract a specific component from the 
meson wave function, which is now shown to be derivable from the present standpoint and at the 


same time a considerable amount of information is newly obtained in:the Ditac algebra. 


§ 1. Introduction 


The present paper is devoted mainly to the investigation of the generalized Dufin-Kemmer 
algebra in 7 dimensions, that is, the enveloping algebra of 7 abstract quantities ,, /%,,---, 


f, governed by the commutation relations 


Bu Bs i, +f, B, Bu=Sya By seed oe (1) 


together with the unit /. Since it was first announced by Duffin that the special case 
of four dimensions was quite adequate for synthetic presentation of the meson theories for 
spin one and spin zero,” various attempts have been made by ‘several authors to reveal 
its algebraic properties parallelly with the endeavours after an extensive use of this mathe- 
matical device for the meson theory. Each of these works, however, has its own limita- 
tion which is to be ascribed just to our insufficient knowledge concerning the structure of 
this algebra. ; 

In his original work Kemmer developed the physical content implied in the four- 
dimensional 2-formalism and alluded to some of its mathematical aspects.” Passing through 
Schrédinger’s work treating the case of five dimensions,” Kemmer succeeded himself in 


- 


*) A preliminary treatment of this research concetning the special case of four dimensions is seen in 


Japanese journal: I. Fujiwara, Soryushiron Kenkyu 4, No. 4 (1952), 1. The main results of the present 


considerations were presented at the annual meeting of the Physical Society of Japan held at Kyoto, October 


30, 1952, 
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fully elucidating the orderly structure of the meson algebra in the general case of 7 dimen- 
sions.” The difficulty in this line of approach lies however in that the analysis presup- 
poses an @ priori correspondence between the particle formulation in terms of the f- 
matrices and the more usual wave formulation. Properly speaking, the nature of the 
algebra should be determined by eq. (1) alone quite independently of any considerations 
of the linearized wave equation as the coeflicients of which §-matrices were originally intro- 
duced into meson theory. Not only that, the latter formulation is to be derivable from 
the former on the basis of the fundamental commutation relations (1). Then with the 
very intention of manifesting the direct correspondence between the two alternative modes 
of formulation, the so-called /-formalism was originated by Harish-Chandra.” Though we 
are not to dare to deny its usefulness for the case when the meson-nucleon interaction is 
taken into account, the introduction of /“operators impairs considerably the elegance in- 
herent in the particle formulation which is, strictly speaking, to be operated exclusively by 
the /-matrices. The present research is thus originally intended to replace such quantities 
introduced in order to extract any component from the wave function by a certain set of 
projectors constructed out of the /-matrices only. As was pointed out by the same author,” 
the primary feature of his formalism consists in that suitable combinations of / ‘operators 
furnish a linearly independent basis of the algebra. This point was after extended to the 
general assertion that in the algebra of arbitrary spin the linearly independent elements 
can be chosen so that they transform as tensors for all orthogonal transformations of the 
f-space and in addition he determined the general conditions which they must satisfy.” 
In carrying out the above design we are therefore necessarily to conform to the- lines laid 
out in these works and to enter into a more thorough investigation of the structure of the 
algebra. 

For this purpose it is essential to observe that, as was emphasized by Madhavarao 
and others in the general case of arbitrary spin,” the commutative 7-algebra plays a decisive 
part in determining the structure of the total algebra. Recently an ingenious treatment 
of this subalgebra has been given by Hénl and Boerner in constructing fusion-theoretically 
explicit representations of the (matrices (four dimensions).” Then in hi8 short note 
Peaslee has proposed a certain set of projectors which is incomplete as it stands because 
of a certain dichotomy in the treatment of the spin-zero and spin-one theories. Suggested 
by these works the author has arrived at a final solution wherein all the defects of the 
preceding researches have been removed and whereby hitherto undiscovered features of the 
algebra have been exhaustively brought to light. 

In this paper stress is laid on redering every stage of considerations as general as 
possible: First the algebra is treated in the general case of 7 dimensions, so that all the 
aspects have been revealed which were inaccessible within narrow limits of the usual four- 
dimensional treatment. Secondly it is regarded as an abstract algebra rather than as a 
matric algebra, so that no reference is made to explicit representations and-there is moreover 
no need for separate treatment of each irreducible representation. Of course the algebraic 


construction proceeds quite independently of any considerations of the Duffin-Kemmer wave 
equation, 
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In the next section we are first concerned with elucidating the general structure of the 
algebra. A full decomposition of the unit £ into normal primitive idempotents is per- 
formed and their partial sum is taken so that it affords the unit element of each of the 
irreducible two-sided invariant subspaces or the simple algebras of which the original algebra 
is the direct sum. The orders of the simple algebras are then determined by the numbers 
of primitive idempotents comprised in corresponding unit elements and as their total sum 
the order of the whole algebra is given by »,.:C,. Next § 3 is devoted to explicit cons- 
truction of the linearly independent basis of each simple algebra and accordingly to a more 
thorough investigation of its structure. With the aid of a set of new elements Q,,., 
derived directly from eq. (1), we can construct a number of quantities each having the 
form of an antisymmetric tensor of certain rank. Then on multiplication by a_ suitable 
one of the above primitive idempotents each one of them yields the linearly independent 
element of the algebra transforming as an antisymmetric tensor for all orthogonal transfor- 
mations f,/=a,* 2, of the w-dimensional /-space.* In the case of odd dimensions we 
encounter here a certain anomaly coming from the existence of a pair of simple algebras 
termed “ fzwin algvbras’’ of which detailed accounts ate given in § 4. In § 5 it is shown 
on the basis of the above transformation character that each linearly independent element 


works as the required projector and ‘with the aid of this projector we can further establish 


I 


the direct correspondence between the two alternative modes of formulation of meson theory. 
Incidentally we have here made use of an explicit expression for the well known spin 
transformation operator S(a) such that S~* &, S=a,’ 8, cottesponding to the proper 
ones of the above transformations. 

In a recent paper A. Klein has proposed an_ alternative procedure of extracting a 
specific component from the meson wave function which is based essentially on the fusion- 
theoretical standpoint.’” Although it may seem at first sight to have no bearing on the 
present solution, it is systematically derivable from ours as is shown in § 6. For this 
purpose it is necessary to make a closer investigation of the Dirac algebra and so we have 
contributed a considerable amount of new information on its properties. Above all it 
contains an alternative method for obtaining the explicit expression of S(a) in the case 
of Dirac algebra. 

We have thus taken a unified view of the orderly structure of the Dufin-Kemmer 
algebra and at the same time avoided the invocation of the /”formalism, but the whole 
plan of the present procedures forms essentially an exemplification of the abstract scheme 
due to Harish-Chandra in the special case of the meson algebra. Finally we hope that the 


present considerations afford a reliable guide for the future investigation of the algebras 


related to elementary particles. 


*) Only the real orthogonal group is considered throughout in this paper, but the corresponding problem 
concerning other real groups (for example, the Lorentz group) associated with indefinite ground. forms, is 
intimately connected with the present one, and has an almost identical solution (see reference 7). The Syy 
is therefore taken to be equal to one or zero according as w= or not and the a, satisfies the orthogonality 


condition 4,27, "s.e=Spy- 
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§2. General structure of the Duflin-Kemmer algebra 


In this section we shall be mainly concerned with elucidating the general structure of 
the generalized Duffin-Kemmer algebra in ” dimensions. For this purpose it is most 
essential to observe that the commutative subalgebra termed 7-algebra which is generated by 
m quantities 7,=2/,,—£ constitutes in fact the framework of the whole /-algebra. As 
is easily seen from eq. (1), the 7, commute with each other and on squaring every 7, 
we get the unit &. The unit £ is thus fully decomposable into 2” mutually normal 


idempotents 
e(€) = (1/2) TLE + em), (2) 


where € stands for a set of 7 variables €, each assuming either of the two discrete values 
+1 and —1. So far as the y-algebra is concerned, there is no question but that each 
idempotent c(€) is primitive, that is, not to be split further into two normal idempotents. 
Therefore these together form a basis of this subalgebra. For example, in view of the 
relationship 7,¢(€)=€,c(€) any element /*(y) defined as an arbitrary algebraic function 


of 7, may be expressed as a linear combination of the ¢(€): 
PQ) =F) £= dF (nel) = DF (e)e(e), 


where 2” numbers /‘(€) furnish the eigenvalues of /(7). Among others the simplest 
one is the unit / for which every eigenvalue is equally unity. 

Then we are further to investigate the nature of the above idempotents from a more 
general standpoint of the whole algebra. With the aid of the commutation relations 


Hob p= Pon =Pp and MP, +h og.=0 for AS 


the following relations will readily be established. The e(¢) with ee €, vanishes 
when multiplied by f,, but the e(€) with positive €, satisfies 


Boe (€) =e(e’) B, (3) 


with ¢«,=¢, and €,=—€, for Ap. According to the identity f,’=(1/2)[E+7,] 
this can also be rewritten as B,e(€)P,=e(e’). The 2” idempotents ¢(€) can then be 
classified into (741) classes according to how many of the z variables €, comprised in 
each of them are positive. If J be the common number of positive €,, there are ,,C; ones 
subsumed in this class, of which the total sum will hereafter be referred to as R, and 
we have another decomposition of E into (7+1) normal idempotents J, X,,---,2,. 


Especially the A, is nothing but the special e(€) wherein every €, is negative, so that 
we have identically 


2,.R,=R, 2, =0; ea ee 


it is commutable as well as anticommutable with every [, and constitutes by itself the 
trivial algebra of order one. Then for J, eq. (3) implies that | 


BpRy=Rys ig Bp (5) 
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so that Rj —Rraxi_; anticommutes with every 7, So far as the even case (z=2m) is 
concerned, L,=R,+R, 5 (1S 7X m) together with A,—R, form the basis of the 
centrum and A=£#,+4£,+::--+£,, is the normal idempotent decomposition of E which 
stops short with the simple algebras of which the original algebra is the direct sum. In 
the odd case (7=27—1), however, we encounter a strange situation. For eq. (5) shows 
first that the special R, for 7=7 commutes by itself with every [,. Moreover as has 
already been pointed out by several authors, a pseudoscalar element 


oar Lia V(t — ma) I} 1 Erte PB Boat 2, (G)* 
n 


satisfies in both even and odd cases the two conditions oR; =R,w=g,,0 and w'=R,,. 
Furthermore in the even case it can replace any one of the x elements Bevin seq. (ere 
whereas in the odd case it is commutable with every 8,. Hence for odd x, R,, (=E,) 
can again be split into a pair of normal idempotents £{2)=(1/2)[X,,+@] which are 
commutable with every f,, so that L,=R,, Hj=Rj+ Ras; IS 7 m—1), EY and 
LE“ form the basis of the centrum. Now the decomposition of / into E=4,4+£,4+--: 
+4, ,+ 48? +ES> results in splitting up the total algebra into the irreducible two-sided 
invariant subspaces. Especially the pair of simple algebras. generated by ZS) and ES 
which are derived from the single 7, shall hereafter be called the “ ¢zwin algebras’ accord- 
ing to Kemmer.” Above all the most striking difference between even and odd cases is 
that every e(€) is primitive for even 7, whereas this is not the case for odd , where 
corresponding to the decomposition of /,, into two mutually normal parts each one of 
the ,,C,, idempotents e(€) with m positive €, splits again into a pair of normal primitive 


idempotents : 
o(€) = Rye (€) = Bee) + HO U(€), 
Finally the order V(x) of the total algebra is obtained by summing up all the orders 


of the constituent simple algebras, each of which is inferred immediately from the number 
of primitive idempotents comprised in the corresponding unit element. For example, we 
find in the odd case the following result which agrees with that obtained by Kemmer :” 


m—1 


N(x) ae 1+ 7S (Cat nya) 74 2 GCAY = dn C, Si BA n> 
j=l j= P 


where use is made of the identities ,Cj+,Cj-1=n+iCy and 3}, pCp+gCi-,=pigG- It is 
interesting here to observe that in spite of all the above differences, the (v7) is given 
by the same expression o41C, for both even and odd cases. These considerations are in 
conformity with what is taught by the theory of abstract algebra or the ideal theory and 


concerning more details of algebraic treatments readers are requested to see, for example, 


the books cited in reference 14. 


E ‘ ary fe ire : cy , et 
*) €pip2...p,, 18 a tensor antisymmetric in every pair ot indices with €»...,=1. The summation conven 


tion for contracted indices is used throughout in this paper. 
**) Strictly speaking this is true for the special simple algebra generated by /',. Detailed discussions 


| concerning all these facts are found in § 4. a 
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In the followings we shall review some aspects of the above considerations with the 
aid of familiar (scalar) elemet L=/%, 8’. The application of this element to any e(€) is 
equivalent to multiplying it numerically by the number of its positive €,, for if it be 
multiplied on either side by i, == (1/2)[Z£+ 7]; it survives only when its €, is positive 
and the f,” is then absorbed in it. Therefore we find that B+ R,=7-R; and accordingly 
that 


B=B- EBS K,= D7 hy: 
j=0 j=0 
the B has thus (z+1) eigenvalues 0, 1, 2,---, 7 and its minimum equation reads 
IU (B-k-E\= >) {I G—2)} Ri=0. 
k=0 i=0 -k=0 
If any one factor [S—/-Z| is eliminated from this product, we have on symbolizing this 


n(4) 


procedure simply by //, 
k=0 


n(j) n mn(j) 
Tite—6-BY G—B)=S (GB) GO RR, (7) 
mh i=0' k=0 
As is well known the most remarkable property of Z is that 
Bees ay) {[4+ JF, +8 [E+ a] }= (+1) 6,. 


Accordingly [(+1)£—284] anticommutes with every 9,. This point agrees completely 
with the preceding considerations, for it can be rewritten as 


L(+ ere Se L—27) R= (27+1)Ry+ > (n+ 12) [Rj Rosie; ]- 
= j= 
Of course its square 
[ (2+ phe Ciel o2 Fe ee eer 


commutes with every ,. More generally an element [2—2%-£][B—(n+1—2£)E] with 
any number # is commutable with every §, : 


4|B—h- EV B—(n+1—k) E)=[(n4+1) £—2BfP— (n4+-1—24)°E 
ep ee) (n+1—2k)*} Ey=431(J—2) (7—(w+1—-A J Ey, 
j=0 
where in the odd case it must be taken care of that E,=R,,. Therefore we have 


p= if (Bae BB (nt 1-2) £] 
bad i PRAT ey 


Moteover we have according to eq. (5) 


for 0<jSm (8) 


B Rai h°=8,B°R =B-Ri=7-Ry (9) 


so that £, can also be rewritten as 


= Ej=Rs+ Raves = Rapp t+ G/P) Bi Rn icy 8? (10) 
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excepting the special cases of the trivial algebra and the twin algebras. Finally we add 
the relations 


Reape D el a, and Rusia ={- Rees le 
(7+1—7)—) (n4+1—7) 7 


§3. Explicit construction of the linearly independent elemeats 
To begin with we shall introduce a set of 7” quantities 
Oh = Fv —B, Pus (11) 


each being specified by a pair of indices running through the integers 1, 2,---,7. In 


terms of these elements eq. (1) can simply be rewritten as 
O22; “ts Ox, sa =0 


or as , PsO wat hey x= 0» 


(1') 


More generally we shall consider an element Quine ep ji vivd v4 @ tensor of rank 27 hav- 
ing two independent sets of indices 4, and », (£=1, 2,---, 7), which we shall hereafter 
abbreviate to Q;.;. Then a sequence of such tensors with ascending values of 7 is generat- 


ed by applying successively the recurrence formula 


=— pr g-1- OF, 
CT city sespegi reverse = Qurmareern vavarvy On giv; pe ) &v, oj Quapa slg Sa vivase Ov; -)° "vj 


(12)* 


starting from the above O,., for 7=1. Here we observe that this is equivalent to 


° 
Qyrporeery. ji vevacervy = Opaira rps + Begs veva- ep see a Be ne SS Wabare(W ert gi Y ayareee¥ 5? 
(12! 
for provided that it is true for a special value of 7, it is readily seen that the same is also 
valid for another value of 7 larger by one, while in the initial case 7=2 these equations 
reduce to one and the same relation 
Orne = Caw xe Hh ae wie 
The most remarkable property of the Q;.; is that it is totally antisymmetric, that is, anti- 
symmetric in every pair of indices in either of the two independent sets separated by the 
intervening semicolon. Provided that the Q;_:.j-; has such a property, eq. (12) shows 
that Q;.; is antisymmetric in 7—1 indices /4,, //ss**, /4y-1 as well as as in the pair », and 
v,, whereas eq. (12’) shows that it is also antisymmetric in J—1 indiees v5, ¥s,+--, ¥; as 
well as in the pair 4, . and y;. Therefore the same is also valid for Q;.,. Now we 


have according to eqs. (1’) and (11) 
Op Ca 2p By cs eG) Cu; p= LipQuivt ae BYP, ad Se 


*) Parenthesized indices are to be eliminated. 
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=F rpQuiv im Oe ple Spot ol Oiskiey 
and in quite the same way 
ORT A - Oaevas 


; ; 
which together prove the above statement. Eqs. (12) and (12’). can thus be rewritten as 
j 
SSS ho: : 3 
Quiparee- te gt vV1y2 oy v= Qyapareerp gi wave SONY] Oo DIS yw Oorparrey jive Ory; t ) 
: 13 
= Duy Qp rua zi avery; — DES, Purpardurerp gi avy) ? ( ) 
where the braces indicate that », and yw, are to be replaced by » and yp respectively. Owing 
to this antisymmetry the Q,., vanishes identically for 7 > 7, so that the said sequence ends 


with 7=7. 
Then putting in these equations w=y=v, and p=yv=—y, (k=1, 2,---, 7) respectively, 
we get 
Ce "7 pgs vive vg = Quapaieew gs VIV2ree Ys Ora Quw,Quane “+ Wh gs VAV2 t+ 5? 


and therefore we have according to the identity QO,.,=(1/2)[Z—7,| 


j j 
as 77h 73, Vivanco) HH (1/2) |2— tw, \°Q A 2 ES Rae) [E—7 ty, 1: (14) 
More specifically for 4,=», the Q;.,; reduces to 
j i . 
Onur soe, Pawar. ja Hl On, Hy. =H (1/2) (A= hy, | (15) 


in view of the definition (12). 

Now eqs. (4) and (5) show that the R, is commutable with Q,,.,, so that the same 
is in general valid for any Q;,,. Moreover since the R,_, is the total sum of ,,C), idem- 
potents ¢(€) with common number & of their negative €,, it follows from eq. (14) that 

Ryn jg= Op sR =O for & <. (16) 
We don’t get a nonvanishing product till % becomes equal to 7. We thus define a fur- 
ther quantity /., by 
P55 Rn—jQ5:5= O55 Rn g= Rng Qi. 5 Rena 5. (17) ; 


According to eq. (13) the Q;,; for 7=0 should be taken to be the unit Z, so that the 
f’;,; coincides with K,, for 7=0. This can be expressed for convenience as P= Ry. Eq. 


(14) shows moreover that only a particular one can survive from among the nCy idem- 
potents ¢(€) comprised in the above K,-; standing on either side of Q;.;: 

DD / 

i WAY 2er ee fh as Viv2re or pened (¢ OQ AS WU ass gs vata, (6 ae (18) 


! - - eae 
where Ew, and ey, (21, 25-557) late negative and others are all positive. Then 


according to eq. (15) we have for “,=», 


Paayarseuy Mapoere spe 5 =e(€) (19) 


with the same €, as the above. The most remarkable properties of this P,.,; are 
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bd) 
Sow ae > ( 
PA ngs vive vy Juv = 218 vie I BIpearre pe as vivarrdy} ery 5 (20) 
‘= ' 
d y" > 
= - ! 
an oe js viva 7 et [ Mapar CW yerp 93 vav2 +59 (20 ) 
$= a 0 


which are obtained at once by multiplying eqs. (13) and (13/) respectively by A,_; and 
taking into account eq. (16). In quite the same way we get from eqs. (11),(12) and 


(12’) 


A ity 
Prarjisen ssi cae VLY2 < SMiygay 3, 8 =i fins Pea ae vavare(v jew (21) 


j 
= t—1 
and 2, 3 a Rae A) VIV29°° Ve 2) (—) Spy cen Jere as VavVa-s* ve 


ae Jeary i oe ee eae: 


(21") 


The /;.; multiplied on either side twice by 3, is trivial affording nothing new types of 
elements. 


On the basis of Pj). ;-; we can therefore construct the following four types of 
elements which constitute together a subspace closed with respect to the operation of 


multiplication : ’ 
Pyar; ga = Ras 4 Qyr; 5-1 Se ae (1) 

Py; 5Pv = Rnsi—5 Qin; 5-1 Py Ry (II) (22) 
BaP yas; 9 = RB, Ofsz 7-1 Rasy (IZ) 
and BP yt; g-tPy= RP, Q5-1; 5-1 By Bj, (IV) 


where use is made of eqs. (5) and (17). Then since we have from eq. (1’) 
Quapaeey 53 ipivatevyp tO wayne py: Vaya Vg oy B, = 0 


sg; VIV2e+e°¥ +fi.0, [b2" } ViLv2" ayy 9s 


and Pes Quamars--p 53 


they are all totally antisymmetric and the number of inequivalent nonvanishing ones belong- 
ing to each type is given respectively by 
D=66-0% UD= Cl) =aCjaxaCy and (IV)=(.0))° 


Pa therncee these (,41:C))° inequivalent elements are all linearly independent of each other, 
for according to eqs. (3) and (18) the above scheme can be written more precisely as 


a / 
; Puuawaree gyi Valves Wig = CLEV Qi ritoreeethy i vavarrery ys _ 46 (€ as (1) 
: dd 
Praipae pga i vivarssVa_y Nic e(€) Qyayar voi Gostnact pee by (iT) 
* =) / 
Bu jf wap Wj 4! Viva ¥ Go — e('e) fi, pers viva vy f (€ ) (IIT) 


OHS ; 
and By P rN Sia 200 fee vivars Pay ae = e('€) yO SMabarer sh 545 Finer (é )» (IV) 
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where Ew, and ie (L=1, 2,:--, f—1) are negative and other €, pie are all pe 
while ‘Eu, and ey (A=1, 2,..., 7) are positive and other '€, and €,’ are all negative. 
There occur altogether (+1) such systems as j tuns from 1 to 7+1. In the final case 
j=n-+1 the type (I) reduces however to the single element ZX, |see also eq. ee 
below], so that all the other types vanish identically according to eq. (4). This is 
the trivial algebra alluded to in § 2, and we shall then investigate the nature of the 
remaining 7 ordinary subspaces. 

Now we turn our attention to the special subspace composed of the four types of 


elements 
Sores. ei Naas Pe nae nj ss Voge fie (1’) 
icv ace n—j Sea ae Oia n-j Rj, (II’) (23) 
ten, n—35 3,= R; Ose Sepie Kapies (II’) 
and | A Ea Fey One aay 1G (IV’) 


All the above arguments are also applicable to this subspace and we are led to conclude 
that this is essentially identical with the preceding one (22), each type of which corres- 
ponds of course to the present primed one. The only difference lies in the number of 
indices and the two subspaces may properly be said to be dual to each other.* In the 
even case the 7 subspaces are completely subdivided into 7 such dual pairs, whereas in the 
odd case besides (7z—1) ordinary dual pairs there remains one particular subspace for 
j=m which is dual to itself and wherein independent types are reduced to only two in 
number: (I) = (I’) =(IV)=(IV’) and (II) = (II’) =(IM) = (II). This again corres- 
ponds to the case of twin algebras. Thus if 7 be restricted to the range IN jim, 
the dual pairs (22) and (23) exhaust in any case the sequence of 7 subspaces. Now 
by definition these subspaces, each comprising (,,1C;)? inequivalent linearly independent 
elements, are both generated by Eij=R;+Ry1-3 and conversely the unit element £; is 
included in either of them. For we have according to eq. (19) 
Rasi-j={1/(G—-1)3 Poipaeepgi ge fad (24) 


and moreover according to eq. (9) 
Ry= A) B,Ras iB? = (1/7) B Parga np, Pee PIB”, (24/) 


so that the types (I) and (IV) comprise &,,,,-; and R;, respectively. Then on replac- 
ing the number 7 in these equations throughout by 7+ 1— j we see in the same way that 
Rnsi-j and R; are comprised in (I’) and (IV’) respectively. We thus arrive at the final 
conclusion that the schemes (22) and (23) furnish the two alternative expressions of the 
linearly independent basis of the irreducible two-sided invariant subspace generated by £). 


Before proceeding to explicit demonstration of the above duality, we shall now evaluate 


* A more exact formulation of this duality will be given presently. See eqs. (30) below. 
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the product of two /,.,’s. According to eq. (17) this can first be written in two alterna- 
tive ways as P;.,Q;., or as Q;.;P;,;. Now that the Q;.; is sum of multiple products 
of Q,.,, it is absorbed~in the /;.,; by successive application of eqs. (20) or (20’) and 
the said product results in another /;.; with a numerical multiplier composed of the 24, 
alone. It is essential here to observe that the right (left) multiplication by Q;,; has 
nothing to do with the left (right) set of indices in 7; Moreover it holds in general 
for multiplying P;.; by any element, for this can be expressed as a linear combination of 


the linearly independent basis /;.;. Therefore we are naturally led to assume that 


Bene (25) 


& 


Prag daeone Kg Papogree Bh —= Grwaremsivra-ev, Lisa Fi Piparss'p - 


Vai PIp2---"Pg 
ji PIP2- “Py j 


with a totally antisymmetic tensor G;.;. Then in view of eq. (18) we infer that the G;,, 
should survive only when the two sets of indices form a certain permutation of each other 
and moreover that it should be equal to +1 or to —1 according as the permutation is even 
or odd. A more explicit definition of G,,,; is however given as follows. On account of 
the total antisymmetry of the elements /;.;/7, and /,P;.; we may be allowed to assume 
in terms of the same G,.; that = 


D G ze r 
LS Ae Wafianre-p get Pv Eas Vig pupa =p p= Cp rpa es gui vives V gy Lane - Agi P1P2 --°P 5° (25 ) 


Then according to eqs. (20), (20’) and (11) we get the recurrence formulas 
3 
Giuaparee-p si yivarrs-Vyg¥—S py Gifaies a pits pee ve, F pawarinyeny: vivar*sY (26) 
i=1 : 
é ee 
Siar Gurpa-p vavassev yg DUS wy, Furman vavare{yyerv 9? (26 ) 
= 


which are nothing but eqs. (13) and (13’) wherein Q),; are all replaced by G,,; and 
especially the Q,., by Gy,v=Syrv- It is now evident that the G,., is composed of the 
Ly, alone and it can at once be obtained by eliminating all the 8, comprised in Q;,;. 


Accordingly we have from eq. (4) 
Oa = Gy Rp 
which yields especially for jw in view of eqs. (14) and (17) 
Onin = Pain = G ning. (27) 


Now from eq. (25) we infer that the G;,; is invariant for interchange of two sets of 
indices, which fact should also be derivable from the above recurrence formulas. As will be 
discussed later in the Appendix, the present Gj9 is essentially a minor determinant taken 
from the x-dimensional identity matrix /. 

Concerning the Gj,; we add here the following two facts. First owing to its total 
antisymmetry it vanishes identically for j=+1, so that we have according to eqs. (26) 


and ( 26’) 
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a 
Suv Gaspar, vuyarcey, DiS, Gu sporkuyew, 3 VUVS <2 (28) 
i 


r 
a Spy, Guapo, Vivacs Veer (28 ) 


Secondly we have 


(7) Grae phen etd at seen Seas eos, (29) 


for any antisymmetric tensor /%,,,,...p, of rank 7. 
Now we shall consider a totally antisymmetric tensor IV’;,,; defined in terms of the 


above Gy. as 
Wasa 53 vivares vy 


salen z me) 77 Ds SOc | Sen YI teeey Qy. 
= {(z—7)!} Greet ging tees Be Reve a n Pj +1 RAD OF TA M~1jF “2, 


and examine how the Q,., operates on its either side. We have first from eq. (11) 


{(2 —/) Nt 2 Wrrpa-ep 5 vaveeevy Qui 


Be Dw « seeelb a5 pe seoey Ov 
BEG os Hy, Phi 44 n—-1 “J+ n—1 [Sn 
Hibarresw, > vive Paes! i 


=e Guapar-e-, 3 Vive = vy, PenP tse nmi ‘gan 8 Yo BYP. 


wherein the second term can be rewritten according to eq. (21) as 


n 
“as J n-t i y./ ay re > Va, ee(vijerv 9 
Gurpo--n,; VLVarse°Y, pap (—) as éffenE JI+4 Bay TFA ¢ ) “nfhy, 
t=5 


n 
= Pr Vit Yn -1 8m ps Spy eet ets 
: L 


Bos vivars{uyery * 
t=j+1 i oy 


ed 


Then applying eq. (28’) to the first term we get 


Warpoeep i vavareevs Dasy 


ey pan cose Sted S54: ay 
tmvadiev, 2 nPP gay Pay ¥54y Yn=1 [Fn 


a {(z—7) 3 & Spy. Gare 


=>) Suv, Wrap: vivar{y}jervs & 

This is nothing but eq. (20) with all the Ps.3 teplaced by Il,.; and in quite the same 
way we can find that Q,.,1V;., gives a result corresponding to eq. (20’). Furthermore 
the erro e(€) = be ae to either side of I7;.; is the same with that to be 
attached to /,; and in addition we see that for Me=y, (A=1, 2,---, 7) W,,,; and Peg 
reduce to one and the same e(€). Thus we are led to identify the present I,, j with 
the previous /,., itself : 


~S eines ries ise Mestatekitg oo Okt, 
igre wgi viverswy {(x J )t} Goan pt avaey,, BY 5+1 PRs +e bea Nd fer YnjP “941, (30-1) 


which then yields on account of eqs. (21) and (21’) three more equations : : 
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Parporeu 53 V1V2"++"¥ 5 pee a {(7w—7) "u—j— 1s OE 


xG BP g41 Pasa nt YF 49°C (30-II) 


Pile -- Bos vivacty 
ne 2 


Buy Poseant yi yir2 Dor (u—7)'(—7—1) 


“< Gaya: vivarrey Nol Es iat y gre YnBY 541 (30- IIL) 


2 m 


P 


bj gy twine vy Vavarrevg Va 


(30-IV) 


= a da 1)! Ts Gurpa--n,.: Oe ee at ae een Na 


Incidentally for any orthogonal substitution ;7,/=a,", the Q,., transforms as a second 


° Sha 5H 7 AE Ae a p 
ranked tensor: Q/.,=2,, E—/,'3,' =a,'a,’ Qi, so that the general Q,,, transforms 
as 2j-ranked tensor by definition. Moreover the A; is invariant for this substitution, 
because this is expressible as an algebraic function of the scalar element HB \see.6q (7 hie 


Therefore we have 


Y = Ay —A2... 45 1 jy P2 Ps 
ie. wat ness nro Ay I Ay Az cae d Pygia oed Pip2-> Py 


= a (1/7 gee sale < 2a, Pea ‘ Pip2r** Py PNR der paipa's*"Pj (31) 


J 
according to eqs. (17), (29) and (A-1). 

Finally we shall briefly allude to the problem of matrix representations. As is well 
known, (see reference 14), if the complete set of normal primitive idempotents is once 
established, this can be settled quite easily. To the simple algebra generated by 4, there 
corresponds in general an irreducible representation of degree , iC}, wherein each linearly | 


independent element constructed above is represented by a matrix whose’ only one non- 


vanishing element is situated in a suitable position as is indicated in the scheme 


(1) Paypa ew ji vivares Vy : (II) Puryare psi Re \ 


: | 
oe: (IV eB taen teat y: Rens v ey / 


rh 


(Rit) eae See 
The idempotent ¢(€) is of course represented by a diagonal matrix. Especially the trivial 
algebra consisting of the isolated element /¢, alone permits a one-rowed representation’ 


wherein 2, itself is represented by unity and every 9, by zero according to eq. (4). In 


ordinary simple algebras we have from eq. (5) 
Pig pean ety B, =f BR weteg> 
which comprises ,—;C}j—1 linearly independent elements of either of the types (II) and (III). 


Hence in the ordinary irreducible representation of degree 410; the single /7, is represented 


by a matrix in which 2,_,Cj-1 nonvanishing elements are equally distributed over the off- 


diagonal rectangles (II) and (III) in the above scheme. In the special case of four 


dimensions we thus get exactly the same matrix representation of the single /%, as was 
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2) 


obtained by Kemmer. | 3 a 
Then we shall take up the traces of these representation matrices. ne c 


easily find that all the elements belonging to the types (II) and (iT) have identical 
vanishing traces, while the traces of the elements (I) and (IV) are given respectively by 


AU EGR Re wy go eae (Pu, ate ee 9 Vivae=-V pee i v,) Bije2 Begs viv2 v5? 


where the ones with nonvanishing traces are of course the idempotents e(e). It will be 
worthwhile to observe that the present equations also afford the recurrence formulas (26) 


and (26’) for the tensor G;,;. 


§4. The twin algebras 


We shall now embark upon a more thorough investigation of the structure of the 
twin algebras wherein, as has been alluded to in § 2, a special quantity w plays a decisive 
part. We are thus before every thing to relate full details of its properties. First of all 
we take up an element PorPpat Pp.» a product of 7 different 3, wherein the indices /,, 


fi)***> Mm ate any permutation of w figures 1, 2,---, 7. All possible elements of this type 
ate apparently ~! in number, but the commutation relations BuP,8,= —P,E,8, for all 
different indices show that they are classified into ,C,, sets of 2!(z—w2)! elements 
identical with each other but for signs; inequivalent ones are thus ,C,, in number. Then 


according to the relationships 
=p = (1/2)[ 4+ Ne 8,=,(1/2) [z+ ho 

and 2,8,.= (1/2)[E—7,] 2.8,=P,2,.(1/2)[E—y,] for Aap, 

‘we can attach to the left of this product the ¢(€) wherein only © pop, (P= 1s 25°%7s MA) 
are positive. It is the same e(€) with this that can be attached to the right of this 
product for odd 7, whereas for even 7 it is the one with positive €o,,- This difference 
is noteworthy in connection with the fact that for odd w the said product is invariant 
(but for sign) for the reversal of the order of all the ,, whereas this is not the case 
for even 7. In any case it is true that we can attach to either side of the product a 
certain e(€) with mz positive €,. It is therefore invariant for the multiplication by RF, 
on either side. Moreover these ,,C,,, inequivalent products are linearly independent of each 


other and their total sum is nothing but the w defined by eq. (6) wherein signs are 


suitably adjusted by introducing an antisymmetric tensor €,,,,...., - Hence we conclude 
"2 re 


that 


okKk;= Kyo =f jm: 


Next on squaring the w there ate apparently produced (,C,,)* elements. But surviving 
ones are only ,,C,, in number [see below eq. 25 


that furnishes nonvanishing result is of the form 


Among others the typical product 


€hrp2 = “Poy Be Bia" ; Be As Pato *P2p1 B, > Pra 


(cine 
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= — aa BCS sor Bl dg Bo BiB. Be »=* Boa ae 


(EB? .)B; for odd x; 
m1 2 


— (__)”@-)/29? (R82) 82 x... : z : 
(—) Pes (2— Pe.) Pes X * BR (E-B?) for even 7. 


p2 


This is the same thing as the e(¢€) with positive €, ; (4=1, 2,---, m) and the definition 
4 eS | ‘ 
(6) shows that 


re Rass 


Incidentally we have w=w. 
In the even case (7=272) we find with the aid of eq. (12) and the identity /,, 
=—Q,., for vs that 


tee ON pr Os ps GOO OS GO, 


— ™m 
€fapa-<-py, prea’ Pp =(—) € pipareep 


[P 
2m Im Qm Pom—4 


—_ (— ebm € 
Pop4aree- Pony Pa Sia epay = ; papares: Pom Pips? Pom 


and in the same way that 


Bon Bia = Poon, 


See (— Wes siete ee 


] 
Qam- 


= —1 
a eee eee ea tee an pO miga om ep 


7 c 
om am—1 Pam—2 ' Pom 


om 


_4P2P4°°°"Pan, Bo, Ppp shop oe P2P4*** "Poy 9 B, 


2m 
The w can therefore be expressed in two alternative ways as 


Ae Np dda 7d, papaee-p 
w=c(m)e m Pm Prarareerd, Pipares-P, (32) 


mh 


B, (32') 


me 


ae Ardrareesd Pit2-++°P “ 
ot as w= —c(m)e" m mPa, Tvaheetr Ns; peace 


Pom 

with c(m) =i""(m!)*. Now 2 is even, so that we have according to eq. (5): 
of, 0= OR, 3,8 ,0= OR Rms f,w=0 

and w ft, + w= Rulp+ DS a 100 B Ade imiey ae Enno 


Then eqs. (21), (21’) and (32') yield together 


9 Dydgereed U DQese ef? 
BoP, = — 1c (m7) Era. \ mateseiels Baie" Rega PASS, 


m 


so that 8,08, 4+ 3 ,0R,= 0. 
Using eqs. (32), (20), (25), (A. 9), (30. IV), (29), (24) and (5) successively we 


have moreover 
vQ,; ,o=)%,, 9p =RmP Pps 


‘which yields QO), ,0= Pf, on left multiplication by w. On account of eq. (11) this 
can be rewritten as 


OP:8p +P B,O=S rp.0 
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We have thus confirmed the statement made in § 2 that the w can replace any one of 
the ~ elements #, in eq. (1) in the special simple algebra generated by £,, for even 7. 


Now in the odd case (7=2im—1) we have in quite the same way as the above 


Gea 


4 pe) 


/ 
PIP2**** Poo —y / °Im—1 


P. 


m(m+1)/2 3 ; 
ee a cy : Chops ++! PLPB°S* "Pom — 1 P2PA**° "Pom —93 PIP8**°"Pom—g Pom—4 


2 
2m=2 


B eer ee P2P4°°* Po) 9? 


= e ( m(m +1) 2¢ 
Kies = PLP Are Po — POP acre Pom —o © Pt 


. . iat = 
so that the w can be rewritten with d(y) =72""—' {m!(m—1)!}~™ as 


33, 
m=1 Ales ( ) 


Ot 4 Ck eile os Rea Vas Co SER 


(33’) 


=d(m) gous po Mag RE Cra 1B Feigao pipe <-*P 


m—i1 


Then eqs. (21) and (21’) show that if the former transcription is multiplied by any A, 
on the right, it yields exactly the same result as is obtained from the latter on left multi- 
plication by 9, : 


of, =8,0= md (mn) eer P20 A yy i PLPRS Pg og 3 (34) 


m—y) 


Piparse+fp 


o 
m1 


Pp 


the w is commutable with every 7, in the present odd case. The unit elements of the 
twin algebras are therefore given respectively by 


ESP =(1/2)(R,, +e] and EM = (1/2)[R,,—@], 


in terms of which we construct the following two types of elements that inherit all the 
properties possessed by ordinary P;.; : 


=a ay op | 
Pe ge =e Pe hoa (35) 


The (,,C;,,)° inequivalent nonvanishing elements of either type are evidently linearly inde- 
pendent of each other and further constitute a subspace closed with respect to the opera- 


tion of multiplication. For multiplying eq. (3+) by ES we have according to the 
relationships A o= + AO 


™m +m 


(ED) 2s $ : aa Aare a * Gp pasces 
Ea OME CM) Ca KE Seis oe ne Adare, {5 FIPS" Pas, (36) 


and then on left and right multiplications by any P,,-1; m-1 these equations yield 


PS é — ! (4) Pipa----p 
RO ek racy, Pp + lam) Csava Bee pee GOS eect Pipa ty, 3 ee! 
ee = +7! Adare, (£) 

ie Paporew,, ys vapareery, = hand (2) € eee Ream ao ere, Sing eee 


(37) 
where use is made of eqs. (25) and (29). Among others the special ones with identical 
sets of indices reduce to the normal ptimitive idempotents H“e(e) [see eq. (19)], of 
which the total sums afford the unit elements Z“) and Ex in view of eq. (24): 


m 
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{1/(m—1)!} P® pap, yD) PR — Ae). 


PIPas oP =m m m 


+) = 
We thus see that the P{%).,,-; and PS,.,,-, form respectively the complete linearly 
independent bases of the twin algebras. 


Finally the identity 


Pp p2 Pp 
Ay Q5 °° "a | é Appts sede E 
4 2 


holding for any antisymmetric tensor of rank 7 including €,,,,..... , shows that for any 
ou 


orthogonal substitution f,/=a,'7, the w transforms as w’=det(a)w; the w is a pseudo- 
scalar quantity changing sign for improper transformations of the -dimensional /?-space. 
Therefore the unit elements /‘S*? and ZS and accordingly the twin algebras interchange 
for improper transformations. In terms of the matrix representations, the same fact can 
also be stated according to eq. (36) as, whereas for all other irreducible representations the 
matrix corresponding to a single , is invariant for both proper and improper trans- 
formations, for the twin representations this is so only for proper transformations ; for 


improper transformations the matrix corresponding to every f, changes its sign. 


$5. Identification of projectors 


In the absence of interaction the Duffin-Kemmer wave equation is written in the form 
{°B, +7} $=0, (38) 


where 9, stands for the differential operator 70/d2°, and the /, are fully reducible set of 
square matrices operating on the ¢ which itself is a one-column matrix. The components 
of this wave function are extracted respectively by means of the normal primitive idem- 
potents each represented by a diagonal matrix with only one nonvanishing element which 
is unity, so that the number of components is determined by that of all possible normal 
primitive idempotents. More generally each linearly independent element constructed in 
the preceding sections works as a “ projector ’’ wherein the right set of indices specifies 
the particular component to be extracted, while the left one indicates the position to which 
“the extracted component is to be shifted. So far as we are concerned with explicit repre- 
sentations, we remain completely ignorant of the transformation character of the component 
thus extracted. In the followings we shall therefore be engaged in clarifying this point. 
If the orthogonal substitution 4, =a, #, for fixed [%, corresponds to the transforma- 
tion 
f(a!) =S(ap(a), (39) 
the invariance of the system of eqs. (38) requites, as is well known, that there exists a 


similarity transformation of the , having the property 
B/ =a, B,=S(a)™ Bp S(@)- (40) 


: 1 . . . . , aif 
“In terms of this spin transformation operator S(a) we can write Pj, as SP 5; A 


Now that the left (right) multiplication by S(@) -1 [S(a)] has nothing to do with the 
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indi i . (31) at once gives 
right (left) set of indices in P,,; [see above eq. (25) |eeq. 1) g 
~ \ > a. P; D : Poe 
TP iaapigesent ney (a) = W5; (4) ay yg ly art, Puspas wy pipa---Py 
- D1 ParsePe Al 
=(w;/7 Aare: ie Pg Poaayar-tug: pupa: °"*P 5 ( ) 
| V5) bg dy ty Od E Pee 41’ 
and Suh papaseng vive ev = 1/5) Ms "Ans ay, J tea ae YavarceY 4 ( ) 
. Raseciaes 
=e /y : Wj) Auyypa.--e ji ‘ j Page viv2rres¥ 4 


3 . > ae 
with a yet unknown numerical factor w,;(a) depending on a. Now for 0 5.7 SM seq, 


(41) gives according to eq. (24) 
Ru ySla) = (ff 'aylaVAMerPF OOS Parag mpmnry G2) 
ae since R,,= Ry_j=S~'Ry—pS1 we get in the same way from eq. (41’) 
Reise = ey a ZW);} Cat) ** Car) Pao (a*) tide) levers i pipa----P 3? (42’) 
where 7 denotes the transpose. The total S(@) is thus given by 
Si =>) Rae SaNe 
Moreover for 0 <7 <u—1 we have according to eqs. (24’), (40) and (41) 
RjxrS(@) 


| 


- 9 i wee .* > YQeesD . | be 
LA (C7 ek) eae, (a) eRe Py Bi aaaseas Pipar-=-P 5 o; 


a (43) 


Then we can ealisy assure that the present establishments of S(@) actually realize the 
relationship (40), for Rnagjoi ep Sa wy ote eae tep es: gives a,*R, 5/2, according to 
eqs. (42'), (43) and other equations. Here it is evident that the numerical factor qw,(@) 
does not produce any effect at all in this calculation. Then is there really any need for 
introducing such an extra factor? Although it takes in fact no part in realizing eq. (40) 
and accordingly can not be determined by this equation, it is quite essential for unam- 
biguous establishment of S(a), for without one eqs. (42) and (43) afford S(a)'s 


different in sign in the case of improper transformations. 


I 


‘ 7 Apis AGP, / 
{aw /( 7+ 1a P CL TP... Le) Bx Pradaved 9 pips ig 


“- P5 


_ Before entering into thorough discussion on this point we must note that in the case 
of odd dimensions there exists no such S(a@) that can satisfy eq. (40) for improper a, 


because we have in this case a pseudoscalar element w which is commutable with all pos- 


sible elements in the algebra. As far as the proper transformations are concerned, we may 


naturally put zw,;(@)=1 for both even and odd cases, whereas for improper transforma- 
tions we are now going to take up only the w;(@) for even dimensions. 
Now according to eqs. (30-1), (40) and (41) we get 


Layee: B33 Vivarees vs S(@) a ie (w—7) 1} mp1 @) Ganuar-ern, Vavarssey 


Ve Vv; v Ls . cree : 19 . 
X@i+1,, @ aS VSR RY DU B! eS EA Wye ES UD POP Fay 
+1 j+9 n 
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= ; PE yy PBL 
Cet a) Was a) a a ay Ps span 
where use is made of the identity 
va v3 °o eee v 
Gurpaew,, ea ahaa @ a tere, ie a TAP ps he 
Se apieye raise. Pp a1 ea ake ry rj ane 
Coe eg ay Gatarsep_s dadara, © py 2 "pe @ fp, @It1p,, al its Ung 
a P1 Paste P3 
= det (a) Ay UWe ay, j Guia: pipa-s+-P.* 


Then if we drop the factor z/,_;-;(@) in the above equation we get for improper @ a 
result different in sign from that of eq. (41), so that the w,(@) must satisfy 


20,(a@) =det (2) Wm—5-1(@)- 
This suggests that the zv,(@) may be a function of det(z) alone and we may put 
w,(a) ={det(a)}¥ or w,(a) = {det(a)}?"’ 


as the simplest solutions for even ”. The ambiguity in the exponent here corresponds to 
the well known fact that there is an essential indefiniteness in the sign of S(a) for im- 
proper a. : 

As a typical example we shall take up the case of reversal of the Ath axis such that 
B,(==—, and B,’=f,-for p2A. Then eq. (41) yields according to eq. (18) [see 
also below eq. (2) | 


Payyorep ji meee) S (reversal) = 2 (+) 46) Pasa 73 viva ge le J 


so that we have 


S (reversal )~*=.S (reversal) = +77), 


where // is the product of all the 7, and accordingly anticommutable with every &,. With 
the factor z,(@) eqs. (42) and (43) afford the same result --/7y,, but without one 
the former reduces to 7, whereas the latter to —7,. It should however be noted that in 


realizing eq. (40) this difference in sign turns out to be quite effective, because one has 
nrPo(—aa) me (+ AHy,) 8, ( +H%y) =a," Bo. 


It is interesting in addition to observe that eq. (42) shows that R,,-;5 (a) is repre- 
sented by a ,C;dimensional matrix each element of which is a minor of order 7 of det(a). 
On left multiplication by auy P;,; which itself is fixed for the above transformation, 


eq. (39) yields with the aid of eq. (41) 
ee 


vaya 


E / PONG oe Ps h % 
Begs Aiaesiy (#) = Ww, (a) a Pays: *ay, 2 PF ypaseai--p 73 pip2 “Pj (4) : 
From this we immediately see that the component extracted by means of the projector 


P;,, transforms as a tensor of rank 7. In other wotds the projectot Pyyuo.-wg: vivesvy 


extracts an antisymmetric tensor /,,.....v, (x) taking over its indices from the right set 
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of the corresponding projector. Moreover eqs. (30) show that the tensors extracted by 
means of the projectors (22) are respectively dual to those extracted by means of the 
projectors (23). 

Now in the followings we shall be concerned with explicit demonstration of eq. (41) 
in the case of proper transformations, For this purpose we must first find out an explicit 
expression of the spin transformation operator S(a) defined by eq. (40). In terms of 


n-dimensional proper real orthogonal matrix @ we define 
2(a) =log(a) =S(—)*"(a—-1)*/h, (44)* 
A= 


where [is the 7-dimensional identity matrix. Then according to the orthogonality condi- 


tion a’a=T this z(a) turns out to be skew-symmetric : 
2(a)7+2(a)=0. (44’) 
In addition we introduce a set of ,C, quantities /,, antisymmetric in 4 and v defined by 
two types of commutation relations 
[es ighe eee By—Z pv Ba (45) 
and Were UN me ee + Biv) pu Sen oe yS ape (46) 


Then with the aid of (1/2)2"*/,, for which we have [f,, (1/2)2"/,,|=2,"8,, the 


required operator S(@) can at once be given by 


Sa): = Lvexp| (172)2" 71, (47) 
for this satisfies in fact the defining equation (40): 


Si B, S=exp|—2"*/,,/2]-8, -exp[2*” 7,,/2]= (exp 2) 2, =a," 2, =. 


roreoues we have from eq. (46) [Jago (1/2) 2 Jus le" Sep ie 2 oo. Which can. simply — 
be rewritten [/, (1/2)2""/uJ=[2,/7] by regarding 7,, as an element of 7-dimensional 
skew-symmetric matrix /. Taking account of further relationships [[/, (1/2)2*”/,,], 


Caer fa l—l2, |, / |] and so on, we arrive at 
exp [—2"*/,,/2]-7-exp [2"”J,,/2]=exp(z) -J-exp(—2); 


which reads more precisely 


— = Hl A p 
S(a@) UE nia (aJa ) wv = Oy Bs Sas > 
oe ad be transforms as an antisymmetric tensor. In order to complete the present considera- 
tion we are necessarily to establish the relationship S(6).S (a) =S(éa). It has been shown 
in the author’s recent note” th i 
at for any nonc /. ee 
y ommuting operators Y and 7, log (e%e”) 


: St ee eek Ste Z 
gives a Lie-element’’, that is, is expressed as Y4+ +4 multiple commutators of VY and 
Z, so that we have in this case 


*) For i i 
) any proper real orthogonal matrix a the existence of 2(@) is ensured. See reference 15 
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. log [exp CHO 7 542) “exp CAN Bie Fo. ye (1/2) {log ec” e*)} ents 
for eq. (46) gives [(1/2)7"” Ju, (1/2)s"*JyyJ= (1/2) (Ly, 2} Ju, with y(Z) =log (6) 


being another z-dimensional skew-symmetric matrix. Incidentally we have owing to 


ir (Sar) == 0 
det [S (a) ]—det [exp (="” fys/2) =exp [¢r (2! Juy/2)]=1. 


Finally it is important to observe that the present consideration is valid in general for the 
algebra of arbitrary spin. 


As an example we shall first Bt, up the case of the four-dimensional Dirac algebra 


generated by well known commutation relations Felvtnip=2 uF, wherein /,, is 


given by /,,= (1/4) (Wu7—77p)- Now according to the identity 
4/, oY a (LawZ> Wea 52 on) E+e« Apps 


25 Dt Poy Jovit Lie Icy ee ate FV ee VIED (48) 


the square of (1/2)s"” /,, is given by (z*"/,,/2)°=J7~ in terms of an auxiliary quantity 
M=sk+t7, where the numbers 5 and ¢ are defined by 


st= (1/32) e7?""3,,2,, and s+7= (1/8) ir (e"). (48’) 
Then on account of the relationship M‘=[sE—ty,]/(s°—2) eq. (47) yields 
S(a) =cosh(M) + (1/2) s¥* Ju, M-sinh (MZ) 
=cosh(s)cosh(¢) # + sinh (s) sinh (2)7; 
4{1/2(s?—#) }2"” J, [ {s-sinh(s)cosh (¢) —¢-cosh(s)sinh(Z) } £ 
4+ {5-cosh(s)sinh (¢) —t-sinh(s)cosh(¢)} 73] (49) 
with (1/2)2"” Je, 75= — (1/4) €?**” 2,,/y,. Although the present transcription of S(a@) 


cather seems to be lacking in elegance and simplicity, an alternative form will be given 
later in § 6. 


Returning to our subject, the /,,, is written in the form 


S v= Buy — By = Quy Drip 
in the 7-dimensional Duffin-Kemmer algebra, so that we have 
S(a) =E-exp [2"*f, 8, |= exp aa eee (50) 
Then according to eq. (20) one has 


yhy 
P awa ji Viv2r++-Vg a On 


dg 
SS! pl f2.., p Py Pepa re ef f 
Zar Sivn Sv2 Severs Oe My a Ss Vv. +4 ard ov; I Pisyiarses poy PiPae*p 


which is now symbolized simply as 


j 
a. (4) PIp2sspa 
pe Ea Pan: 5 J Prspars- ji puparee*P 
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Preuss of 7 = oc sau 1 XT or Lee ecireck sproduct Money, n-dimensional 
matrices of which only the 7-th one is #(a) and others are all identity matrices /. Incidentally 


we have [Z7“, Z]=0. Now we find 
vava vy S(a) = Pyapa--- uj Viv2-+- Vy exp [Os | 


Purpose ji 


j 
= 7 (t) Pip2-*'Ps 

=e {exp [> Zz 1} saat, co iP pias "Begs PIP2-*°"P G 
i= 


_ PLP2 PG P. 


PSI) Bapwarrss he 53 PIpaie+*P 5 


ll 
1s 
oO 
* 
ae 
en at 

N 
coi 
Se 
© 


een ee z z Pipa-re*P 4 
=(e PSE Noe tes is m2 Vgi q Parya-ot ji PIp2: <= =P y 


— P21 B2ere PG 
= Oy Qy» ay, J Praawasu 53 PLP are) Pia? 


which is quite the same thing as eq. (41) for proper a. 

For 7=0 eq. (42) reads simply PS(a)=P (remember R,=/?), which can also be 
derived from eq. (43) on putting 7=/”—1 and using eq. (30-1V). The same result can 
at once be obtained from the latter transcription in eq. (50) together with the equation 
PQ,;,=0 which is the very eq. (16) for £=0<j7=1. In the same way for 7=7 eq. 
(42) leads us to A,S(a)=R, in view of eq. (27), which result can also be obtained 
from the former transcription in eq. (50) together with eq. (4). 

Finally it will be worthwhile to examine how our projectors operate on the wave 
equation (38), for this enables one to establish the direct correspondence between the 
two alternative modes of formulation of meson theory. First on multiplying eq. (38) by 
R, and taking into account eq. (4) we get the trivial scalar equation 

LRp=0, 
Then in the ordinary irreducible representations we get by means of P, 


—1; j-1 


Pp h 
OE PAW Weg yy avers B, g) + AE pao goe vray, P=0 


®) 
and by means of Pat, 5—Pv, 
ee 
=)249, P 
>a ) i (heesoo Pie vavars(V eeu, pp tod Finis cee wv Ay P= 0, 


where use is made of eq. (21). As was pointed out by Kemmer,” we can derive from 


eq. (38) 


O,$=0°B. Bay or OO), pf =0. (38’) 
On left multiplication by Pj-1,;-1 the latter yields according to eq. (20) 7 
OP Parua emg: VIY2e coi eee p=0, 


while on left multiplication by Picts i B,, the former yields according to oa (21) 


Oath rae _~< ji 
A* rye B54) erence c=) UG Oy Furnas w ji vavare(Va) ew; BY, 
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which can further be rewritten by putting 2=»,,, as 


SEE 
Sali ett fa) P 3 iO 
2 ) V0 Papas viva-+(¥,)eev gh tant C 


Especially in the twin representations eq. (38) reduces with the aid of eq. (37) to 


mid(m) € OOF Sen em tae mine 


v soey P1porees 
1v2 4 PLP2*°°"P er 


m— —]} p 


m 


(+) = 
EYP HIB Qs wh ; Way f=; 


m-YV 


and the latter in eq. (38’) to 


b=0 
PE HO oP y : 


p P(+) 
fe) I Hiborr-- 


§6. Derivation of Klein’s procedure 


As has already been touched upon in the introduction, the present section is intended 
to set up a linkage between Klein’s procedure and ours. The former is characterized by 
appealing throughout to the fusion-theoretical standpoint from the very beginning, so that 
we may safely expect that it is derivable from ours by adopting a special reducible representa- 
tions 7,=j,'xvy,'’ in the final result of our projectors. Here we shall confine ourselves 
to the ordinary case of four dimensions. 

To begin with we shall enter into the mathematics of the Dirac algebra generated by 
the commutation relations 7,7,+7.7.=22,,£- Almost all of its essential aspects have 
been tevealed up by Pauli in his celebrated work,’ so that we are anyhow to follow 
the lines laid out in his paper. In the followings we shall however proceed somewhat 
differently. 

A linearly independent basis of this algebra is formed by the 16 elements 


ra=§Ey vor Fuv= G/2) Sutv—Tr%p) = 2s 7s and Ks= Tie aFat 


each having the square (74)°=Z, in terms of which the generic element of the algebra 
is expressed as N= 54 %474. The whole argumentation of this section pivotes upon a 


newly introduced element termed “ surrounded” X which is defined by 
(8) = (1/16) Sara Xp a= 1/8) 1X) +7 [X17 + 0/4) om X10} G1) 
with [LY ]= (1/2) {X+7,A7;}. Then the relationships 
HP aAk, (1/4) o,,o"=34 ; 
TpFypvT?=0, (1/4) Fp Ovo = — Fur 5 
Toto = — ATs 1/4) opr To = 37s 


show that 


(E\Y=E and (74)=0 for Vax. (52) 


We thus get (X)= +4 4474) =4n°E and mote generally (X74)=+ 2 PIR eae) 
—v7,:E. Therefore the X can also be expressed as Y¥=2, (X74)74 and we have 
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accordingly (YVY)= 24 (X74) (7aV). It is essential here to observe that the surrounded 


element is closely related to the trace. As is well known the traces of 74 are given by 
tr(Z)=4 and tr(74)=0 for va, 
which yields at once 47(Y)=24 4 tr (74) =44,. Hence we see that 
(X)= (1/4) 7 (X)-2 (53) 

and moreover that Y= (1/4) 24 (AT a)7a- 

Then according to Pauli we shall make a slight extension of the above surrounded 
element. If a second system of the Dirac algebra generated by four quantities To 3is: pete 
supposed, how can we find out a nonsingular matrix S suck. that 7,.=S. 3.0 ee 


answer to this question is simple enough. For if in terms of the linearly independent 
element (7’),,=S7174.S of the primed system the surrounded element is extended to 


(X)!= (1/16) 34 aX) a= 1/8) (XY 47° XV 7 + G/4) 0 [XJ ou} G4) 


with [Y]/=(1/2){V+7, X7,/}, this turns out to be a numerical multiple of the required 


transformation operator S: 
(ie G/16)2., Fy Sy nS CAS Se ae OAS ese (55) 


Incidentally for ==. this reduces to (S)’=S; the S itself is invariant for extended 
surrounding. Above all the simplest and in addition the most interesting example is that 
for any orthogonal transformation 7,’=a,' 7, of the four-dimensional 7-space. Among 
various possibilities of specifying the yet undetermined Y, the only workable way is to 
_put Y=£ for which we have (/)'’=(S7')S=(1/4)ér(S“')+S. The spin transforma- 
tion operator S(a) is thus given by 


SYA NAIHES Be (56) 
On account of the well known relationship ;,/=det(a)j,, the quantity [A |/= (1/2) {2+ 
7>£7,/} and accordingly the ()/ vanish identically for improper transformations, so that 
en (56) is applicable to the case of proper transformations alone. But since there certainly 
exists a non-zero operator S() in either case, this situation is simply caused by vanishing 
be lt . 2 
of #(S~*) for improper transformations, as can also be seen from Racah’s explicit establish- 
ments of . (a). Now for proper transformations we have according to | Z]|’=Z£, phe 
=Su, E—10,, and eq. (48) with o,,=27/,, 
(£)'= (1/8) {E+7° To + (1/4) 6” o,y'} 
= (1/8) {B+ a Tp Tat (1/4) 0" a’? oy, G,} 
=(1/8 ; y open 9 is vAp 
(1/8) [{[1 +e (a) /2P—#%( a?) /4} B+ GPC ele aera a 


—7{[1+¢4(a)/2] a” (2°)**/2}o,,) (57) 


of which the trace is 


(EN!) = (1/4) tr(S~)r(S) =(1/2) {[1 4er(a)/2P—tr(a?) /4}. (58) 
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Next in terms of the alternative mode of extension 
NX) =34 1) aX ¥4= SUS) = (1/4) tr(SX) +S (55!) 
we get the inverse operator S(a@)~' (of course for proper Seo Mi 
S(aQy*= {4/tr(S)} +2). (56') 


Here the ‘(Z) is simply given by replacing the matrix a in the above (//)! throughout 
by its transpose a”: 


4E)= (1/8) {B+ 797? + 1/4) ayy’ o*} 
= (1/8) {£+ (a7) 7,7.+ (1/4) (a7) "4 (a)? Guy Fapt- — (57") 


That is to say, the ’(#) is obtained by reversing the sign of the third term containing 
G,, in the final transcription of eq. (57). Comparing eqs. (56) and (56’) we infer 
that we shall arrive at a transformation operator such that S(a@)7'=S(a’)=S(a™"') by 
imposing on S(@) the condition ¢r(.S)=/r(S~*). Hence we have from eq. (58) 


Gos j= (os) 2r(t 2). (59) 


The present expression of S(a) is quite satisfactory being written in terms of the original 
matrix @, but this is not identifiable with the previous solution (49) owing to tremendous 
computations. For example we should at least be able to establish the equality cosh (s) 
x cosh (¢) = {tv({Z)’)/4}"" obtained by comparing the traces of both expressions. 

Now we should return to our original topics. In the ordinary case of four dimensions 
the Duffin-Kemmer wave function comprises 2'=16 components which are extracted respec- 
tively by means of the 16 normal primitive idempotents ¢(¢€) defined by eq. (2). Among 
others the special ¢(€) wherein every €, is positive, that is, P= R, [see below eq. (17) | 
can be rewritten with the aid of the special reducible representations 7,=7, x7» (here 
we have made a special choice 7,/=7,"" in 7,=7)' X77! ‘ and primes have been omitted for 


‘simplicity) as 
P= (1/16) (Ex E+7,X7:) (BX Et 72X72) (EX E+ 72% 7) (EX L+14% 14). (60) 


Then on the basis of this element we can set up one-to-one correspondences between these 
idempotent projectors e(€) and the 16 linearly independent elements 7, of the Dirac 


algebra in such a way that 
e(ya)= (aX BE) Pa EZ). (61) 


Of course 7,=E affords the P itself; ¢(#)=P. The specification 74=75 corresponds to 
the ¢(€) with all its €, being negative, that is, to R, which extracts the trivial scalar 
component. Furthermore it is easily seen that y,=(Z and 7,) correspond to the usual 
scalar theory, while y4=(@y, and 7 775) to the vector theory. 

As the next step we shall specify each one of the 16 components of the wave func- 
tion ¢/ by a pair of indices # and », and thus regard it as an element of four-dimensional 
matrix Y situated in pth row and »-th column. If we assume that a 16-dimensional 
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J é a 
matrix C is expressible as direct product of two four-dimensional matrices 4d and £& in 


such a way that C=A xB, the #»-component of the wave function Cy can be rewritten 


in terms of the above ¥ as 


CCL ({A x BD w= AY BY pi p= (A PT 5") ve 


In this connection we notice that there exists a nonsingular matrix T such that 7f= 
Ty7,7. Moreover (74)" is not necessarily the same as Go) gl ie de oe the 16 
linearly independent elements 74 are subdivided into two classes according as (74)"=(7") 4 
ot (74)"=—(7") 4. The former corresponds to the six elements /, 7, and 7;, while the 
latter to the remaining ten elements o,, and 77,75. 


Now eq. (60) can further be rewritten as 
P= (1/16) {Ex B+7,x7°— (1/2) Op, X = i os X 17s + 1s X Toh 
= (1/16) Sp +72 Xn (60’) 


where the negative sign corresponds to the above second class, so that according to all the 


preceding considerations we atrive at the final conclusion that 

ea Ph w= 14x A)PHaX LE) Ph uv= 1/16) Sn 1 aX EE) (Ta XT) Ta® EVPS ww 
= (1/16) 2 pt fareral Fe) w= CA/16) Se trareral Ozh wr 
= (1/10) Satara! L pel a= ee 
= (1/4) ir (Tg P) Gal). (62) 


In the last expression the first member provides essentially the same thing as that of Klein’s. 
The only difference lies in the fact that instead of the present 7’ exclusive use is made 
of the charge-conjugating matrix C=;,7 in his paper. This comes directly from the stand- 
point regarding 7’, as the basic projector instead of the present P. The second numerical 
factor (747),, confirms the celebrated fact that the wave function {¢(7,)¢}y, is symmetric 
or antisymmetric in its indices according as it refers to the vector theory or to the trivial 
scalar and usual scalar theories. 
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Appendix 


In terms of the G;,., constructed from the gy, alone we define a new totally anti- 
symmetric tensor 1,,, by 


Arua Te Bgt va¥e very =G 


pL P2 ... PG 
j MLMa see H gs piparrssp,@ wy @ ye 7, 2 


= G88 a js | (A; 1) * 


AL 22 
ae v1v2 Vay Qy Qs BO FR 


*) Strictly speaking the equivalence of these two alternative definitions of 


Ay. 5; follows from the eae 
rence formulas (A. 2). e 
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where @ is an arbitrary 7-dimensional matrix. From the very nature of G;.; [see below 
eq. (25)] it will easily be seen that this 4,., 


of determinant the minor of det(a@) wherein the rows (/4,, /a,:*:, #j) and the columns 


corresponds to what is called in the theory 


(%4, Yo,*++, ¥;) are taken from the original matrix a. Then eqs. (26) and (26’) show 
that the 4, is generated by the following recurrence formulas quite identical in structure 
with those for G;.;: 

j 


A 


7 Tom | 
PIparss— sh; vive sv gy— Cpy Ait: ai vive vg 2 Ge v Aiwices Kujo we gs Vara y 
ey 


ae Ce) 
mee A gyue +15 vive a ra Qny. 4 
=! w 


with A,.,=a@,,. Now if we put a,,=y., the Aj; reduces to G;,, itself, so that we 
can say that this is a minor determinant taken from the x-dimensional identity matrix L. 


Incidentally eq. (A-1) yields for 7=7 
Ayman: vivarrerVv a Gris Sar ors RAD ee det (a) 2 (A:3) 


The cofactor or the complementary determinant of A,.; is further given by 


A \ 


—— ; Be Via op to ito-~ og 
Ayipo--y 53 Vivarsee¥ 11/7 (=p Gyaus seep Vabaere QTE MCT EEO S SAnd Net Ate 


opens 
= ‘i 2 Atte at ey esis een Ie peat a idea 
== {1/(u—7)!} Cates es ae jib ire Fa afin dy) poy een 


and reduces for 7=0 and =~ respectively to A=det(a) and to 
A, PERIL Sativa heey (A-5) 


Papers H viva: FOR aaa rs 


Then according to eq. (28’) we get 
A i 
av Apaparee- p53 mee es Mp, Aaya sp zi vive: (vy g 
= {1/("-7)! ban* ais i+: Qh i+2"5+2- ah nYn 


r] 
Nae 
x {Oxy GC yipo---, 3 VilaorerY, pen & av, Guauaw, vata Goa} 


u 4=1 
n 
: . < . ve v 
= {1/(—7)}} ae age i41 ahs+i"ite-+-Qhn’n one dv, {Crust vaya(u}ev,, 


Rie ab ie rA AP Mai ty Qhato%ito++ Qh n—1¥n-1 
= {1/(u-— aes Cae at ay uate peer yy eed TK a n— in 


eo (aa hee Bipeae--- gps Vue: “yg 


Provided that aa*=/, this is rote identical in structure ois the second one in eq. (A-2) 


? 


and on comparing eqs. (A-3) and (A-5) we get the identity 


= det (a) Abang by: Vivaro Vg (A-6) 


A gina. ji Uivarrs°Y, 
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for an orthogonal @ such that det(z)= +1. Especially for a,=Syv this gives together 
with eq. (A-4) 


Gyan on jt vivarrev yg Cura eee gi VIV29s9h 4 


? > ee Ay 
={1/(—7)}} Gaspar seap2 P93 hada ‘ (A ) 


J 


Moreover we have from eqs. (A-1), (A-4), (29) and (A-7) 
“1\ A PIP2 spy 
G/7 1) Apaparre-y 53 PIP2***"P g Ayvanveey yi : d 
= {71(e—s)i SiG eta trey hg gy gees he: P1par*= PsP FL yPZ rot Ps, Cusvie--¥ Dadar 


> qtPt qr2P2...Q29? 5 arg ti? 341 a5 4275 49---A nen 


Pe eas Lak FS tae po Cyne gi 
n” 


= det (a) Q (ny, Pane ji Vivaree V5? (A: 8) 


ny 


= {7\(7—7) It a det(a) Caivaren NY repos 


which furnishes a generalized expression for Laplace’s development of det(@). 
Finally it is inferred naturally from the properties of G,,., that this is expressible 
simply as 


Gurpaop y Va¥a-+-+y = Curae pe, Evive sey ? (A-9) 


vr 2 ? nv 


and in view of eq. (A-7) we immediately see that the G,,; is invariant in general for 
interchange of two sets of indices. ‘The transcription (A-9) shows in addition that eqs. 
(28) and (28’) reduce to a single relationship 


eps . 
Soap Spree as S dp ,Eprpardey-p,, (A 10) 


2 
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in the Quantum Field Theory 
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The J. Schwinger’s formalism of the Green function in the quantum electrodynamics is applied 
to the transition problem of the state. It is shown that the many body kernel in the Heisenberg 
representation Involves the information about the transition of the state and this is directly represented 
by the repeated use of the one body kernel G, G and the vertex operator I, defined by J. Schwinger. 
Further, the renormalization is discussed without use of the usual perturbation theory, although there 
remains the difficulty associated with the 4-divergence. 


§ 1. Introduction 


The propagation of the interaction effects between the fields is usually represented by 
the Green functions in the present quantum field theory. In the interaction representation 
these Green functions are the well-known 4,, S,, etc. The matrix describing the transi- 
tion of the state is constructed by the repeated use of these Feynman’s functions. As 
was shown by Stiickelberg”, introducing the Feynman’s functions and the usual Dyson’s 
S-matrix follows as a logical consequence of the requirements of the causality for the 
propagation of the interaction effects. This fact suggests that the Green function is one 
of the fundamental basis of the current quantum field theory. 

The importance of these Green function becomes clearer in the Heisenberg representa- 
tion, because there the state vector is time-independent and the temporal development of 
the system is described-by the field operators and so it can be expected that the Green 
function involves the information about the transition of the state. On the other hand, 
many authors” have expected that the Green function of the w-body problem involves 
also the information about the stationary state of the s-body problem. 

It is the aim of this paper to investigate the detailed property of the Green function 
in the Heisenbeg representation. A crucial method to treat the Green function in the 
Heisenberg representation has been proposed by J. Schwinger.” 
treat our problem along the same line as he has done and restrict ourselves only to the 


In this paper we shall 


quantum. electrodynamics. 
In the usual perturbation theory, the Green function of the one body problem has 


a special importance. As Dyson” has shown in the quantum electrodynamics, the S-matrix 
element is obtained through the substitution of S}, Dz, and I” for the electron line, photon 
line, and the vertex part in any possible irreducible graphs corresponding to the given 


transition process. 
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These Sj, Dj} correspond to the Green functions of the one body problem. In § 4, 
we show, without use of the usual perturbation theory, that the matrix element of any 
transition is written by an adequate graph which contains the Green function of the one 
body problem and /\, as for the internal line and vertex part, respectively. Further, we 
will treat the renormalization problem in our method without use of the perturbation theory. 
However, on account of the difficulty associated with the d-divergence, the completion of 


the discussion is confined to be left in future. 


§2. On the transition matrix and the Green function 


of the many body problem 


We treat the problem in the quantum electrodynamics, whose Lagrange density is of 
the form 


L=—1/2-Pl 7 ,(O,—2e Ay) +44 041/2- (og t+7h} +h. 


—1/4-F,j—1/2- (0, A,y)* —/Ap.s (2-1) 


where 7 is a spinor source which anticommutes with ¢ and (, 4 is given by *7, and 
J, is a cnumber source current and further 7.3 =0"4A5—0, Age . 

From (2-1), the well-known equations of motion in the Heisenberg representation are 
obtained : 


{7p(0,—2¢A,,) +x} P=y, (2-2) 
| A,=—Sq ye (2-3) 
fe = — 2e/2 VT uP + hc. (2 = 4) 


Now let us introduce the following notation for the operators in the Heisenberg 


tepresentation, A(4;), B(C7,)5 


CA 2) (5) 8-1 POAC Se eae (2:5) 


where ¥, is a vacuum state vector defined as the minimum energy state in this representa- 
tion. Further, we use the interaction representation which coincides with the Heisenberg 
representation at o(17)=0 and denote the minimum energy state in this representation 
as #,. If the quantities in the Heisenberg representation are denoted by Ailz;); «Bla Ne 


corresponding tated (Jen (am ees respectively, then there are following relations between 
both quantities : 


A(4,) =U(e(4,), 0) A(x) U-"(e(4,), 0), ete. (2-6) 


As Gell-Mann and Low" has shown, ¥, may be written as 


: 
Py =—U"( 4.00, 0) P,/ (My, U"( 4.00, 0) %), (2-7) 


where ¢ is a normalization constant. 


* The star expresses the hermitian conjugate. 
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Using (2-7), (2-5) is rewritten as 
(A(ay), B(x.) 02) 2= (Oy, (0, 0) P(A(a), BCH) --) 
xU-(— ac, 0) 9,)/(,, U(co, —00)%,), (2+8)* 
where we used the following relation ; 
ita;.0) Os (6's. 0): = Ca;.0" ) (2-9) 


Since the annihilation and creation of w-particle are described by the positive and 
negative frequency parts O#(%) of o-field operator O,(%), respectively, we have from 
(2-8) the next theorem. Namely, the transition matrix S, between the initial state, 
where o-particle with the energy-momentum /, and spin state 7 etc. exists, and the final 


state, where w-particle with the energy-momentum ky, and spin state rv! etc. exists, is 


~ S(h / V3--- = 2 
Sp=al ie nf ) MOAB) 5 O.(#;); Fea ks (2- 10) 40 


where ee is the operator which takes out the Fouriet’s amplitudes refering to “fy, 
vy and the negative frequency part at the world point 7, cand. = his. 7 ovaticetie 
positive frequency part at the world point 1,”. @ is a normalization constant and 7, and 
%, are the coordinates of the particles in the initial and final state, respectively, and so 
their time components are —©o and +0, respectively. If we bring out the quantities 


of z, in front of the one of %,, we have the following relation : 
WO) 0.2) = (Om Ol) 05 T(@, — 0) OH) ®) 
x1/(@,, Uc, — 20) %), ? 
Zaalich gives the proof of (2-10). 


Using the the creation and annihilation operators g*, the Fourier transform of QO, is 


expressed in the form 


O,(x) = lim 3} V~""[d,,.(ie) 9, Ue) exp i(k — Zot) 
Voo &k 
+ di.(k) gr (Isexp—i (er — hf) | (2-11) 


The normalization constant in (2-10) is expressed by the reciprocal of the product of 


* If we denote the interaction Hamiltonian density as H (x) and apply the usual perturbation theory, 


we have 
(A(4)); B (a2) +++ 4= (Do, Pas (7) nin i dy. AV 


x P(A (2), B(%2) ECs) (sn) Oo) | (Do, Fee, — 20) Oo) - (2-8)/ 


The appearance of the denominator in (2-8)/ corresponds to the procedure in the usual perturbation which 
leaves out of consideration the isolated diagram, whose init’al and final states are the vacuum states. 
#k (2-10) has been applied to the problem of the multiple production of meson; H. Umezawa et al., 


Phys. Rev, 85 (1952), 505, 
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G5 Ee)... CBAC a Wes 9 is! 
Now we define the Green functions for many body problems as follows : 


electron Green functions 
Gay 21) = 0/04 (11) ($(%1))> 
GaSe Xi) = 0/89 (42) (P (mr) $1) ) 46 (2-12)** 
Gy (%y My 42) = 9/8y (42) (P (41), P(X) ) + & 
G, (41 4) 41,43) = 0/8 (42) (P (41), £1) $2) +€ ete. ° 
photon Green functions 
Gre (Eu &2) = 0/07, (Fs) (An (EF) ) 
Gro"? Cu Se, Fs) = 8/8/Ee) (An Os)» Aa (Es) as (2-13) 
Gyre? (S15 Soy Fay Sa) oe 0/0/, Es) (An (Fs) Ae Ge) Ap Sa) ele 
mixed Green functions 
Kary(tu Hs &) = 9/071) (Pa), $4) ) + 
Kyte Hy & 1) = 9/9) ($(@) BH), Au G)) + (2-14) 
According to the calculation rule given by J. Schwinger, we have 
Gy(tp +1) =P (4), B(x1) ).€-2(6 (4) )(E()), 
Gap 4m 41) =1$ (41), $21), $2) ) +€ 
i f(21), 1)) (Ps) e, 
soaroanon (2-15) 


Ky(4p Hy 1) =P (ry), O(a1), AE) ) x€ 
—tCA\e;)) ($(%) (x1) yee; 


Peer eres 


* (2-11) for the case of the field with the arbitrary spin has been discussed by Y. Takahashi and H. 
Umezawa; Prog. Theor. Phys. 9(1953), 14. 


** € in the expression ( ), € means the sign function as to the coordinates appearing in ¢ 4. For 
instance, for the case of <$(x,), $(%), d(x’), @(0/)4€, € is given by 
ESE (ry, %2) € (ay, aro!) € (orq, a°9/) € (ar0y 4/) € (2X0, avg’) € (4, 27;), 
where e(yy)= 1 for x0 > Hoy 
— ee LOL mA eeyot 


In the following discussion we shall eliminate this symbol as far as it does not give rise to mistake. 
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Since U(a, 0’) has non vanishing matrix element only for the transition satisfying 
the charge consetvation law, we have the following relation for /, in which the numbers 
of the @ and ~@ are different each other ; 


(F )q>0= 0. (2-16) 
For example, we have 


(P) n0= (P)ns0= 0. (2-17) 


From the invariance of the theory under the charge conjugation, we have the Furry’s 
theorem, (4,,)7,0=0. 


From these relation and (2-10), (2-15), we find that the many body Green function 
at the limit (_/->0, 7-0) corresponds to the transition matrix element. Hereafter, we 
denote these quantities with (_/->0, 7->0) by those with the super suffix 0.* For example, 


Gy tot 42), © HEE S So) and Ky (147552) correspond to the Moller scattering of the 
two electrons, photon-photon scattering, and Compton-scattering, respectively. 


One body Green function is connected with the current 7,(7) as follows : 


(ju(*) =— THrr.G, (4, *)}; (2-18) 


where 


G,(4, +) = lim [G,(, 2’) + G,(4’, +) \/2. (2-19) 


Hereafter, the matrix representation for the coordinates of electron and photon is:used and 
so the matrices 1, 0,, 9, #, Ay, G, and G,¥ are O(4—2'), 0(4—2')d0,, (x) 0 (a—2'), 
b(x)0(a—x'), Ay(x)0(#—2'), Gy, +") and GEG, x'), respectively. 
From the equations of motion (2-2), (2-3), we have for G,, 4 the equations, 
{74 (Oyu —te(Ay)) + AT} Gy=1 + ier, ($0 /I7A), (2-20).** 
(oP |} Gt=0,,-1: (2+21) 
In the above expression the mass opetator M and polarization operator P are the matrices 


whose elements are given by M(x, x'), PS, &') defined as follows : 


| de! Mx, 2")G(x", ot) = (%— 70/2) Egle), (2-22) 


j de" P(E, ENGR (EN, EY) eT (70/7 E) Ga OF - (2923) 


* The limiting process (_/->0, 7->0) should be taken after the variational operation of (2-12), (2-13) 
and (2-14). 
** The product of the two matrices 4 and Z& is defined by 


(4Bp)=) ald) Zl”) « 


Further the symbol - in the expression 4° or “4 denotes the right or left coordinate of the matrix 4. 
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As was shown by J. Schwinger, we have 


IOP) Gals yw =eCa) A LEE) GIOEE 8), (2-24) 


“ 


where the vertex operator /¥/(€) is defined as follows” : 


1ey0/OJ, (€) (Ay (#)) 0(4—24') — ae ee | ial ie (tae ae axes (eee 
O Ai » J,n>' 
(2-25) 
From (2-22) and (2-24), we have 
M=x1 +ie7, (Ay) ey] aE" GUE) GE, +) 
RAs 0/0), {ze rf 38/07) Gz} G, > (2: 26) 
and. so 
it = M\smo=1 er, dE GPE) BI% (E+). (2-27) 


§ 3. Note on the renormalization theory 


In this section a short note on the relation of the above theory with Dyson’s one 
is given. 


The differential equation (2-21) can be transformed into the integral form ; 


Gra 4) =Sr(a—2') —dx{ dY Se 4—J) Gal ¥, 2”) 


=| ayy! Ss(x—9) SCs GR, 22) (3-1) 
where 
SY = M—x'1, x'=x-+ Ox. We EE NS b 
Using (2:27) we have Fig. 1 
Gr, #/)=S;,(*4#—2')—0z \ dy SA x—y) Gy, #') US Fates 
ay | dydy' dy" dS p(4—y) Gy, 9!) Fig. 2 (i) 


IE HIDEO" ECD. Ba) ENE EN, 


If we replace G; by S; in (3-1), this equation cor- Fig. 2 (ii) 
responds to the integral equation given by Dyson and é 
ay FEO TEES the total contribution from the self-energy graph. (3-2) agrees with the 
final integration of the self-energy graph given by Dyson and corresponds to Fig. 1 


which the electron line, photon line and vertex 3 correspond to G?, G3? and J > tespectively 


> =in 
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The fact that 7 of the point @ is not replaced by 1%! coorresponds to the Dyson’s argu- 
ment on the d-divergence, because we must take into account only one of the equivalent 
graphs (i), (ii) in Fig. 2. 

In the quantum electrodynamics we can normalize ¢ and A, so that in the high 
energy region all possible quantities with dimension of the length are the momenta ~, of 
particles” *.. In this case the dimensions of G; and (S} agree with those of S, and D,, 
respectively, and J’? and 7, are the dimensionless quantities. 

Let us separate the infinite constants from Gy, ' and 1’; as follows : 


G=Z.Gh 
G=Z.G5,, 
I=Z7T Tn; (3-3) 


where G),, GJ, and /';, are free from infinity. Substituting (3-3) into (3-2), we have 


Gy, x! = 7 So(e—2') —dx| dy Sp(4—-y) Gals, x) 


— AZsZr1Z,, dydy! dy" dey SAY) Gury") Gr4) 


xP EA SVG I LOLS, 2). 


In the above equation, while the integrand of the third term is finite, its integration may 
be divergent. Since this divergence comes from the contribution of the high energy region, 
the following discussion shows that this integral is at most linearly ot logarithmically 
divergent. 7,, 7, and 7, are the function of the upper limit  — ©o of the integration 
concerning the internal momentum and so the dimension of the divergent Lois, Logs ag 
should be zero or negative power of the length. Therefore, the dimension of G),, §*, 
and 1", are [Z~"] (13, nm 2, nO), respectively. Since the integral (3-4) is 
most strongly divergent in the case of 7=3, 2, 0, it is sufficient to treat this case for 
the consideration of the highest degree of divergence. Then the integral has a dimension 


[Z2-3-3-3-2| [7], and can be written as follows : 


j dydy' dy" de! yy SXa—) GI I ENE 5 I VE" ED GIO 4) 
=Z7 [A+ BGI +AD + Ct +] 
x | bySee—a) Gass 2), (3-5) 


where A and B are linearly and logarithmically divergent and C is a finite quantity. 
As Fig. 1 is symmetric in association with the two vertices a and 4, it is expected 


that a infinite constant factor 7,' appears from the vertex a as well as the vertex 6 after 


* In the interaction of the second kind, the situation is not so simple as in this case, because the 


~ coupling constant has the dimension of the length. 
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the integration is analogous to Dyson’s argument. However, ee consistent proof of os 
situation is not yet verified in our method. This defect which is due to the mykagen= 
treatment of the two vertices makes it difficult to compare our method with Dyson's one 
also in the discussion of the skelton approximation in the next section. * 

Substituting (3-5) into (3-4), we obtain the following relations as a necessary con- 


dition for the convergence of the right side of (3-4): 


x= — WPA Lae 
21 eB; (3-6) 


aL, Lelie 


Here ¢, and x’ should be considred as a finite and observable electric charge and mass, 


respectively. Then (3-4) becomes as follows : 
Cle) = Sp — 2) 0, CFO pe FA) Gi se atone (Baty 


(3-6) is in agreement with the condition as to the renormalization constant given by 
Dyson. Further it is easily found by the same dimensional argument as in the above 
(3-5) that the divergent quantities are restricted only to self-energy parts Gy, (} and 
vertex part '). 

Therefore, the theory is entirely free from divergence, provided that it is shown that 
any Feynman diagram of .S-matrix is expressed by the irreducible skelton in which internal 
lines, vertex, and charge correspond to Gry J,, Lys, and ¢,, respectively. In this paper 


the method in which any transition matrix is represented entirely by the Gp, Gj, and 
I’; is called the skelton approximation. If we have the formulation of the skelton 


approximation, any vertex in Fig. 3 is of the form e(G) GjG?)"" Ty which can be re- 
written as follows ; 


5 FAZ FU2Zl 20 (7X O70 \1/2 PO __ 0% 077 0 0 
CL Lots (Gr Oi av wie (Gy, G7 a0 pl > (3-8) 
so that it turns out that there exists no more any infinite quantity in the theory. 
Thus it is necessary for completion of our procedure only to investigate the possibility 
of the above skelton approximation and this is the aim of the next section. As will be 


shown there, unfortunately, we can not yet find the complete formulation of the skelton 
approximation and this problem is left to be investigated in future. 


§4. The skelton approximation 


In this section we shall prove that the transition matrix element is obtained through 
substituting the Green function of the one body problem and J" » into any internal lines 
and the vertex part of the adequate graph corresponding to its process. However this 
gtaph is not completely equivalent to the skelton and we must often use the uncorrected 


* If this deffects are get rid of, one could set up a non-sin 


; gular theory by using the Lagrangian oiven 
by G. Takeda’) and applying the variational method in § 2. eee 
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vertex 7,, although it is needless to use S, and D,. 

According to (2-10), it turns out that the problem is how to express all the many 
body Green function by the one body Green function and the vertex function [°,; i.e., 
the corrected function approximation. In the following we discuss on this problem in some 
examples, i.e., the Moller scattering of two electrons and the photon-photon scattering. 
(i) Moélkr scattering 

According to (2-10), the transition matrix element for the Moller scattering corres- 


ponds to Gy(%, ¥2, 4, #2). Using (2-12), we have 


Gi(ay ty xh, 2) =— 8/09 (24) 09(2)) Gav A) ly yoo 
(0) 
+ G41 XXX), (4-1) 


where 


) 
Gr 41, 4 Xs %2) =1G (4, 42) Gy (4 47) 


1G 2 (ry 4)G8(4y 23). (4-2) 


This is represented by the diagrams denoted in Fig. 3. J / 
In this diagram and hereafter it should be noted that 
the straight and waved line, the vertex and vertex with 
circle correspond to Gr: GJ, 7,, and I, respectively. 
The second term of (4-1) expresses two independent 
electrons scattering without the real interaction. The 
effect of the true Moller scattering due to the real 
interaction of two electrons is involved in the first terms 
of (4-1). From (2-21), we have 


35 Cay qe UG at hE j 


lems 1) ee he Aves athe 
PO) Hay) 


. ye | BG 


: 0 re OM a 
+2eG, rere yt . 


Further using (2-17) and the Furry’s theorem, we obtain 
6? 


ES OS een 
On (#2) 09 (42) | ¥ "igi q(x») 


+e Ctl gto) may} (4-4) 


{ie 7.4 Ay) — M1} G,, 


_ Substituting the following relation 


ya EN Se EOL EA 4-5) 
es ee aes 
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into (4-4), we have 


Oo” 2 5 oO” — 0 

Ee ee Gg he Gor Her) ie Gd ee NG (4-6) 
On ( 42) 07 (#2) re aie "lip (a ag@D : 

where 


(2) a ; 
G (42 #3) re & Grate Gy, (+)} | (¢") Gs (,%9) CAGE . ) Gy 


+ Gal, OG, (#9) | PEGE, )Gellinso- (4-7) 


This is represented by the diagrams in Fig. 4, and this diagrams correspond to ¢-skelton. 
It can be shown that the second term of 


(4-6) contributes to the skelton higher than 


‘ my 7 
the fourth order. Using (2-22), we have x3 
Is) nae M oa fy ease (MG,G;') x 
0 (42) 07 (42) 019 (44) 09 (2) 

Of} 2 XQ 


09 (42) 04 (%2) 


(4-8) Fig. 4 


After the tedious calculation, (4-8) is rewritten in the form ; 


Sas iy Shea se 
a CS dpe ee | ate ot aed EE ee: 
DRC ADACH ies He ar" Sy ayagtan | Yr oe 
Therefore, from (4:6) we have 
0: @) N 2 = 
Tyan ott) +eGRr Ge | Ga,_ TGs | 0-1 
Oy (49) 05 (xs) 1” ; Tl Seg d ae 


(4-10) 
From (4-3), (2-17), (4-5), we can obtain. the relation 


O° 


N a G, x ees me . i ae 
FO Malay a7 rw A laaro 


eae | a| AG 
TOL an ayaa” | nflever 11 
@) : 
fos G is defined by the left side of (4-7) without superscript 0. 
(4-4) gives to (4-10) the skelton higher than the e*-approximation 
6 : j 
aseO(e!). > Usitig «(4 =10) swe icanv rewrite (4-10) as follows : 
wove oy se (Ey | = an ! ms ! 
On ( #5) 07 (2) nlznro= G"( ae, ,42) + GC a’, 44) +. Oe"): (4-12) 


The second term of 
and we write this part 


o 
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The second term of (4-12) corresponds to ¢-skelton, and is given by 


(4) 


G2 sty 12) 
=—12'G,7 Gy |7Gq(n )| P(E") GG, (E",-) | PE) Ga) GE 52) Ge 
(4 1Gq(0) [PEN Sq] PE) G62) GE) GE) Gal) 
+ 1Gqln) | PENG (2) GE" DGq(s) | PEGE Ybane 
= iG 7Cl7Ga(){ P(E) Ge) OME") Gy (40) | INGOYER AGES) 
47Gq(220!) Gl4n)( PENG q(29 68") | PEE ED 


476, (2) Galen) PE") GSE") | PONG GCE iis ac) 


This is represented by the diagrams in Fig. 5. 


Fig. 5 


As stated in the preceding section, it should be noted here that only some part of 
all vertices ate replaced by J/%,. For instance, in Fig. 4, only one vertex among two is 
replaced by {ea Tous the contribution which corresponds to Fig. 6 in the usual perturba- _ 
tion theory is not involved in this diagram, but in Fig. 5 which 
belongs to c’-skelton. Of course, if we take into account infinitely 
higher order terms in the present approximation, then the both 
vertices will be completely corrected and so by [’,, and then the 
skelton approximation may be obtained. However such a procedure 
is of a perturbation theoretical concept. This unfavourable situation 
of our method is due to the fact that, in the course of obtaining 
the higher order skelton by applying (2-24) to one body Green 
function, only one vertex among two of the self-energy part is replaced by /\,. 

(ii) Photon-photon scattering 
Now we discuss briefly on the photon-photon scattering. This transition matrix ele- 


Fig. 6 


628 S. Tanaka and H. Umezawa 


ment corresponds to 


Oo (0) 4 2 
: ey as Sa, 4) ae atte a) Pus aa zoo t+ GF S45 3 Sas S4)5 (4-14) 
El beyatiinn 
where 
(Ess Es &p £4) =~ 7 [G3 Ei £2) BH(Eq &) + BIE, €) OE $1) 


+ Gi, F,) Gi (Eo, és) |. (4-15) 
This is represented by the diagrams in Fig. 7. After the: analogous calculation as for 
pA Ee the first term is trans- 


On0H 


5 2 Sy Ly By Ue 5g formed into the following form: 


f od o®, | 


\J>0 


Sere One tte | 5. 
37 &,) 8/ Es) |r0 
4-16 
g, gs LF $3 § ( ) 


Using (2-23), we can rewrite 


Fis. 7 2 
e ee as follows: 
Yo 
OP f BG, j 
eee =-e7| (eta EN Ee [or 
FT Eda) brno "TT Ed aT Ea” lamro 
+e fy 8/8/G,| G72 82 _@F 4-17 
ee SEE) aa ee ee 
Further, we have 
OG, OG, (i 0( A) SM 
V7 - = x é : os es = 
VIEIE) FIEN | Ee) HE) oe) 


OG (Foo a CAR eas 
eae THE) YE) ee BCH 
+6 (ier 0{A) 0M i) DG ae 

of (S53) AC) OF (F4) Of : 


(4-18) 
+O(é), 


where Boxy} (v<--—y) means the term obtained by the exchange of x and y in 
the preceding term. Thus the final result is given by 


99 


J>0 


(4) ; 
= 5+, & &4) + O(e), (4-19) 


On the Transition Matrix and the Green Function in the Quantum Field Theory 629 


whete 


iG) 9 - 
Wer se So 
= i S37 [7G] rE) G,(E, = Gal Tier.) GE"), | HSC O'S ("Ue e) GR 


== Gal P(E") G(E, 4) G,\ r(é") BE", &) Gal PEM) OE",-) G, 


+7G,\ PENVOAS, $.) 6, ré)G, Gal TRE) GEILE) Coe, 


of (f4-—), 


These correspond to ¢*-skelton approximation and are represented by diagrams in Fig. 8. 


Hoh OB 
oe 


All other processes be treated in the similar method as to the above two examples. 
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The B-spectra of Fe®?, Rb§?, Tc? and Cs'%” are investigated with the linear combination of scalar 
: Nn poe tees ag 
and tensor interactions in the Fermi theory of @-decay, and it is inferred that the relative sign between 


two coupling constants of scalar and tensor interactions is minus. 


$1. Introduction 


Recently many facts have been known about the interaction types of the Fermi theory 
of f-decay. First, the investigation of allowed transitions (He*, C”’, O™ etc.) showed 
that both of the selection rules, Fermi type and Gamow-Teller type, are necessary. On 
the other hand, according to the experiments on the electron-neutrino angular correlations 
of He® and P*, the Gamow-Teller type selection rule must be due to 7”. (We write 
the five interaction types of the Fermi theory of /-decay as S, 7, 7A and P hereafter.) 
Then, taking into account the Fierz conditions which exclude the S/7 (this notation indi- 
cates the linear combination of S and I’, where the coupling constants of S and JV are 
not yet specified) and 74 combinations, the full interaction type is one of the following 
four combinations, S7, S7P, V7 and I’7P. According to the investigation of Kono- 
pinski and Mahmoud” /’7' and J’7'P are unlikely. (The authors think that their conclu- 
sion is not definite but probable only.) Therefore, there remains only the problem concern- 
ing with the coupling constants of S, 7 and P. In these three types P, which appears 
on account of the selection rules only in the first forbidden transition with no spin change, 
is not considered here, because it has been discussed in many other papers. In this paper 
the coupling constants of S and 7, especially their relative sign, ate investigated. 

Information about the absolute magnitudes of the coupling constants Gy and G, (of 
course we assume real coupling constants”) of .S and 7 can be obtained from the analysis 
of allowed transitions. The result obtained until now is that the absolute magnitudes of 


them are about the same or |Gs| is a little smaller than |G,|. According to Blatt? 
0:29'<|Gis/ GA AGe4. (1) 


On the other hand, we cannot decide the sign of G;/G, by the study of allowed transi- 
tions (includiug electron-neutrino angular correlation), because no interference term between 
‘Sand 7 appears in the allowed transition. To do this we must examine parity-unfavoured 


forbidden transitions (transitions whose spin changes are not larger than the orders of for- 
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biddenness). In a parity-unfavoured forbidden transition several nuclear matrix elements 
appear, and at present we cannot accurately calculate these nuclear matrix elements. 
Therefore, strictly speaking, these nuclear matrix elements should be treated as adjustable 
parameters. If so, however, we cannot deduce any conclusion, and so we use the shell 
model for the calculation of ratios between some nuclear matrix elements. It seems that 
the assignment of the shell for an even mass nucleus is more difficult than that for an 
odd mass nucleus, so that we restrict our investigation to odd mass nuclei only. Then the 
first forbidden transitions supply no information since they all show the allowed shape 
spectra. The elements available for us are the following four, Fe, Rb’, Tc” and Gs, 
In the next section we examine the /-spectra of these four elements with S7. Some of 
them have been already analysed with 7 only, but the analysis with SZ has not yet been 
carried out. 


§2. Analysis of the B-spectra of Fe, Rb”, Te” and Cs” 


First, we shall show the procedure of our analysis. Generally, parity-unfavoured tran- 
sitions are very complicated. Therefore, it is very difficult to deduce any conclusion, if we 
do not neglect various corrections, e.g. the finite nuclear size effect.” Accordingly we 
neglect these corrections, and make use of the tables calculated by Rose, Perry and Dismuke”.* 
Owing to the neglect of corrections, our analysis is not accurate for each individual case, 
and the conclusion is deduced from rather statistical standpoint. 

In the case of S7, four nuclear matrix elements, Q,(/1, 7”), Q,(@, 1%), O,(P6 x 
r, 7) and Qnis(fO, 7) in Greuling’s” notation, appear generally in the parity-unfavoured 
n-th forbidden transition, where => 2. Among these nuclear matrix elements, the last 
is a tensor of one rank higher than the others, and no interference exists in spectrum 
between tensors with different ranks. The effect of Q,,.,(f6, 2") is relatively small, and 
we neglect this nuclear matrix element in the following calculation. We are interested 
only in the spectrum shapes now, and to analyse them it is necessary to know the relative 
magnitudes of the remaining three nuclear matrix elements. Among them the ratio of 
O, (fr, r) to O,(Poxr, 1) is easily calculated, if we use the Mayer’s single particle shell 
model. This ratio is also common to the special 7-7 coupling shell model in which outer 
neutrons and protons enter into the same shells respectively. For the calculation of this 
ratio only the angular part of the wave function is required, and the radial part can be 
dropped as a common factor. In view of the above fact this ratio will perhaps be fairly 
reliable. We calculate for the four cases in which Gs/G, takes the values +1/2 and +1, 
which have been chosen considering (1). Next, we take for the maximum electron energy 
the value usually accepted, then the ratio between Q,,(a, ”) and Q,, (Po x7, 1) is decided 
for each value of Gs/G, so as to make the Kurie plot straight at three electron energies, 


one of which is chosen as the maximum energy. Lastly, the Kurie plot thus obtained is 


*) In these tables the necessary values of Z (nuclear charge) and 4 (mass number) are not always 
found. In these cases the nearest values are taken. This will pethaps not change the general tendencies. 
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examined for all electron energies. 
ae. 

The f-spectrum of Fe was measured by Metzger’), and he proposed the decay scheme 
shown in Fig. 1. The two lower energy /?-ray groups are allowed transitions, and our 
object is the highest energy group. The experimental results are given only down to the 
electron energy ]”/=2.6mc” by the correction factor which is necessary to make the Kurie 
plot straight. The experiment of the lower electron energy part seems difficult owing to 
the Compton electron. 

If we make use of the single particle shell model, this -decay takes place with the 
transition of a neutron in fy). state into a proton in f;,. state, and this transition is second 
forbidden. The calculation of the ratio between Q,,(/37, 1”) and O,(8ox1r, ”) (in this 
case 7=2) can be performed easily using the components of the polarized solid harmonics”, 
Y, (Pr, ”) and Y,(Baxr, ), which correspond to Q,(/", #*) and O,(f/oxr, 1) 


respectively. Then the ratio is written as 


“WPye 


B 1560 


0.3% 


Siy2 


Fig. 1. Disintegration scheme of Fe5? proposed by Metzger’), 


Transition 
energies are given in key 


B-spectra: of Fe, RO", Fe, Cs and the Coupling Canstants of Scalar etc., 633 


Q,(9%, 1) = \d@r P00 OY (Br, VP) Ppiia% 


QA Pox rr) fd $/34750F/ al PBX PI) $85 o 


where 9/3424 and ¢/7474 represent the wave functions of the initial neutron and the final 
proton respectively, in which the last suffixes represent the magnetic quantum numbers, and 
Q is an operator which changes a neutron into a protion. We use the non-relativistic appro- 
ximation to nucleons, then the calculation of the right-hand side of (2) can be easily 
catried out, and we find 


O.(Br, ¥)/O,( fo xv, ¥) =— 7 @) 
For simplicity we introduce the following real numbers’? x and A: 
O,(2", ) /OAbOx7, 1) =—ix, nO, (Pa, r)/O,(86xr, r)=4Z/20-A, (4) 


where « is the fine structure constant and p is the nuclear radius. From (3) x=1 in 
this case. A is fixed so as to make the Kurie plot straight at the following three points, 
the maximum energy !7,=4.059mc°, W=3.64m- (electron momentum p=3.5mc) and 
W=2.8mc? (p=2.6mc). We have calculated A for the four cases in which the ratios 
of the coupling constants GifG gare 41/2 and --1. Generally the values of A are 
obtained in pair for each ratio of coupling constants, and they are shown in Table I. For 
these values of A the Kurie plots are given in Fig. 2. For simplicity we represent the 
assumption with Gs/G, and A by (Gs/G», 4). C1, —2.53) fits the experiment completely, 
and (—1/2, —1.70) and (1/2, —2.25) fit the experiment for the small deviations at 
the lowest energy to which the experimental data are available. However, the experimental 
data for this energy will be perhaps not so exact on account of the Compton electron, 
and these small deviations cannot be used to exclude (—1/2, —1.70) and (1/2, —2.25). 
Therefore, we think that (1, —2.53), (—1/2, —1.70) and (1/2, —2.25) fit the 


Table I 


The values of A (eq. (4)) to make the Kurie plot straight at the three electron energies, one of which 
is chosen as the maximum energy. The mark © following the value of A indicates that the Kurie plot is 
straight on the whole; x indicates that the Kurie plot deviates from straight line so much that the case is 
completely excluded; A indicates that the Kurie plot is not so straight as the case of mark © but cannot 


definitely be excluded. 
i ee 


Gs/Cr =—1 —4 3 1 
elements — Ff 

fe —0.278 A 0.714 x 236° & g33\ 
Een es4) Lay ays 210 O 23.95.10) 1353.16) 

DAV Geo 1B 7 m2 OLG4 tems no real 

Rb 1) 154. O gt Meo) 0.42) value 
—0.039 X 0.742 © 2527. 3.04 a 
fet (e=2) —0.586 A 9.22 = A SiS teas S53 1e. 

2.40 O 182 eK no real no real 

Cote Ke 2) 199 A 1eAD E®) value value 
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va ee 
(4, 2.96) 7 


a 


In arbitrary units 


3.0 3.2 3.4 3.6 3.8 


4,Omc? 


IV 


Fig. 2. Kurie plots for Fe59, The sets of numbers in the figure are (G's/Gy, A). The dotted 


cutve is the uncorrected Kurie plot 
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experiment well, and they are marked © in Table I. The fits of (—1, —0.278), (—1, 
—1.38), (1/2, 2.56) and (1, 3.53) to the experiment are somewhat worse then the 
above three, but they cannot definitely be excluded considering the neglect of many correc- 
tions. They are marked A in Table I. The Kurie plot for (—1/2, 0.714) deviates from 
straight line so much that this choice is excluded definitely, and is marked x in Table I. 


In arbitrary units 


(3, 0.42) 


10 12 im 


Ww me? 
Fig. 3. Kurie plots for Rb87. The sets of numbers in the figure are (G's/Gr, 
A). The dotted curve is the uncorrected Kurie plot. 
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Finally we mention about the corrected //-value for O80 XP, 7) / 2" (ae. fe= (27/Gr 
log 2/33|0,.(fa x7, 7) /2!|”) briefly. The uncorrected log ftvalue is 10.9” in this cast, 
and the corrected f,/-value for Q,(86 x1, ”)/2!, which represents the magnitude of this 
nuclear matrix elment, is of the order of 10~10" for each case in Table I. This /,¢- 


value 102~10"™ suits well for the second forbidden coordinate type nuclear matrix element. 


ii) RO" 

According to the single particle shell model, this ?-decay takes place with the transition 
of a neutron in £9. state into a proton in /,,. state, and this is a third forbidden transition. 
The calculated ratio of Q,(/9r, 7°) to Q,(80 x1, 7) is ¢(~=—1), and it has the opposite 
sign to that of Fe’. The analysis is carried out using the experimental data of Lewis” 
in the same way as Fe. We calculate the values of A so as to make the Kurie plot 
straight at the following three points, maximum energy H7,=1.54c, W=1.35mc (p= 
0.9mc) and I7=1.17mc (f=0.6mc), and they are indicated in Table I. In the case of 
Gs/Gyp=1 no real value of A exist*. For the six values of A the Kurie plots are shown 
in Fig. 3. For each value of Gs/Gp other than 1, one of the two values of / gives the 
straight Kurie plot while the other not. The latters are indicated by the mark x in Table I. 
Among the former three, the one for Gs/G ,=1/2 has an unreasonable point, namely, very 
large cancellation occurs in this case, and the corrected 7,¢-value for O,(36 x1, 1”) /3! is of 
the order of 3 x 10"! and it seems too small for the the third forbidden coordinate type nuclear 
matrix element. Therefore, this is marked A in Table I. The corrected f,¢-values for 
O,(8o x”, r) /3! in the other two cases are of the order of 3X 10%~6x10"%. These ate 
marked ©. 

i’) 70 

According to the single particle shell model, this (-decay takes place with the transi- 
tion of a nucleon 5). 5/9, and this is the second forbidden transition. The calculated 
ratio of O,(fr, ”) to Q,(foxr, 7) is --2 (v=1), as in the case of Fe. We use 
the experimental data of Taimuty™**. The values of A which make the Kurie plot straight 
at the maximum electron energy M,=1.57mc?, W=1.415mc ( p=1.0mc) and W= 
1.22mc° (f~=0.7mc) are shown in Table I, and for these values of A the Kurie plots 
are given in Fig. 4. (—1/2, 0.742) fits the experiment well down to the electron energy 
W=1.05me?. The Kurie plots for (1/2, —5.61), (15% =7.31), (—1/2)- = 222 
(1/2, 2.27), (—1, —0.586) and (1, 3.04) are straight down to the electron energy 
W=1.2mc*, and below this energy they deviate upward. These deviations seem a little 
too large to be attributed to the expetimental error, but it is doubtful whether these devia- 
tions exclude these combinations completely. Therefore they are labeled A. In the case 


*) If we use the experimental data of Curran, Dixon and Wilson), real values do not exist not only 
for G's/G7=1 but also for Gs/Gp=1/2. : 

oe) Besides this experiment there is an experiment of Feldman and Wu"), but the uncorrected Kurie 
plot is not given there. Tf we calculate it using the graphs of the functions D.—(1/3)c, a and & is their 
paper, we obtain the similar uncorrected Kurie plot to that of Taimuty!3). However, these graphs of D,, a 


and / are in disagreement with those calculated by Nakamura et al!5), The origin of this disagreement has 
not yet been examined, : 


ney a B9 87 9¢ 137 . 
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A ' (—1, —0.586) 


(1, 3.04) 


In arbitrary units 


eee 12 eet eee f DALE ee eG bye 


—_> 
Fig. 4. Kurie plots for Tc”. The sets of numbers in the figure are 
(Gs/Gr, A). The dotted curve is the uncorrected Kurie plot. 
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of (—1, 0.039) very large cancellation (about 1/500) in the correction factor takes 
place and the tables of Rose ef a/.® is insufficient for this case. However, such a large 
cancellation is very unlikely. If this large cancellation occurs, the corrected /,/-value for 
O,(86 x7, ”) /2! becomes of the order of 5x 10", and this is smaller by about two orders 
of magnitude than the other /,f-values for second forbidden coordinate type nuclear matrix 
elements. For this reason (—1, 0.039) is attached x. The corrected /,¢-values for O,(/'6 
x, 7)/2! of the other cases ate of the order of 10°~2 x 10". 


iv) Os 
According to the single particle shell model, the transition of the nucleon is Zs), 
and this /3-decay is second forbidden. The calculated ratio of O,(, 9°) to Q,(Po x7, 1) 


(=1, 1.99) 


(—1, 2.40) 
\ 
(—}, 1.49) 
= \ 
a \ 
2 SES 
2 XS 
eg 
2 ~ 
—2, 1.82 Ss 
7 Fe Dn) Leon 
4 \ . 
aN 
SS 
Ss 
X\ = 
_ 
Ns 
SS 
SS 
~ 
SS 
~ 
~ 
~ 
ks 
Se m 
Se Q&S 
Sick Be 
f pedis 
2.6 
} 2:3 30 ‘res 


é SS, 
Fig. 5. Kurie plots for Cs!87, The sets of numbers in the figure are (Gs/Gp 
A). The dotted curve is the uncorrected Kurie plot. 
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is 7(4=—1), and the same as that of Rb”. Using the experimental data of Langer and 
Moffat, the values of A which make the Kurie plot straight at the maximum energy 
W,=3.26mc, W=2.97me (p=2.8mc) and W=2.6mc? (p=2.4mc) ate shown in 
Table I and the corresponding Kurie plots are given in Fig. 5. In this case no real value 
of A exists for Gs/Gp=1/2 and 1. Even if we change the maximum energy by 0.172", 
real value of A does not exist for G»/G,=1/2 and 1. (—1, 2.40) and (—1/2, 1.49) 
fit the experiment very well. The Kurie plots for (—1, 1.99) and (—1/2, 1.82) deviate 
from straight line a little and they are labeled A. The corrected /,¢-values for Q,( 76 x7, 1) 
are of the order of 10”, and suitable for the second forbidden coordinate type nuclear 
matrix element. 


§ 3. Conclusion and discussion 


To deduce the conclusion, it is better to look at Table I. When G;/Gzp is positive 
(1, and 1/2), there are cases in which no real / exists. On the other hand, when Gs/Gp 
is negative, real values of A always exist. specially in the case of Gs/G,=—1/2 the 
values of A, which fit the experiments very well, exist for all the elements. The fit of 
the case of Gs/G,;=—1 to the experiments is a little worse. Even if we take into account 
the roughness of our analysis, the minus sign of G;/Gy is very probable, but it is 1m- 
possible to exclude G./G,=—1. Our conclusion is the following : ‘The sign of G,/Gp 
is probably minus, and as to its absolute magnitude a somewhat smaller value than unity 
is favourable, but G;/G ,=—1 cannot definitely be excluded a 

Until now we have neglected the nuclear matrix element Q,,,(96, 1”). Even if we 
take into account this term, the conclusion will not be changed. Especially if we include 
this term in the ‘case of Rb” and Cs'”’, the situation for the cases of positive values of 
G,/Gz become worse, because this term has the completely opposite nature to the cor- 
rection factors necessary for Rb*’ and Cs’”’. 

In the calculation of section 2, we have decided the values of JA so as to fit the ex- 
periments. However, there is a theoretical value which has been calculated by one of the 
authors’ using the method of Ahrens and Feenberg."” According to this theory A takes 
the value near unity, but whatever the value G./G, may be, A cannot take the values 
near unity for all the elements. On the other hand, if we take the value of A as unity 
at the beginning and then decide x so as to explain the experiments, x takes the value 
calculated with the shell model, and this value of x seems unlikely. Therefore, it is 
natural to regard the relations of Ahrens, Feenberg’? and Yamada" as ‘statistical ones 
which give only the order of magnitude in each case. 

The authors are greatly indebted to Profs. S. Nakamura and T. Yamanouchi, Dr. 
M. Umezawa and Mr. H. Takebe for their kind guidances and valuable discussions. Two 
of the authors (M. M. and M. Y.) ate also indebted to Yukawa Yomiuri Fellowship 


for the financial aid. 
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A consistent explanation of both the 6; angular correlation and the B-ray spectrum of Sb'*4 is 
obtained with the ST type interaction in the Fermi theory of @-decay. It is concluded that (i) the 
decay scheme is 3(—) —2(+)—0(-+), (ii) the B-decay is a first forbidden transition which contains 
the reduced nuclear matrix elements IN(87"), M(Ba@), M(Ba xr) and MCB345), and (ii) the 7- 
decay is an electric quadrupole radiation. It is also noticed that 4(+) —2(+) —0(+) js ruled out. 


§ 1. Introduction 


The nucleus Sb’ changes into Te™ in two steps: first, Sb’ changes into the first 
excited state of Te’ (Te’’*) emitting an electron** ; and then, émitting a 7—ray quantum, 


Te’™* goes into the ground state of Te™ 


which ‘has spin zero and even parity. 

We abbreviate the five interaction types in the Fermi theory of [decay as S, V, T, 
A and P hereafter. A linear combination of these types is written as ST, for example. 
The ratio of the coupling constants is not restricted to special values. 

Recently the authors” studied the ?—decay of Sb’! with the single type among the 
five relativistic invariants in the Fermi theory (Part 1). It was concluded that a certain 
linear combination of the reduced nuclear matrix elements (RNME’s) Y(fa), IN( Pox Vr) 
and §(2,) in T gives consistent explanation for both the /-; angular correlation and 
fray spectrum, and the decay scheme, ground state of Sb''—>first excited state of Te’ 
—>ground state of Te’, 3(—)—2(+)—0(+). 

After the part I was published several new informations on Sb’ have been obtained. 
Namely, Kloepper, Lennox and Wiedenbeck” measured the angular and direction-polarization 
correlations which are in good accord with the previous experimental values measured by 
Darby and Opechowski” and Stevenson and Deutsch" ; Huchinson and Wiedenbeck” rein- 
vestigated the /-ray spectrum and internal conversion coefficient of Sb" which agreed with 
the results of Langer et.al.” and of Metzger.” 

Moreover, Langer, Lazar and Moffat’ refined their experiments and explained the /- 
ray spectrum by ST which contains RNME’s WM (Br), M(Pa) and M(Foxx). M(BS) 


8 


was discarded in their treatment because they thought that the magnitude of IN(2%) is 


very small. 


* The part I of this article was published in Prog. Theor. Phys. 8 (1952), 449. Preliminary report 


of the part II was published in Prog. Theor. Phys. 10 (1953), 111. 
** The B-ray of Sb! is complex and we take an interest in the highest energy B-group which has the 


maximum energy 2.317 Mev. recently measured by Langer.!) 


642 M. Morita and M. Yamada 


On the other hand Nakamura, Takebe and Umezawa” explained the (-ray spectrum 
with a linear combination of IN(AS) and W( 7%) terms in the second forbidden of T. 
Metzger” reported lately based on his experiments on the lower energy /7--ray group of 
Sb’ and 7-7 angular correlations of Te™, that the ground state of Sb™ will perhaps 
have spin 4 and even parity rather than spin 3 and odd parity. 

In order to clarify the relations between these experimental and theoretical investigations 
on Sb”, it seems important to investigate the —j angular correlation and fray spectrum 
with ST. Necessity of both S and T looks quite certain. 

That the 7-ray is electric quadrupole is shown by many evidences. > **' Therefore, 
Tel*sTe™ is 2(+)—0(+). An ambiguity left over whether the ground state of 
Sb” is 3(—) or 4(+), ive. whether the ?-decay of Sb™ is the first or second forbidden. 
The other assignments to Sb’ will be ruled out because of the inadequacy for f-7 angular 
cotrelations,”” even if S is taken into account. 

We study the assignment 3(—)—2(+)—0(+) in section 2, where we shall show 
that some linear combinations of RNME’s in ST can explain the f-ray spectrum and 
f-7 angular correlation simultaneously. The assignment 4(+)—2(+)—0(+) is im 
vestigated in section 3, where we shall show that good agreement with angular correlation 
is hard to obtain in this scheme. These results are summarized and discussed in section 4. 

The numerical calculations are performed on an approximation (¢7)*<1 which may 
be a fairly good approximation in our case. The finite de Broglie wave length effect'” 
(FDBWLE) is taken into account in the special cases only, and the effect of finite nuclear 
size correction’ (FNSC) is neglected, because these effects are very complicated, and more- 
over we expect they will not affect’? the main results of this paper. 


§ 2:83 t— )=2(+) 0ta) 


Under this assignment, the P—decay is the first forbidden transition in which 9M (fr), 


MPa), M(Paxr) and M75) in ST are contained. We use the same notation as 
YM. 
T(2n)? 


‘Substituting asy"’s of the electric quadrupole radiation, eq. (24) of YM into eq. 
(20) of YM, we get the Py angular correlation function ( (0), 


(0) =7al? + 7a? + (—a? + V2 ay? + 4a) P,(cos 0). G1) 


Common factors are dropped here. a@”),’s ate introduced by eqs. (19), (20), (S1), (T1) 
of YM and (ST1) of M, : : 


Pa) a 2a) P,(cos 0) 
= Gs |Mt(8r) "| {(1/3) KL, + (2/3) KM, +204 M,} 
+4{(4/3) KL Fol + 41,0} P,(cos@) | 
+G#|M (Ba) PL, + G2|M (Fo xr) [> (1/6) K2L,— (2/3) K+ (1/2) L, 
+ My} + {(2/3) KL y+ (1/2) L,—-2N 19} FP (cos) | 
— Gp i We* (Ba) M (Po x ”) +c.c.}[ {(1/3) KL,— No} + Ly P2(cos 4) | 
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— GsGpiiMt* (Br) M (Ba) +c.c.}[ {V+ (1/3) KLy} +2L,.Po(cos 8) | 
+ Gs Gp iM* (Pr) M(Ba xr) +0. [(L,—-M,) 
+ (KLy.+ L,— M42) P2(cos 8) | , 
F3(8) =a? P, (cos?) 
=— GP {iM* (Ba) M( BS) +c.c.} {3/(2VW2 )} Li. Py (cos) 
— GEAUM* (fo x r)M (BS) +c.c.} 
x (1/2) {— (1/2) KL n+ (3/4) L,+ (3/2) M9} Po (cos 9) 
+ GsGp{W* (Br) MP5) +c.c.} | 
x (1/V2) {— (1/2) KL yo (3/2) L,— (3/2) Nia} Pa (cos), 
F8(A) =a} — 2a? P2(cos 9) + 6a P,(cos@) 
=G7|M (BH) |? [{CA/12) AL, + (3/4) L)} + (3/4) LZ: P2(cos 9) |. (2) 
The angular correlation coefficient a(/1”) is defined by 
a(W) = (O(a) —W (@/2)} /O(@/2). (3) 
We use for the nuclear radius 
p=1.4x 10-8 A'?/ (h/me), G42) 
and for the maximum energy of the electron 
W,=5.543 mc’. (S55) 
We introduce real parameters” x, y and z* as follows : 
GoM (Br) /GpM(La xr) =—ix, MPa) /M(Bo x 1%) = (42/20) -y 
and IN(BS)/M(fo xv) =i2 - (6) 
* 


A linear combination of these four RNME’s is symbolized by (Zee) 
Langer’s case” is written as (1, 1, 0), We shall show the conclusion for various combi- 


For example, 


nations of 1,,7, % in the following : 


(a) Langer’s case (1, 1, 0), 

(1, 1, 0), has an excellent correction factor. Unfortunately, its. angular correlation 
is too small in absolute value, a(5)~ +0.02, and has the opposite sign to that of the 
experimental value. 

(b) GIs 0), 

Whatever the ratios + and y may be the calculated angular correlation is not so 
large in absolute values compared to the experimental values. This excludes (4, 7, 0); ~ 
definitely, and proves that we can not discard IN(2B,5). 


(c) (1,1, 2) 4 


In order to remedy above defect, there is a possible way in which we use the linear 


* The parameters «, 7 and 2 are introduced somewhat differently from those of part JI. In the .pre- 


liminary report of part II, 2 is written as * and (a, 7, 1) is equivalent to (x, 9, 0); in the present paper. _ 
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combination of IN(45) and (1, 1, 0)j, hers Ale )an elhe interferences between them 
will cause an advantageous effect on a( IV’). They do not exist in’ the correction factor. 
Thienitable vatio (osis-==26 = a2 10a 50) 0 ae ne graphs for a(IV’) are 
shown in Figs. 1 and 2. 


Since the relations between RNME’s derived by Ahrens and Feenberg’” will have 
nothing more than statistical meaning,* we can not conclude x=y=1, therefore, we must 


examine various pairs of x and y. 


a(W) Ae) 
0.25 eed 
_0.30 —0.30 
-.35 —0.35 
—0.40 —0.40 
o.45 --0.45 
—0.50 9 
: —0.50 
3.5 40 4.5 5.0 5.5 3.5 4.0 4.5 5.0 5.5 
pbs JES 
. Ww —_> I 
Fig. 1. Angular correlation coefficients for Fig. 2. Angular correlation coefficients for 
She ZC) OC), in the cases of linear 3(—) —2(+)—0(+), in the same cases as 
combinations of M(Br), M(Ba), M(Bo xv) Fig. 1. 
and M(B*s5). I. (1,1, —150). 
ley cise 6s: 19 reel G ie penis 5 
ILS Gals —=7);. III. (1,1, — 48);. 


Ill. (4,1, —8)j. 

IV. (1,1, —9),. 

il 

: Experimental values measured by Darby 
_ and Opechowski.‘) 

1 : 

t Experimental values measured by Stevenson 


and Deutsch.®) 


Because of the crude approximation. 
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a (W) 
—0.25 


—0.30 


—0.35 fF 


—0.40 


—0.50 
3.5 40 4.5 5.0 5.5 
——_ > vy ———> WV ; 
Fig. 3. Angular correlation coefficients for Fig. 4. Angular correlation coefficients for 
3(—)—2(+)—0(+), in the same cases as 3(—)—2(+)—0(+), in the same cases as 
Fig. 1. Fig. 1. 
Tee 1545=- 451). I. (0,0, ©),, corrected by the finite de 
Il. (1, 1.54, —4.7)};. Broglie wave length effect (dotted line). 
Ill. (1, 1.54, —5.7)1. II. (0,0, 00), 


Tit 31:54, —158)7: 
TV) (is 0.545733 58) 3 
Vi oC, 1.54, 28) 3. 


In order to perform this procedure in a simple manner we interpret (i715 -2),0 as 
follows. It should be noticed that 7(Gs/G p)-IN(9") plays almost the same role as 
M (Pax) in H3(), /2() and the correction factor. Accordingly, we can make rough 
estimate for the case of ST using our previous work (Part I) with T only. According to 
Figs. 1 and 2 of I the following ratios 

iM (Pa) /M(BE)~—1 and wW(Poxr)/M(Bj) ~—0.2 
give a good angular correlation in T only. If we put 
GsM (Fr) /GrM (foxr)=—1, 
i(Gs/Gy) M(Pr) takes a half part of the role of IN(%o x7) in T only and the ratios, © 
im (Fat) /M(BE)~—1, AMG xr) /M(BS)~—0.4 
and G;,IN(Pr)/GrpM(4ij) ~+0.1, 
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ie. Y=1, yrl0/(4Z/2p)~1 and z~—10, which agree approximately with (1, 1, 
—6>¢>—9), in (c), will give the good angular correlation. 
Generally Fig. 1 of I gives the order of the magnitude of Wi (2%) in case of ST. 


Then, we must find its precise values to obtain the suitable angular correlation. 


(d) (42) 

From the above considerations we have found the combinations (1, 1.54, 7), where 
g=—4.7 or —58. Both (1, 1.54, 0), and (0,0, co), give good correction factors, so 
that (1, 1.54, 7), gives also a good correction factor. The graphs of a(i/’) are shown 
in Figs. 3 and 4. 


In the cases of (c) and (d) the corrected ft-values for Bf, ie. ft=(27°/G") 
x log 2/3/45 |’, are | 
~3 x10" if |z| is more than 20, 
or ~9 x 10" if |z| is 1~10. | 


These values are considerably larger than the usual, but not inconsistent with the first 
forbidden transition. 

In the above calculation FNSC’ and FDBWLE"™ are not considered. For the latter 
Rose et al.'? calculated only Z;, JZ, N;, £7, Mz and N;. In our cases, many other 
functions L;;, (7; and V;; appear, and it is difficult to calculate FOBWLE for Z;,; etc. 
with the same accuracy as Rose’s tables."” For Wt(23) only, however, Rose’s tables are 
sufficient, and a(II”) taking into account FOBWLE is given in Fig. 4 (dotted line). It 
is almost the same as a(I/’) which neglects FDBWLE (full line). FDBWLE may have 
appreciable influence on the ?-ray spectrum for which a large cancellation takes place, if 
the approximation (u7)°<1 is violated. However, as far as this approximation is valid, 


we can neglect FOBWLE.'’” The situation of FNSC is almost similac as FDBWLE: it 
will have no appreciable effect, too." 


§3. 4(+) —2(+)—0(+) 
Under this assignment, the [2-decay is the second forbidden transition which includes 
MAG), MAF), MCT) and SAE) eines Ee 


Substituting ajf"’s for the electric quadrupole radiation, eq. (24) of YM, into eq. 
(31) of YM, we get the -; angular correlation function (() (A), 


(0) =126 (a + a) 
+ {—36¢9 +135 a2 +45 V10 aS P, (cos) 
+ {—4 aS) + 88a 4410 ap} P,(cos@). : C73 


Common factors are dropped here. Qj,'2)’s are introduced by eqs. (20), (21), (S2), (T2) 
of YM and (ST2) of M as follows. 
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Fy (8) =a —2 a P,(cos0) + 6a$> (cos 7) 
=G3|MN(R§) 7111/30) K*Z,4 (2/15) K°M, + (2/3) KL, + (1/3) OM 
+ 2KN,+ (9/2) Lo+3Mj} + {(2/15) K*Ly.4+ (1/3) KAZ, + (2/3) KM 42 
+ (6/7) KL,+ 2K N 4+ (36/7)L, + 3M, + (18/7) Ni} Po(cos@) 
+ {(36/7) KLo,+ (27/7) Lo+ (108/7) N.;} P, (cos 9) | 
+ GZ|M(AS) Pl { (1/12) K°L, + (3/4) Ly} + (3/4) £1 P2(cos 9) | 
+ G2|M(T)G/12)[ ((1/15) K*Ly— (2/5) PON + KAL, + OM, 
—6KN,4+6L,+9M,} + {K°L,4+ (12/7) KLa3,—6KN,+ (48/7) Le 
+9M,— (36/7) N23} Ps(cos@) 
+ {(72/7) KL n+ (36/7) Lo— (216/7) Nz} P,(cos 9) | 
— G2IM* (AZ MT) +c} G4/4)| {(C1/15) KL, 
— (1/3) K*N,+ KL,— 3} 
4 {KL + (6/7) Ln — 3} P,(cos9) + (36/7) Log Px (cos) | 
— Gs Gp iM* (REYMCAZ) +e.c.} | {A /30) K*Ly + (1/6) KAN, 
+ (1/2) KL, 4+ (3/2) M4} 
+ {(1/6) K?Z,.+ (1/2) KL, + (9/14) Los + (3/2) N,} P; (cos) 
ap (27/7) Ln Py (cos 9) | 
+ Gs Gime (RZ) M (TE) +e} | {A/6) (K°L,-K?M) 
+ (3/2)(Z,—M)} 
4 {(1/30) K*Z y+ (1/6) (K?2,— KN) + (5/14) KL 
4 (12/7) Ly— (3/2) M,— (3/14) Ws} P,(cos@) 
+ {(15/7) KL.,+ (9/7) (L2—V2 3) P,(cos9) | , 
Py ( 0) = 10 a® P,(cos #) — /10 aS? P, (cos) 
= — GE UM*(AL) M( Sh) +e.c-} (10/ V3 )[ {(1/60) K* Lys 
+ (3/28) Los} P,(cos9) + (15/56) Ly, P, (cos) | 
— GEM (TIM (Sh) tec} (10/ V3 [1A /300) (— K? Lar 
4 5K2M 5) + (1/28) (— Klay + 2L 9+ 3M ix) } P3008 9) 7 
+ (5/56) {— KL + 2Lo+ 3.5} P; (cos) | 
4 GG DE (RE M(SHe) ec} (10/3 )[ (1/150) (KL 
4+5K?L,—5K*Ny.) + (1/14) (a Gath ola 3V.,)} P.(cos@) 
+ (5/28) (— KL, 4+ 3L, »—3V in) } Py(cos9) } , 
 £3(8) — a — 4a? P, (cos) + 6as9 Ps (cos) —20a$) 17, (cos 4) 
=G7|M Six) |? (1/72)| {(4/15) K°Ly 4+2K°L,+15L5} 
+ {(8/5) K-L,4+ (120/7) Zp} P,(cos 4) + (90/7) Ly P,(cos) | . 
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The analysis of 4(+)—2(+)—0(+) is carried out in the same way as in section 
-2. It should be noticed that 7(Gs/G,) -WN(R§) plays nearly the same role as MT; 
in 78(0), F3(0) and the correction factor. We introduce real parameters? x, y and 2 


as follows, 


GsM (RE) /GpM(TE) = —ir/2, MAL) /M(L}) =4Zy/4e 


and ICS5,) /Mt (75) =e - 


ie) 


A linear combination of these four RNME’s. is symbolized by (1, 7, 2)». 


(a) (4% 7, 0)s 


The good correction factor can be obtained with certain ratios x and y. But, what- 


ever the ratios + and y may be, the calculated angular correlation is not so large in absolute 


values compared to the experimental value. 


that we can not discard Nt(.S;5,). 
(b) GI, 2)e 


a (W) 


—0.25 


—0.30 


—0.35 


--0.45 E 


cash 141A 


Fig. 5. Angular correlation coefficients for 
4(+)—2(+)-0(+), in the cases of linear 
combinations of I2(2*:;), M (4% 5), M (755) 
and M(S* i457). 

Uae CRE Hep 

II. (1, 1, —57)». 


This excludes (x, y, 0), definitely, and proves 


a (W) 
—0.25 


—0.30 


—0.35 


--0,45 


Fig. 6. Angular correlation coefficients for 
4(+) —2(+)—0(+), in the same cases as 
Fig. 5. 

I (1, —1, —77.4)>. 
I. (1, -1, —134),. 
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a (W’) 


— 0,25 


—0.50 


—0.39 


OVS See 


—0.45 


pe IY 


Fig. 7. Angular correlation coefficients for 
4(+)—2(+)—0(+), in the same cases as 
+ Fig. 5 
I. (0,0, ©)., corrected by the finite de 
Broglie wave length effect (dotted line). 
II. (0,0; 20)>. 
ie Clo 1.3, —40) 5. 
tee (AS, 28) 


We put simply += +1 and y=+1 
comparing with the Ahrens-Feenberg-Yamada™ 
relations, eq. (9). To get large angular 


correlation at W=5zc", 7 must be following 


values : 


(1, 1, 2), where z is — 33.5 or —57. 
(Fig. 5) 

(1, —1, 2)o, where ¢ is —134 or —77.4. 
(Fig. 6) 

In these two cases we can not obtain the 


absolute value of a(5) larger than 0.39. 
(—1, 1, Z)o, where 2 is 227 or 27.4. 


In the last case, a(5)=—-0.34 and we can 
not obtain the absolute value of a(5) larger 
than 0.35. 
a(IV’)’s have much smaller energy dependence 
than that of the data of Darby and Opechowski.” 

i(G,/ Gr) “M(R;5) is similar to IN (775). 
Hence, in the same way as in section 2, we 
may find two examples (1, 1.3, —28), and 
(1, 1.3, —41). which make a(5) =—0.385. 
a(IV)’s are shown in Fig. 7 which is almost 
a(5)’s_ of 


(1, 1.3, #)» can not have the absolute value 


Moreover, in these three cases, 


the same as. Figs. 5 and 6. 


larger than 0.39. 


From the above results the following conclusion may be deduced: by the mixture 


of N(R), the situation becomes worse in ST than in T only. 


We can not. help requir- 


ing the large magnitude of ym (.S,5.) which has a(IV) with only small energy dependence 


(See, I of Fig. 5 in part Ys 


If we rely upon the experimental values of Darby and 


Opechowski which shows very large energy dependence, this is a destructive feature for the 


assignment 4(+)—2(+)—0(+) in ST. 
(c) (0,0, ©), taking into account FDBWLE 

For It(.S;5,) we calculated a(W) with and without FDBWLE. The results are 
shown in Fig’ 7. 

For the cases (a) and (b) the Kurie plots are investigated, they have all similar 


properties to the case of IMN(SH,) only Gee, Fig. 6 in part I.) because of large 2’s. 


They are convex downwards. : 2 
Corrected ft-values for S,f,, ft= (22° /G*) - log 2/ D3 Sefq|"s' are approximately 1 x 10 


in all. cases, 
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§ 4, Discussion and summary 


The energy levels in Sb! and Te! are shown in Fig. 8. 


124 
9b" ae 
, 21 min. 95 
Sbi24** O(—)  & 0.0185 1.3 min. a 
Sb 3(—) : = 
60 day, Se : * 
SEN 0.63 
: Fe Teldixx** 3(—) 
SS ce 


1.68 2.09 


Tel3* 2269 


Tel24 0(+) 


Fig. 8. Energy levels!) 1% !7) of Sb!%4 and Tel. Unit: Mev. Spins of 
Sb!24 are newly assigned by the present authors.’ 


Metzger measured the 7-7 (1.7—0.6 Mev.) angular correlation in Te’ which accorded 
with the assignment 3(—) —2(+)—0(+), (Te'™****-Te™*-5Te™). He insisted as 
follows : “If the ground state of Sb’ were 3(—) the #-transition to the 2.3 Mev. 
excited state of Te (Te'****) with 3(—) would be allowed. But the log,, ft value 
for this transition is 7.7 and too large for the allowed transition, therefore, the assignment 
is 4(+) rather than 3(—) to the ground state of Sb’. However, the ft—values of 
the allowed transitions lie in very wide region"? and log, ft=7.7 does not seem inconsistent 
with the allowed transition. 

If we consider the total decay scheme including the two isomers of Sb'™, we shall 
also find that the assumption of 3(—) for Sb™ is better than that of 4(+). The 
decay scheme is shown in Fig. 8. First, we consider the three energy levels of Sb. 
(We denote them by Sb'!, Sb'!* and Sb'** as in Fig. 8) From the life-times of them 
both transitions Sb'**-+Sb™ and Sb!*!*-+Sb™ will be forbidden of degree higher than 
E2 and M2."°" Therefore, if either of the spin of Sb™* or Sb'!** is not zero, we 
must take the difference between their spins six. The (-decay, Sb’!*—>Te'!, is allowed,!” 
so that Sb™ has 0(+) or 1(+), and Sb!'** has either spin zero (Sb™!* has 0(+) 
in this case) or spin more than six. In the latter case, the B-decay Sb'!**_>Te"'* jis 
forbidden more highly than twice, and it will not be detected on account of the 21 minutes 
isomeric transition of Sb'!**. According to the experiments of E. der Mateosian et alles 
weak /#-rays of which maximum energy is 2.336 Mev. are observed, and this excludes the 
high spin of Sb''**, Therefore, if we take the isomeric transition Sb'**—>Sb"™ as B3 
or M3,™1 the spin of Sb’ must be three. 


On the B-y" Angular Correlation of Sv, IT 651 


Except for the ft-values and energy dependences of a(/V’), 3(—)—2(4+)—0(+) 
and 4(+)—2(+)—0(+) have much similarity. (23) corresponds to I(S,j,) and 
they are indispensable to get a large angular correlation, and generally they must be taken 
much larger than the other RNME’s. (Velocity type RNME’s are compared dividing by 
(42/20). In the case of first forbidden transition, very large cancellation may occur, and 
in such cases other RNME’s may be comparable with IN(8)”.) The log,, ft value of 
Sb'™ is 10.5,” which lies between first forbidden and second forbidden. Therefore, in the 
case of the first forbidden RNME’s other than 92N(2,5) must be very small, and in the 
case of the second forbidden i(.S;%,) must be extraordinary large. The smallness of the 
first forbidden RNME’s are easily understood, according to the Mayer’s shell model, which 
indicates that the ?—decay of Sb’ corresponds to the transition /iy,2>£7j2 of a nucleon. 
The fitst forbidden RNME’s other than 92(2,5) vanish in the above model. On the 
contrary, the extraordinary largeness of Wt(.S,;,) is hard to understood. In this connection 
we should like to answer the criticism of Metzger’? concerning the ft-value of Sb ean 
part I we excluded 4(+)—2(+)—0(+), and main reason was the small ft—value for 
M(S,§,). Metzger insisted that the log,, ft value of Sb’! (=10.5) is not so different 
from that of Fe (=10.9) which belongs surely to second forbidden transition, and so 
our previous reason to exclude 4 ( 4+) —2(+)—0(+4) is invalid. However, ft-values for 
the forbidden transitions should be compared in the corrected forms, e. g. the corrected 
ft-value for S,3, is (27°/G*) log 2/ SUS 5,\7..: Only (the: corrected ft-values represent the 
magnitudes of RNME’s. The corrected ft—value for S,3, of Sb’! must be of the order 
of 10°; on the other hand~ the corrected ft-values for the second forbidden coordinate 
type RNME’s of Fe” will be of the order of 10°." There is a large difference between 


them. Therefore, we believe that our previous argument is not wrong. 


In conclusion, it is much more likely that Sb'' has spin 3 and odd parity than the 
possibility that it has spin 4 and even parity. If we take the former assumption, we can 
explain the /-ray spectrum, ?-y angular correlation and other experimental data satisfactorily. 

The authors wish to express their sincere thanks to Profs. L. M. Langer and F. R. 
Metzger for sending their papers prior publication, Profs. S. Nakamura, T. Yamanouchi 
and Drs. M. Umezawa and H. Horie for their kind guidance and their valuable discus- 
sions, and Prof. M. Kobayasi for the hospitality during the stay of one of the authors 
(M. M.) at Yukawa Hall. They are also indebted to “ Yukawa-Yomiuri Fellowship ” 
for the financial aid. 
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Errata 


On the 6-; Angular Correlation of Sb'24 
M. Morita and M. Yamada, Prog. Theor. Phys. 8 (1952), 449. 


In Figs. 4, 5 and 6 and Table II, the authors discarded the minus signs for all the numerical values 
of « and vy. They should be read, for example, »=—0.8 and y——0.18 instead of x—0.8 and y¥=0.18 in 
the case of Fig. 5. It is obvious that no essential changes are caused by these errors. 

On the 6-Ray Angular Correlations 


M. Yamada and M. Morita, Prog. Theor. Phys. 8 (1952), 431. 


Eq. (20), 
Eq. (28), 
Eq. (29), 


originally should be read 
#3 (0) =—743(6), 743 (0) =— FR (6). 
89 Gy) = (1/6) (59 Gy; —do9 D), 892 G1 = (1/6) (So Gy; — yy Dyy). 
(5/2) a@Maea’Yoof  }, (5/2)a oa’ Moof  }, 


Tenth equation of eq. (30), 


In Appendix, suffix 1 is missing in some of Wiss 


33 Dog= (1/5) ), 33 G'o9= (1/5) (fa 20+ 2/93 Lo9). 
They must be replaced by /,’s. 
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For various iterative methods in eigenvalue problem which are used to solve the bound states and 
scattering problems, we introduce the coefficient of convergency which indicates not only the convergency 
condition when the iteration is performed endlessly, but also the efficiency of successive approximation 
for any finite step. In this way the convergency properties of these iterative methods are investigated 
from a common stand-point, though the main new results stated in this paper concern the scattering 
problems. Comparing the convergence properties for Schwinger’s iterative method and Born’s succes- 
sive approximation in scattering problem, we show the former is considerably superior in low energy 
domain, while in high energies the latter is more favourable by its simplicity. (Fig 2): 

Then a more efficient iterative method (17), of which coefficient of convergency is expressed as 
(20), is presented, and its application to the variational technique is discussed. The method is shown 
to be convenient since no troublesome procedure solving the secular determinant is needed. 


§ 1. Introduction 


For the self-adjoint operators Hy, H,, consider the following eigenvalue problem, CHE; 


so to speak interaction Hamiltonian): 
(HT, FE) y=1IL $f, 


which often appears in quantum mechanics. Recently, the iterative methods have been 
adopted to solve such problems, for example ; as nucleon-nucleon scattering,” ” states of deu- 
teron® and lightest nuclei”, estimation of errors in the Tomonaga’s intermediate coupling 
theory,” etc. We shall discuss convergence-properties of these methods, for which few of 


the studies have been made theoretically for scattering problems in spite of the many 


arguments for bound state problems.” 


First, several classification seems to be necessary to show various iterative methods 


according to the ways the question is put forward. 
(a). Let discrete eigenvalue / be known, and / is to be found. (For example ; 


deuteron problem). Consider 
(HM, — 2) Pn =p n. 


Rewriting this into the following integral equation which contains some boundary conditions 


required 


Pn si= (H,—£)™ HI, Yn. (1) 


Since the normalization of wave functions has not essential meaning, we may drop A which 
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is an unknown quantity. One may start with a suitable trial function ¢,, and improve 
the wave function in usual iteration method. 
If we find after 7 steps a sufficiently accurate ¢/,,, an approximate value of 2 is obtained 


by calculating the following stationary quantity : 
Xiny= (Pu I —E) on) / (Yn DG Yn) - 
(b). When / is known, and discrete eigenvalue £ is to be solved: 
(1) —4,) fn =Pn, (2) 
Eny= (Pn TI — 2) $n) / (Pn Yn) « 


(c). When continuous spectrum £ is given, and the boundary condition at a large 
distance (for example; phase shift) is also known. Then 4 is found from 


Die = (H,—£) is Hi, Pn (3) 
An) = (¢,(44,—£) in) is (On H, Pn) . 


(d). When continuous spectrum / and 4 are known, and one wants to find the 
properties of ¢ itself at a large distance (for example ; phase shift or scattering amplitude) ;* 


(HM — £2) bn, fn (4) 


If one wants to calculate in practice, the iteration is performed by the integral equa- 
tion as (1) or (3), therefore (2) or (4) should be rewritten in the integral equation, 
however, these integral equations are useless on account of presence of an unknown gnan- 
tity in the kernel such as # or phase shift. In scattering problem, two methods which 
deal successfully with this difficulty are 

(1). Born’s iteration 


PnuiHf+ AG hn. (5) 


This is just the Born expansion when we take / as the initial trial function ,, where £ 


is a solution for A=0. For example, in the problem of neutron-proton S-wave scattering” 
H—E=—@/de—e, A=W (a). 
The formula (5) therefore is written in the following form 
drnas (2) =sin (R2) + 25°C (x2!) WU") yl acd! (5-2) 
where G(4,0')=k" sin (kx 2) cos (hx,). 
(2). Schwinger’s iteration 


Pnii= Hy En DG, bn 


) Iteration (4) is the approximate method which is suitable for small A. There are many iterative 
formulae which seem to be suitable for various cases such as: the strong coupling case, 


4 ; high or low energy 
case, etc. However, these iterations ate not applicable. 


The reason will be made clear in later arguments. 
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where (H,—/);," means that the unknown quantity in the kernel is replaced by the 
approximate quantity obtained from the Schwinger’s variational method using ¢,. If we 


take the same example in Born’s iteration, the above formula is”* 
Ins) =S8GE, 2) W() ba (eae, 
where G(x, x") = (A cot 6,) (sin(Ax) /) (sin (bx') /b) + G (x,2') 
W(#) nt (a) dx — Soda Sida! W(x) done) (21) Wat) hn (1) 


Rear: 
#2 cot 0," Te J 


[7 ) 0 W(x) hy (x) sin (kx) ax} 


0, may of course be found from the other suitable formula. 
Here we shall give brief explanations of necessity for the variational principle. Consider the following 


eigenvalue equation ; 
Av=iB¢, (6) 
where A and B are self-adjoint operators. Putting c6=¢, (c; cnumber) we get 
A= (¢A¢)/(O-By). 
Considering any (subject however to suitable boundary conditions) infinitesimal variations of ¢ and ¢ inde- 
pendently, 
6{(¢Ay)/(¢B¢)}=0, (6la) or 6(¢(4—AB)¢$) =0, (6.b) 
are equivalent to the equation (6). These are the well known variational principles. Schwinger’s variational 
principle is also nothing but (6, a), though it looks different apparently. 
Now let us estimate the error of A which is due to any finite (not infinitesimal) variations of @ and ¢. 
For this purpose, defining 
u=~-+ Au, w= Aw, 
N= (wAu)|(wBu), 
where ch=q, A are the correct eigenfunction and the correct eigenvalue. Then it follows that 
V=Ah1+ (Aw(A—AB) An) | (6 Ap) + OC dw due)? 
If we take dp, 9, which are calculated by iteration (7), as « and w respectively, the following quantity Ap +9)/2) 
will be defined, : 
A(p4 |) = (Ha Agr) | (Ya Bor), 
since A((p+¢)/2)=Air+s)/2) holds when P+g=r-+s is satisfied, and its error is accordingly 
Ah=Aip +.) 2) -A= (4b 0 (A—AB) Abp)| (bo Bor) + O( Abr Ada)’. 
These are the errors of Ac(p+¢)/2) calculated from the iterative methods. 
Next we shall consider variations of @ and ¢ with finite freedom (not “ any”) as the practical calcula- 


tions. Let a trial function ¢ be expressed as follows ; 

de a2) cafi, Ode Es 0c%, 
where /; are suitable functions which are restricted by the boundary conditions required. The equation (6.b) 
becomes 
2 (agg- Ap bn)c4=0, C=1,-”), 
ie 
a= Ui ASA, 43=GCt BS), Ui=U ir Fi5=b4%- 


where ? 
roximate 1, is determined from the condition that 72 simultaneous homogenity equations are compatible 


The app 


*) For the three dimensional Schwinger iteration, see W. Kohn, Phys. Rev. 74 (1948), 1763. 
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n 

with each other. Thus cj can be solved. Multiplying 2 c; from left side, we get 
= 
Ay= Deas % cg[Zh O49 64 cj=(%,Ad,)/(¢.Bor)- 
ag ij 
Therefore 24, which is determined by the compatibility condition is stationary with respect to errors of q;. 
Let us consider following variational method; namely, putting £ instead of ¢ in (6, b), we require the 

stationary property for only ¢; 


6(g(A—/,/B) $1) = (69,(A-1;/ B) $1) =0, g= 2% bd;, 


where dy need “not” always satisfy any boundary conditions. This method leads to the following simultaneous 
equations ; 


D(ess— As’ 245) €7=0, 
es= (gi ASi), 249= (i BSD). 
Solving 4,’ from the compatibility condition, we get 
4’ =(g1Ads)/ (ot Bor) 
where g; which has to satisfy the boundary conditions required are constructed from ¢; properly as follows ; 
St =2ids Sts 


however @; are of course not determined uniquely. Thus, 4,’ found in this way contains a error which is order 
of the product of errors in @, and in g;. For this reason, the more accurate A, should be recalculated only 
by ¢;, though the latter method is convenient for calculations of c; by its simplicity. The similar method is 


also applicable for the approximate computation of initial-value-problem such as the equation (23) in the 
present paper. 


Above discussions are independent of properties of A, J and the eigenfunction which we notice. If 
the eigenvalues are all positive, the following relation holds for the smallest eigenvalue. (For example ; for the 
ground state in (a) when H, is positive definite). 


AMZAmtlyazdmen 


for any 7. 


Thus we have seen that there are many iterative methods. In sec. 2, introducing 
the coefficient of convergency (=convergency coefficient) (4; (12), it is derived that the 
necessary and sufficient condition of convergency in iteration methods is > 1, and this 
condition is applied to physical problems. In case of (a), if H, is positive definite, the above 
condition can be satisfied only for ground state, and in the case of (b), the procedure does 
not converge in general. Application of this condition to the scattering problems (c) and 


(d) are performed in sec. 3 and sec. 4. In sec. 3, the region of convergency of iteration 


(3) in (c) is shown. (Fig 1). Sec. 4 is concerned with (d). It is proved that in the 


tegion of divergence of (c), Schwinger’s method also diverges, though in this region Born’s 
iteration diverges by a more severe reason as discussed later. Next we show the convergency 
coefficient (/4,) which shows definitely the efficiency of Born approximation in any step 
can be defined in the same way as in sec. 2, and comparing the region of convergency for 
Schwinger’s iteration and Born expansion, we show the former is considerably superior in 
low energy region, however in high energy region the latter is favourable by its simplicity 
for calculation. (Fig 2). In sec. 5, it is shown that the iterative method of (17) has 
the great efficiency which may be seen from (21). In sec. 6, it is discussed that the 
formula (17) is convenient to apply the variational treatment due to the fact that usual 


treatment (22) contains the cumbersome process of solving the seqular determinant, while 
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(23) method does not, so (23) is simpler for calculation. In appendix, several practical 
remarks are stated to make use of the method of sec. 6. 


§2. Convergency of iterative methods 


As we have seen in sec. 1, the equation we consider can be written in the following 
homogeneous form : 


Ad=iB¢, (6) 


with self-adjoint operators A and B, and the eigenvalue 4 to be determined. The Born 
iteration is an exception for its inhomogeneous character, the arguments in connection with 
(5) will therefore be given in sec. 4, together with the arguments of Schwinger iteration 
which has slight differences with (6). To solve this equation by iteration, one starts with 


a suitable trial function ¢,, which satisfies given boundary conditions, and solve in turn 
An 3= Bn, | 


7 
or ni=A'ByY,, ( ) 


where 7 and +1 express the order of approximation of db. 


We shall give two remarks with respect to “ convergence of iteration” for the sake of definiteness. 

(1). If and only if iteration (7) using any trial function converges to °) which is just one we want 
to obtain, (7) will be called “convergent”. The other any cases are called divergent. Even if ¢,, approaches 
some definite function, in the case that this function is not one we want to find, we will therefore call it 
divergent. 

(2). Even if the normalization makes ¢,, infinitely large or infinitesimally small when 7 is made larger 
and larger, it will be called “convergent”, if the shape of the function itself approaches ¢ to arbitrary 
extent. 


Solving the equation (6), eigenfunctions and eigenvalues are obtained as follows ; 
(Discrete eigenvalues are assumed, but generalization to continuous eigenvalue is easy.) 
Ag® =) BY®, 
(=---—1, 0, 1; 2,-°+) 
f =, A“ BY”, 


These ¢ constitute a complete set and the superfix 7 indicates the number of the base of 


this set. As the solution we want to obtain is one of these f, 2A, these will be written 
(i) 


Y, A, Expanding ¢, in terms of # 
{y= Say? $, 
n= Sal? $=Ta/(AOY- (8) 


and defining “ Norm” |¢| as* 


*) This is in the sense that 
(¢ Bd) = Pian (cBy™) 


where g is any function having the same boundary conditions as ¢,, and ¢‘4). The same is true for sec. 4. 
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$= VOB | (9) 
normalization of / is 
[go?| =1 (10) 
and that of ¢/,,, Yn,, are chosen as follows ; 
| (Pn BP® )| = (Pur BeO) |=1 (11) 
being multiplied by suitable factors after the iteration (7). If we put 
Mfn=Pn— Go, AP usi=Pnv1— PO 
(11) means 
Pn =1+ OCG a)? [Pnss|=1+ OAPne1)”s 
and we get from (8)~(11) 
[4bn|/|4one]ez|4? |arin/ AOL =4,  (=0, 1, 2,°--), (12) 


where |A|4,, is the minimum value of |A®| excepting 7=0. Since dy, and do, ,; will 
be considered as errors of ¢,, and ¢/,,.,, the formula (12) expresses the efficiency of 
iteration (7) performed once. We shall call pis “convergent coefficient’ or ‘coefficient 
of convergency”. Since the equal sign in (12) is always necessary, the necessary and 
sufficient condition under which iteration (7) converges for any trial function with 
(by Bp )=£0 is p>. 

Now, we will proceed to consider this condition for the physical problems as follows : 

(a). When binding energy / is known and interaction strength 4 is to be solved ; 
in this case, if H, is positive definite, it certainly converges for the ground state, and 
diverges for the excited state. Because the eigenvalues 4“ are always positive since there 
is the boundary condition that ¢ should vanish at large distance, and 4“ which corresponds 
to the ground state is necessarily smaller than any other A. (The ground states of the 
deuteron and the light nuclei were solved actually in this way. See the examples in the 
present paragraph. ) ° 
/  (b). When / is known and binding energy H( <0) is to be solved; in this case, 
as there exist continuous eigenvalues in H> 0, therefore the discussions stated above must 
be modified in a simple manner as follows ; 


Af@®=E° BY and Af (LE) =EBY (EB), 
$= 3a °G + fa, (E) GL) db, 


**) Norm of arbitrary function ¢ will be expressed by expanding @ into ¢%) as 


I@@M Bo) P 
l= RE OR ENS (dO) By@)| * 


The same is true for sec. 4. 
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(a) 
ayo th (IE), 2 
a 7s (EO)? +| ee ee 
Since continuous eigenvalues Z spread usually from zero to co, it follows that 


[Ae 


Min— 0. 


Thus it always diverges except for a special trial function ¢,. 

(c). Though it is a scattering problem, the way the question is presented is unusual. 
The interaction strength 2(=4) is to be determined from the phase shift. In this 
case, there are both domain of convergence and divergence, but generally speaking, as being 
presumable from (12), it converges when interaction strength is weak in a suitable way. 
es torsee. 3. Fig: 1.) 

(d). It is the case EZ and A are given and phase shift or scattering amplitude are 
to be solved. In this connection, region of convergency of Schwinger’s method and of 
Born’s method are investigated in sec. 4. (c. f. Fig 2.) 

Let good ¢, be obtained by (7), Am) may be calculated as stated in sec. 1. 
Example 

A neutron and a proton interact through the potential of square well type or Hulthén’s type with the 
binding energy 7°. Let iteration (7) be applied to the ground state. 

A=—@}de+77, 7 >0; 
B= 1 ir sek ae | 


Os sal 
B=e-*/(1—e-*) ; for Hulthén well. 


; for squaae well, 


Boundary conditions : 
gp (0) = (co) =0. (¢=0, 1, 2:--). 
Square well: eigenvalues 
MO) = (1/242)? 224274 (1—1/(1/24-2)?*2 Jr +, 
coefficient of convergency 
=9(1- 64/972-7-+-). 
Hulthén well : , 
A‘) = (¢-+1) @-+1+27), 
po) =b. (1-8) 27 -di tifdet +1 [e4-(1—G) #41427], E=1—em#, 
p= (44+47)/(14+27r) =4-1+). 
In these typical examples, when 7 is small y is so large that the convergency can be rapid. However if 
any tensor force potential is added to central force, j: may decrease and can be possibly order of one.®) 


§3. Region of convergency in scattering problem 


In this paragraph, we will take up the problem assigned to (c) class. Theoretically, 
as it needs only to apply the theorem in sec. 2, we had better show directly the region 
of convergence for a typical example. 

Let us suppose neutron-proton scattering by a square well potential. Notations are 
the same in examples of sec. 2, except that 7° is replaced by —%”. The correct S-wave 
phase shift 0 is related as a fnnction of relative wave number k and the potential strength 
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A in the following way : 


Vk 4-2 cot VP +A=k cot (+0), #+A>0, 
/—R—) coh V—#—J=h cot (44+0), #+4<0. 


. . . 7(%) . = 
Having been given 0 in this way, there are series of discrete eigenvalues 4 and eigen 
functions ¢ corresponding with A which are restricted by the following boundary condi- 


tions 
b(0) =0, 
¢b ( (¢=---—1, 0, 1, 2,---) 
sin (ki 27701 0) Sy Li OOS 
sco i) <A < Ah eA) errs : 
Repulsive pot. Ae Attractive pot. 
S 
= 
§ 
2 
si 
1s 
& 
Bb 
FI 
w 
Well depth parameter S, A= (2/2)? S 
Fig 1. Region of convergence and divergence | (horizontal lines) b 
8 8 F 8 | Y: 
iteration (c) for S-wave -f scattering. The tange of squre well is 2.2x 10-18 
cm. 
These 


constitute a complete set in the sense noticed in the foot note of sec. 2. The 
convergency condition which have been studied in sec. 2 is 


H> 1, 


or 


[A®|/[A@|>1, for any 7 (i=K0). . 


Therefore the region of convergency is obtained as the function of & and 2. The results 
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ate summarized in Fig 1. 


For actual nuclear forces, 4 are about 2.3 for spin singlet state and 3.5 for spin triplet 
state, (namely S are about 0.9 and 1.4), so that the convergency is good enough. Generally, 
for the potential having well-depth parameter? .S, the coefficient of convergency in van- 
ishing energy is about (if one neglects a quantity of order 0.001, the following relations 


are correct) ; 


ft = 25/|4S| , |S|S25/4; pw < 25/|4S 


Popol wa /4: 


Above discussions are concerned with S-wave. For higher waves the region of convergency 
will be much increased. For example, at zero energy the bounds of convergence for S, P 
and D-waves are S=4A/n°=6.25, =11.25, =17.30 respectively. 


§4. Schwinger’s iteration method and Born expansion 


Now let us proceed to study the problems in (d). First we have to consider 


Schwinger’s iterative method : 
Onin a A> B Dns 


where A>! B stands for that, for example, the phase shift 0 contained in A! B is 
replaced by the approximate 0,, which is obtained from Schwinger’s stationary expression” 
of & cot 0 using ¢,. We shall postulate, namely “Ju divergent region (excepting border 
lines) of Ynui=A”* Bf, which ts already discusscd in sec. 3, Schwinger’s zteration 


PnixA;, B¢, also diverges’. 


(Proof) 
Eigenvalues and eigenfunctions are 
O={DAIBEMO, G=--—1,0. 1,25"), (13) 
" ¢,9O=/1,0 A, Bo,™, (z=0, 1, 2;:;-), (14) 
where 7 indicates the order of approximation in Schwinger’s iteration and / is the number of the bases in res- 
pective complete sets. Furthermore let the same number 7 of different sets be chosen correspondingly. Assuming 
that iteration 
dnty=A B bn (15) 


diverges and moreover 


T= Ane B Pn (16) 


converges. We expand ¢,, in terms of g,()) and g 
dn=Day Py O =Da,(07 gO, 
4 Fi 


Iterating once by (16), we obtain 
Qin 1 =n AO PO, =D OAD GO, 
As the trial functions are arbitrary, it may be possible that @,,‘*), an’, dy, are in general not zero. Since 
(16) method converges, A,B approaches to correct A7' B, namely ¢,,‘%) converges to ¢‘#) and {,,{%) to 
A, then there exist # for any 7 which are larger than / for which the following relations hold for any positive ¢, 
12> |@m | ||@m’| >1/A+e). 


However since (15) diverges, there are /(j~0) and 4 such as 
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[A |/|AP | >1+4, A>0. 
Putting 
e=(1+ 4)'3—1>0, 
(amt D/| fon +1 O/| = [A |/[AM | - mI | am ©/7| > [AO | [JAP | - | Am 69)/| || aon 7 | £ 1/(1+e) 


>|@m(P|[|amO/|- A+) / (+e)? =|¢mP7|/|amO|- +e). 


vo 
/ 


As these relations hold for any ~ larger than /, 

amen?” |/|@m+n©/| > (1-6) |@mF)7|/| m7. 
Therefore 

Jay ')/|||a,O/| +c, n>. 


This contracts the asummption that (16) converges. 


Speaking of the example in sec. 3, above proof guarantees that Schwinger’s iterative 
method diverges in the region of horizontal lines in Fig 1. However it is difficult to 
prove definitely that Schwinger’s iteration Unii=A,’ B op, is always convergent in conver- 
gent region of ¢,,,=A7' B ¢,, though we can exemplify the convergency as example 2 
of this paragraph. One may suppose however that the convergent regions of the two 
methods are equal, provided that the trial ¢/, is chosen properly. This prediction is cor- 
roborated from the next discussions. 

Let us consider the method that the phase shift 0, in A,, B is recalculated occasionally 
(not each time) by ¢,, which is less efficient than proper Schwinger’s iteration. If the 
interval of recalculating the phase shift are large enough and B is positive definite, it 
can be proved that such Schwinger’s method converges in the convergent region of 
Gnu=A™ By, in sec. 3, provided the trial ¢/, is f which is a solution for 3=0. The 
points of this proof are as follows : 

Let 4 =) be positive. Writing A-} B which is replaced by 6, in place of correct 6 as A,,-! B, 
it follows that 

bm ® =Im® Am? B dim ®, 
dm!) cos ¥e-+- cot Om-sin hv, (xo), 
k cot Om+y=% cot O,— (A — am) (bm B bm) Am © [A 
Due to the property of Schwinger’s variational method,7“) as the relation 
A) — Xn 0, for any 7 
holds, if A, >0 is satisfied for any 1 which is satisfied for do=/, it follows that 
& cot Om+1<4 cot Om, for any 72. 
Also from the properties of Schwinger’s variational method, for the cortect phase 6 
ket O<k cot dm, for any 72. 
If £cot 6< cot dm» holds, as there exist 4 such as 
4) > dm+4, A>0., for any m 
it follows that 
2 cot 0a=—&, 
This is self-contradiction, hence 
k cot d= cot boo. 


T. Kato’) showed that Schwinger’s method could be improved and such modified method converged 
ptovided | 0 |<z. 
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Next we will take up the properties of Born expansion which is a perturbation method 


in scattering problem. The condition of convergency on this method when the iteration 
8) ~10) 


is performed infinitely was given by R. Jost and A. Pais The equation of Born 


iteration is 
Pnxi=AATB $,,=f+4Gy,,: (5) 


We assume that a trial ¢/, and the correct ¢ can be expanded by the eigenfunctions of 


G as follows : 
C™=VOGE_® or g® =vO"Grg®, 
fo=>i a%e® and © =>14 9. 
Also from (5) 
GO =f EIGS HE FROG FER GY, 
FIGS pe EPG E PG, 
Errors of ¢f,, are 
09,=Y,—$ =PE"($o—$) =S1A/r)" (a —4%) ®. 
Defining the ‘‘ Norm” 


= VF Be) 


lle | 
it follows that 
log,|\/ll0¢n +1 a |p| wv in/ [Al =p (x=0, 1, ec ee ) 


where |v|,;, means the minimum value of |p|. This py indicates the efficiency of 
the Born approximation and is expressed in the same form as (12), which ts a@ re- 
markable result because this expresses the relations of accuracy in cach step for any 
“finite” n. Therefore [ty can be called “coefficient of convergency.” The necessary 
and sufficient condition of convergency of Born iteration for any trial function, as in 


$00.2, 25 [_>1- 
If we take (f as trial ¢/, (namely, usual Born approximation), it is possible to prove 


the following relation : 
OQ, =f— a 
logo ll S 1/ te» 


hence 


[Opal S 3/0)" 


*) Convergence properties of the perturbation methods concerning discrete eigenvalues had been discus- 


sed in detail by T. Kato. (c. f. reference (10)). 
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However, since the purpose of this paper is a unified treatment of various iterative methods 
and comparison of them, the proof will be given elsewhere with more detailed study on 
the lowest Born approximation. 
: . 9) 5 t 
When B is a potential with well depth parameter? * S, as |v] ss, at zero energy 


corresponds with S=1, the convergent coefficient for zero energy 1s 
Lr= Lgis. 


If we decompose the system into partial waves, for such one dimmentional iteration, 
as (5:a) fp=1 corresponds |0|=72/2. (0: phase shift). 

We now arrive at the problem of the comparison between Schwinger’s iteration and 
Born iteration. Confining the subsequent discussions only for the one dimensional iteration, 
first we shall prove the following postulate. ‘‘ Convergent region of iteration Yn 3 AS 
Bos, (15) or (3) discussed in sec. 3 is in general more extensive than that of Born 
iteration for any energies, if B is positive definite.’ As convergent region of #,,,;= A~™ 
By, in sec. 3 is infered to agree with that of Schwinger’s iteration, this result is of use 


for understanding the convergence properties of Schwinger iteration and Born iteration. 


(Proof) 


Since B is positive definite, there are A‘*) series as séc. 3, 
22 MEDC IOS AMS {O--, 
The condition that ¢,, converges to %) corresponding with A is 
|A@1/|AO |apin< 1, (40) 
hence, at boundary of convergency, the following relation holds, 
A |=|A latin =As, (240) 


where A; is the upper bound of convergency for Schwinger’s iteration. Now if 2 >0 (A <0), it follows 
that 


As=—AHY =I, (A) 
(Q,=49=—1,,  (B)). 
While in Born iteration, there exist vy‘) series which correspond with 6=(2/-+1)z/2. From them choosing v‘+) 
and y‘—) which correspond with d=7/2 and 6=—7/2 respectively, there are two cases as follows: 
A=), Ona = @) 
dg=|¥]|, [VO |apin =v |, - (8) 
First we shall consider the conbination (4) and (a). If 
yA, (namely 7/2 < 6) 
it follows that 
LV ILMND COVINA Ss, 
[y-)|S|a-Y|=4, =1O Dy) H Ap. 
If yO >4©, (namely d<z/2) 
it follows that 


) When we consider the system into the partial waves se 
given angular momentum the 
is expressed as S=1. 


parately the definition is such that, for any 
depth of the potential which have just one bound state of zero binding energy 
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eH LUV YI COKIN WHS, 
ly < ACY] =4, =AO< yt). 
As this contradicts the assumption (a), it is not the case. Therefore for (A) and (a), 


OSS) =n, 
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Fig 2. Region of divergency for only Born expansion. 
| Born expansion for neutron-proton 


Region of divergency for both Schwinger’s method and 


S-wave scattering by square well potential. The range of square well is 2.2 10—'3 cm, 
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From the combination (A) and (() 


yt ee Agee) aan 
holds in the same manner as above. Writing into a unified form 


Jv? | > As S ap=|YO| 
where |y(+)|s stands for the larger one of |y‘-)|, v{+), and |y'+)| < stands for the smaller one of |y‘~)|, v(+). 
The same is true for (B). The essence of this proof is that the phase shift in the kernel for Born iteration 
is restricted by cot 0=0, while the one for Schwinger’s is free from such restriction. 

In the course of above proof, an upper bound for i, is found. It has been also 
confirmed that the convergence region of Schwinger’s iteration is larger than that of 
Born iteration for all the energy range. Then we shall explain these situations by a 
few examples. 

Example 1. 

The same example in sec. 3, namely neutron-proton S-wave scattering by a square well 
potential. Region of divergency on two methods are showed in Fig. 2. 

The boundary lines of divergent region run through the following points. 

For Born iteration : 
M=pnil4, &p=(2P—1) 07/4, ~22, 
p : odd, d(k*)/dAp=oo, fp: even, d(£)/dip=f*/(26—1), 
two exceptions; #°=0, Ap=7?/4, d(2*)/ddAp=1, 
B=n/4, 2pg=3n%/4, d2)/ddp=1)3; 
For Schwinger iteration : 
R= (f+1)77/4, As=pn*/2, p= 2, 
p : odd, d(2)/dd,= (f2+1)/2A,. Pp : even, d(2)/di, =. 


As can be seen from Fig. 2, Schwinger’s method is much favourable in low energy 
region. For example, for zero energy, the coefficients of convergency p of two methods 
are about 


fy = 25ftz/4, | S)<25/4. 


Since the nuclear force correspond to A~3.5 for spin triplet state, from Fig. 2 we can see 
that divergent region of Born iteration is about O~15 Mev. 
Example 2. 


Neutron-proton S-wave scattering by a 6-function type potential. 
B=26 (7-1). 
In this case both eigenfunctions of A-!B and G don’t constitute the complete sets, hence preceeding arguments 
by expanding into complete sets lose their validity. Nevertheless the following results are derived easily. 
TRE bee. 3 
(1). Schwinger’s iteration converges in the whole A—£2 plane by any trial function which is continuous 


and ate: zero only at 7=7. Of course, since convergent region of (c) are just whole plane, this fact does not 
conflict the theorem in the present paragraph. 


(2) The border line of convergency in Born iteration is* 


Ap=k 


cot £7p-++tan £79). 


* . . . Y . 
) The border line of convergency for S-wave in three dimmensional Born iteration is 


An=Zh | cosec hr |. 
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Thus for such a singular potential Schwinger’s iteration is also more favourable than Born expansion for all 
the energy range. 


§5. An effective method of iteration 


In the preceding paragraphs we have seen the convergent properties of several iterative 
methods. Now in this and next paragraphs we shall investigate a more effective method 
of iteration and its application to variational technique. 


For solving the equation (6), consider the following iterative method : 
(Ahm B) Pnii= Bons 
or (17) 
Pnir= (AA BB) BE n 
where Xin = (Gn A Pn) / Pn Bon)- (18) 
Convergent coefficient of iteration (17) is 
P= |AP —Aoy|avin/|4°—Am|, (ZF 0). 
After normalizing as (10) and (11), we define 
Ap, =n—9. 
From (18) we obtain 
A Ae | =| (Ap (AA B) da) | + O(n)" (19) 
and 
A —Aeay| atin = [AP —A | sein + O(4Gn)”» (0). 
Then 
p= —2 | ein / | (Ain (A AB) Ay) |» {1+ O (490) - 


If we assume that the error of 4, arises from the component to the eigenfunction corres- 


ponding to the eigenvalue nearest to A, pis reduced into 
p= {1+ O(ddn)”} /l4 fal”. (20) 
This means 
|Afnarl=l4fal?s {1+ On) - 
Rewriting this without specification of the normalization on ¢, and Ppy1, it is written as 
[AP as| Parl =l4Pal?/ Pal? {1+ O (Ahn) (21) 


Thus the efficiency of weration (17) is very good and is furthermore independent whether 
i’, corresponds to the ground state or not. It is enough for usual purposes Spe” 
once using a ctude trial function (),. If one wants to solve (6) numerically, Sic Az 
is unknown, 2 must be seeked many times by the trial and error method, while whee 
one solves numerically the equation (17) there is no longer such trouble. After having 


obtained ¢/,,, in this way, Am+n is calculated as 
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hin 1) Ce tAdns1) / (Pn Bd, “a ° 


This 2wms1 contains the error which is order of only (4¢,,1)°. Finally it may be remarked 
that if we can simply estimate an approximate value of A, A. in (17) need not be 


always calculated from (18). In this case the relation (19) are subject to some alteration. 


Example 


To find ¢ and 4 when a neutron and a proton interact through the square well potential which just 
make the system a bound state with zero binding energy. Namely 
A=—dde, B=1, 1>%*; =0, 1<%, 
$ (0) =d$ (1) /dx=0. 
The correct eigenfunctions are 
y@™ =sin (+1/2)nx, «C13; =(—1)", ¥>1, 
and eigenvalues are 
Am) = (m-+1/2)?x*. 
We will take the following ¢ and go) as the trial function ¢¥ in the formula (17) for 77=0 and 1. 
ip =22—2?, 
all's 
do) =4v -2a2—-12¥3-+ 9x4, 
These contain the errors of several parcents compared to the correct solutions : 
gO=sin (xx/2), ~@=sin (3722/2). 
In fact 
2g = (Yo Ago) / (Go Boo) =5/2,  .*.| Ado |/| Po | —0.04, 
dy) =424/19, 2» [Ado |/|o |~0.07. 
Iterating go and qo) once by (17), we get 
© = (2/5)? secV5/2-{4/5-cos[V5/2* (1—x) ] + (a2 —2r—4/5) cos 5/2}, 
+ (--3816.x4/19 + 5088.v3/19 + 2900.x2/19 — 3064/19 — 725/53) cos 424/19}. 


From table 1, we see the correctness of the relation (21). 


correct ©) gO go correct PD | rm go 

’ Se Se ary oot ee } 
(1/4) 0.38268 0.38260 0.4375 0.92388 0.92360 0.7227 
#(1/2) 0.70711 0.70702 0.7500 0.70711 0.70654 0.5625 
(3/4) 0.92388 0.92384 0.9375 —0.38268 — 0.38296 — 0.3398 
/ (0) 1.57080 1.57035 2.0000 4.71239 4.71123 4.0000 


—— 
Table 1. Two examples of the iteration (17). qo are trial functions, and ¢, are obtained from first 
iteration (17). The values of functions are normalized as ¢ (1)=1, $) (1) =—1. 


§ 6. Application to variational treatment 


Let us consider the variational method in order to solve the equation (6) approx- 
imately. This consist in solving the equation (22) for all the possible variations of trial 
(? which has adjustable parameters linearly and satisfies suitable boundary conditions. 


~ 
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(22) 


Since A is unknown, first we must solve the troublesome secular determinant of 7-th order 


in order to determine the approximate / from the condition that 7 simultaneous homogenity 


equations are compatible with each other.* 


compute such a secular equation. 


0(¢, (A—A,) B)f—2B¢,) =0, 
Aw = (Ady) /(Y BY) , 


the calculations are made simple in consequence of the fact that tt does not need to 


On the other hand using the equation : 


(23) 


Let us consider the condition under which (23) can 
be used with the same accuracy instead of (22). 


41 /IPl> 14hl*/Idol* 


where 4¢ means the error of when parameters in ¢/ are adjusted so as to be most suit- 


This becomes remembering (21), 


(24) 


able. If the trial function «/ contains so many parameters that it can approach to an 


arbitrary function by taking suitable values of parameters, @/ in (22) and (23) become 


to be true for # and ¢, in (17) respectively. 


So if the sign of inequality in (24) is 


reverse, the accuracy in (22) is im general superior to the one in (23) provided that 


trial functions ¢ in (22) and (23) have the same form. 


However this condition is sat- 


isfied easily for almost cases because the accuracy |4¢|/|¢| we want to obtain is more 


rough than |4¢,|*/|¢,|° in general. Two examples concerning to the bound state problems 


are given to confirm above arguments. 


This method also can be used conveniently for such 


scattering problems that the potential strength A is to be found when the phase shift is 


known. 
Example 1 


The same example as in sec. 5. Only the ground state (77=() is solved by both (22) and (23). For 


% in (23) 


go= 


2x— x? 


is taken, and for a trial ¢ for both (22) and (23) is assumed to be 
pHcqxtenx3+ cx, (xl), 


where c; are adjustable parameters to be determined by (22) or (23). 


(25) 


(26) 


The results are summarized in Table 2. 


true g (22) method (23) method bo 
0) (1/4) 0.38268 0.38258 0.38251 0.4375 
) (1/2) 0.70711 0.70721 0.70712 0.7500 
¢(3/4) 0.92388 0.92412 0.92408 0.9375 
d’ (0) 1.57080 1.57007 1.56975 2.0000 
A 2.4674011 2.4674023 2.4674024 2.5000 


Se ee 
Table 2. The values of wave functions which are solved by (22) and (23) using the ¢o of (25) 
“and @¢ of (26). (1) =1 for all wave functions. 


*) Recently Hulthén and Laurikeinen devised a method of solving this determinant, which was howeyer 


still troublesome (c. f. reference (11)). 
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From the above table we can see that the accuracies of (22) and (23) are comparable. Thus in this case 
the usefulness of (23) has been comfirmed. The error of A in the (22) JAA is 
Aa! | A —A | a9 ¢,-~6/108 = 1/ (4000), 
hence 
| Ap|/||~1/4000. 
From the example in sec. 5 
| Ago|3/|o|3~ (0.04) 8= 1/17000. 


Thus the inequality of (24) is satisfied. Comparing A obtained by (22) and (23), it is noticeable that A in 
(23) is very close to A in (22) due to the stationary property of 4 when the inequality (24) is properly satis- 
fied as above, though 4 in (22) is always better than 4 in (23) on account of the fact that A obtained by 
(22) is minimum and the best value for this trial function. Comparison between Table 1 and 2 is also ins- 


tructive. One may see the following relation : 
(23) — $(22) =p —9, 


which seems to be plausible. 
Example 2. 


Let the potential strength be given and the binding energy of a neutron and a proton system is to be 
found. Namely situations of energy and potential strength are opposite in the example 1 and in the present 
example. Here we take up Yukawa type with the depth 5/2. 


A= —@)/dx2—52-2/2x, B=1, 
$(0)=0, §o® | (x) 2d =finite. 
The correct eigenfunction and the eigenvalue (binding energy) are!) 
gp =e70.3740182 (1 —e-2) (1+ ac—*#4bc-22 4 ---), 
= —0.139886. 
Taking a very crude ¢» on purpose, 
Pome 9. (1--e*), 
then 
Ao) = — 0.113. 
For trial ¢, we take 
H eH 988 (1072) (eye), 
The results are . 
A= —0.139242, 69=1.016, do0=0.956, for (22) method, 
A=-—- 0.139235, 6)=1.018, Go=0.952, for (23) method. 


where 4) and go. are the quantities!) defined by Hulthén in order to estimate the errors of ¢ in the vicinity 
of the origine and at large distance respectively. For correct ¢, ¢) and gas are to be one. 


: : The circumstances 
which are comfirmed in example 1 also hold good for this example. 


The author would like to express his sincere thanks to Prof. T. Yamanouchi and Prof. 


T. Kato for their kind guidances and valuable advices. He is also indebted to the Yukawa 
Yomiuri Fellowship for the financial aid. 


Appendix 


Several remarks will be stated with regard to practical use of the (23) method. First 
we note that the method using (23) formula requires ¢, which does not appear in (22). 
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However since this ¢, is only restricted by (24), it is sufficient to take in general for ¢, 
a very crude function which is derived by simple variational calculations with one or a few 
adjustable parameters or is determined with one’s eye, in fact the latter is good enough 
for many cases, therefore the additional complications may be trivial. Thus it is possible 
to conclude in almost cases that (23) method is more simple than (22) method because 
it needs no cumbersome calculation of solving the secular equation. 


Secondly discussions with regards to solving the simultaneous linear equations 
n ; 
3) ai; ¢,=2,,  @21;--** 2) (A-1) 
j 
will be given. Since A and B are Hermitian operators, a;; are symmetric. Then it is 


convenient to extend the method given by H. M. James and A. S. Coolidge.” For this 


poupose, we constitute ¢;;, and ¢, by the following recurrence formulae : 


#21 
C45 = Aaj — Deni lx5 [Cakes 
met 
AS 
0; =Ai— J) Cre Cif Cx 
Fa 
and 


ST 4 C= (@=1,---2). (A-2) 3 
j 


The equations (A-1) and (A-2) are equivalent. Since ¢,;=0(2>7), (A-2) are reduced 


to 


Thus it is possible to obtain ¢, in turn from the bottom to aie It can be shown that 
DS) 41; + & ate obtained by the same recurrence formulae, which provides 2 method of ae 

Thirdly, we would like to mention the errors which arise from solving the pus Bot 
(A-1) ot (A-2). It may be infered that since 24, in (23) is very close i Av in. (22); 
the value of the determinant of the coefficients in (A-1) is a small quantity, namely the 


available figures are diminished by cancellation. Putting 


Aes |e%5| ’ 
c,s are determined by the determinant 
een eee Q19 4-1 Qy By fei ees 
= as : fac 
ries ae Any i-1 an Any i41°** 


t notice that it is enough for our poupose to obtain the shape of the 


However we mus ae 
In the other words, only the ratios of c; are our concern, so that we 


function itself, 
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need not find the value of 4. When we solve (A+1) using (A-2), if small quantities 
appear in the course of calculation, they can be handled as if they had the same available 
figures as @,;. Slight considerations for using (A-2) will be helpful to explain this situa- 
tion. Let only ¢,, be small quantity ¢, and other ¢,; and ¢; be order of one. This does 
not lose generality, because the above assumption is valid if we take the base g, of trial 
function ~/ corresponding to 7 a function near to the correct function while the other 
bases 9,(2 + 2) of trial function are different to ¢/, and each other. (= )>Jc,g;). Since 


Li Cnt] Cons 


Geet On aay Cad, n—1— &n=1, 0 My f On n—1 €n,n> 


it follows that 


C25 ci) CAM, nota) enn een 
Thus if all ¢,, and ¢; have the rounding errors of order of 0, 

7 ~O(0/e), 

other de/e~O(0). 

Aiba Anca) Cn ~ OOS) 


however 


A (Gn—1/6n) /(En=1/en)~O(8), 


so that in general 


4 (CALA) TC Ga) ek O(0) : 


Thus the mentioned difficulty is excluded, though there exist accumulated errors as in usual 
calculations. 
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The corretion factors for the linear combinations .of pseudoscalar and tensor interaction, and of 
pseudoscalar and axial vector interaction for the first forbidden 0 — 0 (yes) transition are deduced by 
taking the following into consideration ; i) the effect of the finite size of nucleus, ii) contribution of a 
term which contains a derivative of lepton wave function in the case of pseudoscalar interaction. The 
beta-ray spectrum of RaE is examined by the linear combination of pseudoscalar and tensor interaction. 


§1. Introduction 


Of the Fermi theory of beta-decay! the following seem to be currently accepted as 
having been established that the scalar (S) or the vector (/”) interaction is necessary to 
explain the decay schemes of C” and O"”, from the necessity of Gamow-Teller selection 
tule to account for the short life transitions with a unit spin change the axial vector (A) 
or the tensor (Z°) interaction must be included, and the 7” interaction is more favoured 
than the. 4 interaction by the experiments on the correlation between electron and recoil 
nucleus in He® decay”. By these arguments and the so-called Fierz interference” the 
combination (S, 7)” or (V7, 7)® seems to fit in with the experimental data. On the 
other hand, as to the pseudoscalar (/?) interaction, we have no evidence for its necessity 
except one case, namely, the explanation of beta-ray spectrum of RaH by Petschek and 
Marshak” with (7, ?) combination. 

To explain the beta-ray spectrum of RaE, Petschek and Marshak have at first calculated 
the correction factor, assuming that the nuclear charge is concentrated at the centre of 
nucleus, and then the effect of the finite size of nucleus, calculated by Rose and Holmes”, 
taken into account. This procedure seems to be incomplete because of the following three 
reasons. First, although we must take 84 for the decay of RaE as the atomic number 7, 
the effect of the finite size of nucleus calculated by Rose and Holmes is that for Z=83. 
Secondly, Petschek and Marshak have taken the effect of the so-called finite deBroglie 
wave length” into consideration in their calculation of the correction factor without the 
effect of the finite size of ‘nucleus, but Rose and Holmes have not considered the former 
effect. So it may become meaningless to combine these two calculations. Thirdly, if the 


pseudoscalar nuclear matrix element (fy, is small”, the procedure to evaluate the radial part 


*) The contents of this paper were read at the Kyoto meeting of the Physical Society of Japan on the 
7th May, 1953. 
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of the lepton wave function at the boundary of the nucleus becomes incomplete. Then 
we must proceed to the next order of approximation, and should consider the term which 
contains a derivative of lepton wave function. Ahrens et al.'!?' have pointed out this 
fact, too. According to Ruderman’s'” calculation, however, the matrix element {/7, is not 
so small owing to the so-called pair term, if the nuclear force arises from pseudoscalar 
mesons with pseudoscalar coupling. But Brueckner et al.'® have shown, although their 
calculations is incomplete as they have considered only the simplest case, that there is a 
possibility to reduce this term. Even if the nuclear matrix element {/%7, is not small, 
the term containing the derivatives of lepton wave function may contribute to the 
correction factor, for, in order to explain the decay of RaE by the linear combination 
(7, P) the main terms should cancel each other. 

By the above mentioned reasons it seems worth while to reexamine the pseudoscalar 
interaction and the beta-ray spectrum of RaE. Therefore, we have deduced the matrix 
element for pseudoscalar interaction in § 2, considered the deviation of the lepton wave 
function due to the effect of the finite size of nucleus-in § 3, deduced the correction 
factots for the /, (7, P) and (A, /) interaction in § 4, and lastly in §5 tried to ex- 


plain the beta-ray spectrum of RaE using these results. 


§2, Pseudoscalar interaction 


The matrix element for the pseudoscalar interaction may be written as: 


H=1,\de(E* Oxy, 9%) Br). (1) 


In this expression /,, is the coupling constant of the nuclear particle with the lepton field, 
@; and Y, are the wave functions of the initial and final nuclei, Q, is an operator which 
replaces Y; with a wave function describing a nucleus in which the £-th neutron is 
replaced by a proton. The quantities ~% and ¢ are the quantized wave functions of the 


electron and anti-neutrino, respectively, normalized to one particle in a sphere of unit 
radius. 


To use only th iti i i i i 
y the positive energy solutions of the Dirac equation’, we consider 
an operator : 


C= Pu, (2) 


then 
(P* (+) P16 (—)) = (4 +) CBr (+)) * 
=1(—¢,63+ Ph — $0, = biPs) ¢ 
=D} RG) (0, 9). G) 


h. g 
; and ¢; are the components of ¢(+) and P(+), respectively, where (+) and 6(—) 


repr iti i i 
present the positive and negative energy state solutions of Dirac equation. The ¢,! for 
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the case of pure Coulomb potential are calculated by Rose’. For ¢;, see reference 14). 


R,(v) and @,(0,¢) are defined as follows : 
Riv) 9,9, G) = tf: fo) *s 
Rr) O04, 9)= ih. $1)" 
Ry) 83(0, 9) == i($6.)*. 
Rr) 949, G)= tha Ps)*s 
A 0e) =F V8 e) Yh: (5) 


(4) 


If we expand F,(7) at the nuclear radius p, we get for eq. (1): 


4 : foe) n 
Hai S| Rul) [Qs%r6u( 9) +3 FO. fore") | (6) 

‘For the sake of simplicity, we have omitted dz, Y,* and @, in the expression (6). 
R@(r) is the -th derivative of R,(7) with respect to 7. The first term is the custo- 
marily used transition matrix element for the P interaction.’?'” 

The effect of nuclear force affects the results only if the nuclear force arises from 
pseudoscalar mesons with pseudoscalar coupling. So we assume that nucleon satisfies the 
following Dirac equation : 


(E+ a-p+M—if7,U )¥ =0. (7) 


E, p and WM stand for enetgy, momentum and mass of nucleon; —2/7;,U is the potential 
for the nucleon. 
If we consider only the first two terms in (6), then 


Hi,32 | Rs () 107,00, ¢) 
+L Ro) [Qu (0-742) 0-0) 8509) (8) 


Hereafter, we confine ourselves to the transition 0 —> 0 (yes). In this case 


GCG; Cees R=T1, 2; Bias (9) 
Aq 
and if we put 
4 
ROAR): (10) 
eq. (8) becomes as follows : 
/ eo ery 
Hale 4 [rR(p) +R’ (0 {o-r, ata 
ph + [ERO +R} (a1) 


where 
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poi sor+e {2v=p)y 


\o-7r 
and (12) 
= 1 fPrn=e 1 \o- fp 
7 2M p 
According to the calculation of Ahrens et al.”’®, 
Pio=MGZ/2e) A=1+ (W,—2.5)A"*/Z. (73) 


This relation may be correct as an average over a range of A, Z values, but it seems 
somewhat inadequate to apply this to individual elements. Hence we regarded I'/p as 
a parameter of which value should be determined from experimental data. 

The second term in the numerator of 4’ is of the next order to the first as to 9g, 
and if we neglect that term, 4’ becomes 1. But as we do not know to what extent U7 
contributes, we will write 2’ instead of 1. The fact that Ruderman could make {/77, large 
is Anene the effect of (7. We therefore may not be able to take 4’ as 1, that is, if 
§P7, is really large. And, as it may be seen in the following chapters, to take 4’ as 1 


or not is only equivalent to multiplying 7, and /’/p by constant factors or not. 


§3. The effect of the finite size of the nucleus 


To reexamine the beta-ray spectrum of RaE, we must make eq. (13) include the 
effect of the finite size of the nucleus. This effect has been calculated by Rose and Hol- 
mes” and Malcolm™. As it has been mentioned in the introduction, Rose and Holmes 
have computed for 7=83, and as they have not considered the effect of the finite 
deBroglie wave length, we cannot use their result in our case. Malcolm has calculated the 
effect for Z=84, but his work came to our notice after the present investigation was 
finished and we could not use his results. The correction of the second term of eq. (13) 
by the finite nucleus has been calculated by neither Rose and Holmes nor Malcolm. 

For these reasons, we had to calculate the effect of the finite size of nucleus for 
Z=84. We have done it according to the procedure given by Rose and Holmes. We 
use their notation in the following discussion.” 


*) ret V+1/2): ee O=.0; G0) =rgx(r), where /, and gy are regular radial wave functions 
in a Coulomb field. When we consider ‘the effect of the finite nucleus, %(~) and G,(7) are replaced by 
0,(7) and I',(r). 


FY /G@® —F/G H,atp /© /x,atp 


oa 


® and © are irregular solutions for pure Coulomb field. Bx and ©, *) are regular solutions for the poten- 


tial V;(7) which is determined by the charge distribution inside the nucleus. The x which is outside the 
parentheses is common for all the quantities inside. 
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Rose and Holmes have calculated this effect for 


Ly= (1/2f°F) - (G+ Be) J etc., 
but we have calculated the following quantities for the convenience of later calculations : 
A,=9,(0)/8x(0),  Ba=L(0)/Gx (0), (14) 
C.= Px! (9) /Bx' (0), Da =Tx! (0) /G,! (0): (15) 


The primes attached to %, %} etc. denote the derivatives with respect to p. 
These quantities are : 


A,=14+/-y TS oe WR Raa (16) 


c= f+ We), Wy) rh, D,= 11+ 80) : iN (17) 


bp) BP) Gr) SB (P) 

The results of numerical calculations are shown in Figs. 1, 2, 3 and 4 for the uniform 
nuclear charge distribution. 

As it is unnecessary in the following discussions to consider the cases | x | = 3, we 
have not computed these cases. The greater the value of | x | the more the wave function 
is pushed away, and the effect of the finite nucleus becomes smaller and smaller. Then 
this effect may be neglected for these cases except the very special cases e.g. the case where 


the correction factors cancel each other almost entirely when some types of interaction are 
combined. 
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Fig. 3, Cy 


Fig. 4, BR 11 


1.0 2.0 3.0 


§ 4. Correction factors 


The correction factor C, of pseudoscalar interaction for 0-0 (yes) transition 
may be written : 


1 Ke 5 3 
OF ars 5 eV Oar Eo eae) ahd A peas 
; 4F(Z, W) po (2Mp)’ Cissf1571) CJase05%2) ) 
in which WV is the electron energy, =(IV°—1)'? is its momentum, g is the néutrino 
momentum, and 7,,/,, 7, and 7, /,, m7, are the total angular momentum quantum number, 
azimuthal quantum number and magnetic quantum number of electron and neutrino, respec- 


tively. And 


F(Z, W) =4 (2p) "| Py + iuZW/0) 2/ P2274), 9) 


where 


t= V1 —Us 
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nations. 


In this case, we can consider the linear combinations (7,P) and (A,P). And 
we have calculated not only C,, but also the cross correction factors for these two combi- 


In such cases where A’(~) does not exist, these are calculated by Smith" and 
Pursey™, and for neutron decay by Kotani et al.””. 
The results are : 


2? | 
"— (2M)? | \o-r | [fect 2p Day Flat Dl iy 


+ Mop + 2p + Mop + Wop + 2Nyy+ Zin + Zep + Wop 


4 2G FZ W) 7% | 
Ht Z ey 


(20) 
Cpr A : | \s- fig ' [Loret Leet lpp—Mypp— My pr— Mopp 
| 


’ t 
TMopr—MNpp— MU ypra Nope pra anal 


(21) 
Cuv=1t/2M- | \o-¥ 


j2 
| [Zoar thartlart Mort Mart Moar 


/ 
+ oar + Myap tty apt Moar t Ne ap + Nap |. 
In this calculation, we have assumed 


(22) 


| Fo-r=—lo-n, 


a A235) 
Above are used the abbreviations : 


F(Z, W) = (41)? (app) tere"? | PG wZW/p) (/L n+), 


Sena 
and 


Ll Ein tir ays 2a ay on 
a u 2 a 


Ley Hs Vin Sir 
Minx= Mi” =D JA +m zh, 


(24) 
: La— 
Meg Mae aude +np— Jar , 


i=0, 1, 2, -«-, A=P, TP, and: AP. 


s L- Ss ; : 
Le’, 18, mime, a;" and 7;’ ate given as follows 


i= (1+7)/2; 
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i pei haar A 
0 2 ? 
Lee al fs + (27 +3) Wl. ee 
2y+1 Ww 20 
L°= (7+1) -4Z/20, 
[ps : = (741)? 422272 fr + (742) WW], 
Taare. (F+1)*p 7+ +2) W*}] 
et it { r+1 faz +1 wt, 
2(27 +1) (2742) r ” VEE 
: 2 1— ay, 
LF = (at +2{1+274+2(7+2) W% } | (= 
Qr+1y? Lae ~P+2{ y+2(7+2) 


sar ect ak (- aie : ey) 
‘ “aap S i me Baye Le Sree ak I]. (zy 


ee Lf 
—— 1 me, 7 \ = a-( 4- 2 7 
Gavan CtDO+ ME taG+aen 
UZ, 


282° W{3 (7+ W)242(7+ 1) W+2}] oat 
20 


‘Saas mak ; 2 2 
l; © +1)? 742) Lig+1)°+27(7+3)} 


—22Z2{ (374.4) W287} 4 4utZ | yee: 


if Pees Leas Se mary eee 5 
2G r+ 1p tay t Ot DP MZ +1) + (+ 4 $1) I} 


H4MAW? 27 +1) + (r+ 3) Ww} f; 


[sa —1 [ 44 tLe afc) 
2(27 +1)?(27 +2)? Ce = W 


— (977+ 227 +5) | +4082" —y + (47 +5) W} 47 | , 


L**=24+7,, 

L**= —(2+7,— as 2), 

Mi =2- Pete ; (2 ‘ 
ihe 20 


Me = 2 (1 cae! ae PANY Kd ho (uZ/2p)?, 
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sf 7 UZ, 
m= {7+ 1—27W |. ; 
2p eI We \ wm) 20 


ms=(1—7) - uZ/20, 


L 1 


i ee Pe Due ( P= 2ee) +3 
2 FO rp (27) 


ms ee ae Qty) 42+ W)—4abZ' wt, 
cRalye ee Ww W 


m §=(¢-1) 7/4, 


en SP) Sze Bip gee (EO —202Z°W), 
2 fee Sap EN OW, 


Ng =O [2p 


n¢=—r/W-aZ/20 , 


2 pe Pe (455 (ae +2w)- (2), 
eR Nae” We W 20 
ny=2(4Z/2p)”, 
1h q Fy r +0872 (4+_—21")t, 
zg (27 PT) CN W 


pL. 
ges Ae ay 1) 2 FW) 
=e ei) Or #2) 2p 
ee \=7 zs 4202721}, 
9 (27-41) iW 
3 Z. 
(Ons =e 1447 P4aZ NV ee 
M9. eran i) 20 
By ie ps ares {7 jie 4u2Z2(1 +7) : oz 
ee (2 1)’ WV 2 
Ne = is | (7+ ye gaze p {47 aware) 
5 2(27 +1)°(27 +2) Ww 
+ 2u4Z4*WO +20) |, 
ng = az [a+57+ 27°) p—282°(3 +27) W*] . 
» 27 +1)? 7 +2) 


ag and Js, ox shown in ‘Table I. In this table, the, following abbreviations are used ; 
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Table Ia. 
+ (ne (7,7) 
er y x y 
ty (00+ 909)? (Bo+ Bo’97)* 9 (Oy + 90’97) 44/3 7 (Bo+ Bo’9*) t=1/3 
1 (Bo + 0097) 41 (Bot Bo’9”) Bs 99,0,/3 gByt—1/3 
ty (09+ 009") 02 (Bo+ Bu’ 9) Be 790,/3 gBst—/3 
ey 0,2 By? 
ts 6192 BiBs 
4; 6,° Bo? 
h* Co? no? 
my xo2q? agrg* QxoT1 Gayo —4 
M4 x0%19" A419" g(xo+ x1) Tt g(@o+a;)o-1 
Le) x9" ayy? G71 * Ga,O—4 
1 (90 + 90/97) x07 (Bo+ Bo’g*) ao7 (By + 009") t1—9x001/3 (Bot Bo’g?) ¢-1—9aot—1/3 
ny 8) x07 Bi G07 Ait Byo-4 
n/ (8+ 00°97) 419 = (Bo + Bo’9?) a9 (89+ 009°) t1 —9°x103/3 (Bo + Bog?) 6-1-9" ast -3/3 
n° 0x07 By G07 Oot Bxo—-4 
Nof 01x17 Bias 474 Byo-y 
13 2x19 Brag f * Sens Boo—4 


Table Ib. 7=—7F\=—7S y;/§o-%. 


(4, P) 

x” y 
rf (9/3+2) (00+ 00/97) a4 (9/3 + 7) (Bot Bog”) t-1 
1, (9/3 +7) O04 (9/3 +2) Byt-1 
ly (9/3 + 7) 0263 (9/3 +7) Bot—1 
mM Gxovy Gayo 4 z 
my q(xo+ x1) Ty g(a+a;)o-4 
My THiS Ya;o-1 
2 (09+ 00°97) T1+.9(G/3+-7) xa (Bo+B’o7?)o1+-9(g/3+7 ) age 
ny A174 Bio, 
ny (Oo + 009?) 11+-.9(G/3 +7) x10 (Bo+ Bog?) o-1+-9 (9/3 +7) ayt—1 
19, O37 Boo—4 
720/ Ar Bio-1 
iidy Stas Oot Bro -4 


—_—_—_ eres ee ee era 


By= (7D_,—B_,) 9? + Bp}, 
Poa (at By 12, 

B= (7+1)D_,—B_,+ pI'B_,, 
P= (7+2)D.,—B + er B:,, 


= (7C,—A,) 9? + Ap, 
6. =— (7C,+ A,)/12, 
6,=(74+1)C,—A4,4 oA, 
95 (7 +2) C,— A, + pla, 
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G= (76a elAs;)/3, ho=% (7 Dit pl B,) /3: 
a= {7+1)C_.4+pl'A_} /3, x= {(7+1) D+ lB} /3, 
Co= (71Cot Pl'A,) /3, qo= 11D-2+ pL B_2) /3. 


If we do not take the effect of the finite nucleus into account, the second terms in 
eq. (24) vanish. Ii, m¥ and nj are the constituents of 1, VM, and NV given by Kono- 
pinski and Uhlenbeck"”. For reference, we re-write the Konopinski and Uhlenbeck’s 
correction factors for 0 0 (yes) transition by our notation with the finite size correc- 


tion : 


(2 
7 ! 
C= \o-r | [fort Mop t 2s + Mop t 2M op — Nog Myr 1 vol, 


C.=||o- yr [Jat Moat 2a Moat 20! 4+ Moa ttiat 254) 


Table IH 
op eee gr—*/9 pa= (1437/9) Mor 
my 1 Gaye My A= Mor 
my | Ty o-\" My A=My7 
Mo, 1 o-;- Mo A=MgP 
oa, | t1 o-1" My 4! = Moy’ 
ne 29a171/3 29a—\t-1/3 max (1432/9) "or 
ny | 2g¢?a171/3 29076 -17 1/3 m=(1+32/g)ar 
ny © 290174/3 2g0—st -1/3 my’ a= (1+37/9) 17" 


§5. Beta-ray spectrum of RaE . 


The beta-ray spectrum of RaE was explained by Konopinski and Uhlenbeck™ with 
the 7’ interaction, and by Smith” with the linear combinations (V,T) and (S, scBe 
All of them had regarded this transition as second forbidden. But from the prediction 
of the shell model and the fi-value, this transition seems to be first forbidden”. Naka- 
mura, Umezawa and the author have shown that this spectrum can not be ose by 
the first forbidden transition of the tensor interaction”. Radiative correction”) and 
mesonic correction” may be unable to explain this singular spectrum. 

Recently, Petschek and Matshak® have succeeded in the explanation of Bas spectre 
by the linear combination (7,P). But, as was mentioned in the introduction, it seems 


necessary to reexamine their calculation. : 
- Using the above obtained correction factor, we have attempted to know whether the 
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RaE_ beta- spectrum can be explained by (7, P ) or not. ui have not considered the 
linear combination (4, P), for the A interaction may not exist”. .The RaE beta-spectrum 
has been measured by many authors”. We have used the oe of Langer given in the 
Annual Review of Nuclear Science” 


We have tried to explain the 
i Fig. 5, The relation between A=Aq](Api’/2M) and T/o. 


All of the upper branches of the hyperbolas nearly 


coincide. 


RaE beta-spectrum by adjusting the 
two parameters A=/,/(ApA'/2 M7) 
and /’/p. 

The condition that the three 
points on the Kurie plot for elec- 
tron energy 7, (=maximum ene- 
rgy), WV, and W, should lie on a 
straight line is represented by a quad- 
ratic for A and [’/o. The graphs of 


these quadratics for various values 


000 


of W, and IV, are shown in Fig. 
5. These are hyperbolas. They 
coincide practically with each other 
except near the apices, and we may 
be able to regard them as one hy- 
perbola. In the explanation of the 
RaE beta-spectrum, / and /’/ must 
be based on this hyperbola. 

From Fig. 5, we can conclude 
A-I'/o0<0. By the _ estimation 
(14) given by Ahrens et al.°/ 
the value of /’/o is about 200, 
and we cannot explain the spectrum 
by this value for any value of /. 

But not all of the points on 
this hyperbola can explain the RaE 
beta-spectrum, for, although many 
hyperbolas seem to coincide with 
each other, they do not necessarily — 1000 
coincide at every point. 

Therefore we have plotted the 
Kurie plots of RaE for various 
points on the hyperbola. And we 


--200 —100 0 ; 
found that when 00 — 10 100 . 200 300 


5/1422) 


2 


‘ ‘ 
) Very recently, Yamada has shown that this spectrum can be ex 


fained b AS: . 
transition to be first forbidden?” , Pee y CS, 7), assuming the 
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360> I’/o> —1500, 


or putting 4’=1, when 


0.098 > [ar/ilo-r> --0.41, 


Fig. 6a. 


T/o 
2017(10) 


27800(7.0) 
2M(1) 
M(0.5) 
1000 (0.27) 
800 (0.22) 
500 (0.14) 
440 (0.12) 
400(0.11) 
367 (0.10) 
365 (0.099) 


360(0.098) 


Rue 


lepton wave function. 
assumed /17)=3.29. 


(Fo) /A=—7.4 


The Kurie plots of RaE for 
the points based on the part -of 
the upper branch. of the hyperbola 
and which is near the line (26). 
The values in parentheses indicate 
§Byz/\o-7 and Az/Ap. 


most Kurie plot is thé one which 


The top- 


is obtaind by neglecting the terms 
which contain the derivative of the © 


We have | 


A 
—4920(—1.34) 


—2M(—1) 
—468(—0.13) 
—220(—0.060) 
—106(—0.029) 
—80(—0.022) 
—35(—0.0095) 
—25(—0.0068) 
— 18(—0.0049) 
—10(—0.0027) 
—10(—0.0027) 


—8(—0.0022) 
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we can not explain the RaE beta-spectrum for any ratio of the coupling constants of the 
T and FP interaction. 

If the magnitude of {/7, or 1’/p is so large as was shown by Ruderman™, the RaE 
beta-specttum can be undoubtedly explained. And even if it reduces to about one tenth 
of Ruderman’s value by virtue of the damping effect calculated by Brueckner et al.™, 
can explain the RaE beta-spectrum by the linear combination (7, P). But when we intro- 


we 


duce more complicated processes into the calculation of Brueckner et al., if the magnitude 
of {/%7, more reduced, we cannot explain the RaE beta-spectrum by the linear combination 
Cia 

As for 4, if the RaE decay is 0 +0 (yes), the region 


or assuming 4/=1 


Fig. 6b. The Kurie plots of RaE for 
the points based on the part of the 
upper branch of the hyperbola, 
and which is near the line (25). 
The topmost Kurie plot is the one 
which is obtained by neglecting 
the terms which contain the deri- 
vative of the lepton wave function. 


(T/)/A=—19 

T/o a 
71000 (19.3) —2M(—1) 
20M(10) —1900(—0.52) 
2M(1) —158{—0.043) 


M(0.5) —65(—0.0177) 


= aT a; 1300(0.35) —35(—0.0095) 
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0.033>A,/Ap> —0.0027 


is forbidden*. 
The asymptotes of this hyperbola are : 


I"/o= —19A4+ 680, (25) 
I'/p=—7.44+ 160. (26) 


These are the relations between /'/o and /, when the term A’(~) does not appear in eq. 
C13}. 

For the large values of | /"/p| the part of the hyperbola which is close by the line 
(25) seems to fit in better with the experimental data, and for the small values of 
| [’/p|, the part which is near the line (26) seem to be better. 

The best Kurie plots for various values of 1'/ p and for A= +27 are shown in Fig. 
6. These seem to explain the RaE beta-spectrum fairly well. 

If a cancellation occurs between the terms which do not contain the derivatives of 


lepton wave function, it occurs also between the terms which contain the derivatives, and 


Fig. 6c. The Kurie plots of RaE for 
the points based on the part of 
the lower branch of the hyper- 
bola, and which is near the line 


(26). 
T/o ri 
—20M(—10) 4950 (1.35) 
—27500(—7.5) 2M(1) 


—2M(—-1) 516(0.141) 


*) Fujita and. Yamada®” and Kofoed-Hansen and Winther*!) have obtained the extent to which the 


i 5 312 
ratio of Ap and dp can exist from the analysis of the beta-ray spectra of He® and BY. 
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the term R’(p) in eq. (13) hardly affects the results except near the apex of the hyper- 


bola. 


Fig. 6d. The Kurie plots of RaE 
for the points based on the part 
of the lower branch of the hyper- 
bola, and which is close by the 


line (25). 
T/e R 
— 69000 (— 18.8) 24M(1) 
—20.17(—10) 1970(0.54) 
—2M(—1) 229 (0.062) 
—1500( 0.41) 115 (0.0.31) 


LO 2,0 3.0 


Table III. The ratios of the nuclear matrix elements for Ay/Ap=-+1 


Ar|ap | =i = a 
Takebe 19.3 or 7.03 | —18.8 or —7.49 
§Brs/2Sor | 
Petschek & Marshak 13 | —13 
Acknowledgments 


The author wishes to express his cordial thanks to Professor R, E. Marshak for his 
valuable discussions at Kyoto. In addition, the author wishes to thank Professor T. 
Yamanouchi, Professor M. Taketani, Professor S. Nakamura, Dr. M. Umezawa, Dr. M. 
Morita, Dr. M Yamada and Dr. S. Okubo for their kind interest in this work. Miss 
M. Hayashi, Miss T. Nakano, Mr. T. Hibino, Mr. Y. Nakai, Mr. T. Takebe and Mr. 
M. Watanabe were very kind and helpful in the numerical. calculations. The author is 
indebted to the “ Yukawa Yomiuri Fellowship ” for the financial aid. : 


10) 
11) 
12) 
13) 
14) 
15) 
16) 
17) 
18) 
19) 
20) 
21) 
22) 
23) 


24) 
25) 
26) 


27) 
28) 


29) 
30) 
31) 


Pseudoscalar Interaction in the Theory of Beta-decay and Rak 689 


References 


R. Serr, H.R.Muether and M.G.White, Phys. Rev. 75 (1949), 282. 


J. S. Allen and W.K.Jentschke, Phys. Rev. 89 (1953), 902. 


B. M. Rustad and S. L. Ruby, Phys. Rev. 89 (1953), 880. 
M. Fierz, ZS. f. Physik 104 (1937), 553. 
H. M. Mahmoud and E. J. Konopinski, Phys. Rev. 88 (1952), 1266. 
M. Taketani, S. Nakamura, K. Ono and M. Umezawa, Soryushiron-kenkyu (Mimeographed circular 
in Japanese) 4 (1952), No. 6, 24;- No. 8, 45; No. 12, 96. 
A. G. Petschek and R. E. Marshak, Phys. Rev. 85(1952), 698. 
M. E. Rose and D. K. Holmes, Oak Ridge National Laboratory Report 1022 (1951); Phys. Rev. 
83 (1951), 190. The author wishes to thank Dr. Rose for correspondence concerning these calcu- 
lation. 
M. E. Rose and C. L. Perry, Phys. Rev. 90 (1953), 479; M. E. Rose, C. L. Perry and N. M. 
Dismuke, Oak Ridge National Laboratory Report 1459 (1953). 
T. Ahrens and E. Feenberg, Phys. Rev. 86 (952), 64. 
T. Ahrens, E. Feenberg and H. Primakof, Phys. Rev. 87 (1952), 663. 
T. Ahrens, Phys. Rev. 99 (1953), 974. 
M. Ruderman, Phys. Rev. 89 (1953), 1227. 
K. A. Brueckner, M. Gell-Mann and M. Goldberger, Bhs Rev. 90 (1953), 476. 
R. E. Marshak, Phys. Rev. 61 (1942), 431. 

E. Rose, Phys. Rev. 51 (1937), 484. 

J. Konopinski and G. E. Uhlenbeck, Phys. Rev. 60 (1941), 308. 

Greuling, Phys. Rev. 61 (1942), 568. 
Ma ip hs Phil. Mag. 43 (1952), 1011. 

. Smith, Phys. Rev. 82 (1951), 955. 
fo Phil. Mag. 42 (1951), 1193. 

Kotani, H. Takebe, M. Umezawa and Y. Yamaguchi, Prog. Theor. Phys. 8 (1952), 120. 

A. M. Smith, Phil. Mag. 4% (1952), 915. 
S. Nakamura, M. Umezawa and H. Takebe, Phys. Rev. 84 (1951), 865; Prog. Theor. Phys. 6 
(1951), 605. 

T. Nakano, Y. Watanabe, S. Hanawa and T. Miyazima, Prog. Theor. Phys. 5 (1950), 1014. 

E. Merzbacher, Phys. Rev. 81 (1951), 942. 
T. Kotani, S. Machida, S. Nakamura, H. Takebe, M. Umezawa and T. Yoshimura, Prog. Theor. 
Phys. 6 (1951), 1007. 
M. Yamada, Prog. Theor. Phys. 1) (1953), 252. 
Flammersfeld, ‘ZS. f. Physik 112 (1939), 727; G. J. Neary, Proc. Roy. Soc. A 175 (1940) 71; 
L. M. Langer, Phys. Rev. 75 (1949), 328; R.Mortissey and C. S. Wu, Phys. Rev. 75 (1949), 
1288; L. M. Langer and H. C. Price, Jr., Phys. Rev. 76 (1949), 641. 

E. J. Konopinski and L. M. Langer, Annual Review of Nuclear Science 2 (1953), 261. 
J. Fujita and M. Yamada, Prog. Theor. Phys. 10 (1953), 518. 

O. Kofoed-Hansen and A. Winther, to appear soon. 


M. 
E. 
E; 
I. 
A. 
Dp: 
38 


690 


Letters to the Editor 


Note on the Neutral Vector 


Meson Theory 


R. J. Glauber 


Harvard University, Cambridge, 
Massachusetts, U.S.A. 


November 19, 1953 


In a recent paper!) we have discussed a formula- 
tion of the neutral vector meson theory which exhibits 
a gauge invariance analogous to that of quantum 
electrodynamics. The treatment employs a vector 
field A, and a scalar field 2, both solutions of the 
Klein-Gordon equation, together with state vectors 
subject to the supplementary condition (0,4, 
+B) ¥V=0. It was noted that following a contact 
transformation the interaction Hamiltonian reduces 
to the simple form 3(=/,4,, so that computations 
with the theory are closely similar to those of ele- 
ctrodynamics. Some differences occur, of course, in 
problems involving renormalization of the meson mass. 
The meson mass occurs in both the 4, and A fields 
and undergoes the same renormalization in each. 
In practice this may be recognized in any self-energy 
calculation with the simplified interaction Hamiltonian 
by using the supplementary condition to express 
occurrences of the divergence of 4, in terms of JZ. 
_ Ina paper appearing elsewhere in this issue”), 
O. Hara and H. Okonogi consider the self-energy 
problem for the field 4, in the Heisenberg representa- 
tion. In the absence of real nucleons their computa- 
tion of the current vector in terms of A, redtices 
the equation of motion ([]—y?) 4)=/, to a homo- 
geneous equation for 4,. They show that in the 
second order of perturbation theory /, has the gauge 
invariant form C(4,—y-°0,0,A4,), in which C is 
an infinite constant*). The presence of the derivative 
terms in this expression might appear, as the authors 
indicate to prevent the interpretation of C as an incre- 
ment of 4?. This would indeed be the case if the 
field B were not implicitly present. That the re- 
normalization procedure is actually unobstructed may 
be seen by employing a variant of the device of letting 
pt be the observed mass and subtracting appropriate 


counter-terms from the Lagrangian. Instead of choos- 
ing the familiar counter-terms 1/2-0(4") 4,4, and 
1/2-6(2) B® we replace the latter one by 1/(2p")- 
-6(2) (04,/0x,)%, an expression whose expectation 
value, the supplementary condition assures us will 
be the same for all admissible state vectors. The 
equation of motion for 4 derived with the altered 
Lagrangian then contains counter terms which, with 
the identification 6(2) =C, precisely cancel the ex- 
pression for jy. 


1) R. J. Glauber, Prog. Theor. Phys. 9 (1953), 
295. 

2) O. Hara and H. Okonogi, Prog. Theor. Phys. 
10 (1953), 191. We are indebted to the 
authors for a copy of their manuscript. 

3) This form holds in the higher orders as well. 
The constant C contains a factor of y? and 
therefore vanishes in the electromagnetic limit. 


On the lower energy levels of Li® 


T. Ishidzu 


Department of Applied Physics, Faculty of 
Engineering, University of Tokyo 


S. Obi 


College of General Education, University of Tokyo 


' November 19, 1953 


From various evidences about two-nucleon data", 
the existence of the tensor interactions between two 
nucleons seems to be almost decisive. We have tried 
the calculations of the energy levels for several light 
nuclei, taking the tensor forces into account, provided 
the independent particle shell model is valid, and 
have obtained some results for lower levels of Li®, 
which are reported below. 

The interaction potential between two nucleons 
is assumed to be of the form, according to the 
neutral theory!) +2) ;3) 
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Vyo={A—g) +8 Poh VE (49) + 5Sy9° V* (49) 
with 
Sy9=3 (4,742) (o2742) 12? — (402) 
where 7, is the spin exchange operator, ¢ is a 
numerical constant, and V@ (740) and J” (740) are 
the radial dependencies of the scalar and the tensor 
interactions respectively. For both V@(745) and 
Vt(4.) we adopt the Yukawa well shapes with 
different ranges ~~ and 7; respectively: 
VC (749) = —Vo-exp(—"9/7e)/C2/7e); 
Vt (449) = —7V0-exp(— 749/74) | 79/7"t)- 
For the radial part of the wave functions of the two 
nucleons outside the closed shell the harmonic oscillator 
function?) is employed, which is written as, corres- 
ponding to the assumed configuration 7° for Li®, 
Rp(4) =NV-r exp(—v7?/2) 


with normalization 


\ Ripe) 2dr=1. 
0 


Several sets of numerical values of i) the potential 
depth 19, ii) the ratio of two force ranges p=7,/r¢ 
and iii) the ratio of the depth of tensor to that of 
central force 7, were selected from the Feshbach- 
Schwinger’s results!) in order to fit the calculated 
values to the experimental data‘)»®) of the following 
three quantities: (a) the magnetic moment of the 
ground state pw, (b) the interval between the 1.Sp 
and the ground (*.S; main) state, and (c) the interval 
between the °2, and the ground state. The exchange 
force constant ~ was adjusted also to fit to the singlet 
scattering result /)(1—22) =46.48 Mev as much as 
possible. Complete reconcilation between the two- 
nucleon- and the Li®-data was not possible, but by 
mere alterations of the potential depth /) (larger 
values than those of Feshbach-Schwinger) fairly good 
results were obtained as shown in Table I and Fig. 
1. The results of the calculations do not depend 
upon the absolute value of nuclear radius, but only 
on its relative ratios to force ranges Ae =1](Y 2vre) 
and A, =1/(V 27,4). For r¢=1.185 x 10-¥em) ») 
Ac =1 gives the “ radius ” V 2/y=2r¢ =2.37-X 10718 


¥ 


cm. 


399 3D, 
329 *D, 
3.00 "Se 305 i 
2.68 °p, se , 
csi Ds 1,89 a5) 
CO cena eS: fo) coe 
Cable.) Cale. (2) 


6,64 *D, 
ASI 4p, 
356—_—_—_— 's,, 35 B= 'S, 
Z19 ———°D, ? 
1,86 4p, 


(0) een Se 


Cale.(3) Obs 
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Table I. 
Calc. (1) Cale. (2) Calc. (3) 


‘Ae 1.5 1.5 £2 
he 1.3 12 1.0 
p=" |" 1.15 1.25 1.20 

> (Mev) 85 85 80 
r 1.00 1.20 1.56 
2g 0.58 0.55 0.40 
Vo(1—2¢) 35.7 38.3 48.0 
wk 0.83839 0.81860 0.82206 


*) HL exp= 0.82189 


Komoda and Sasaki?) obtained a good result for the 
magnetic moment of Li® also taking into account the 
tensor interactions, but as they did not consider the 
spin-exchange interactions the position of the 1.5) 
level could not be predicted correctly. Their assump- 
tion that the first excited level should be the *D, 
level also seems incompatible with observation. 

In conclusion we wish to express our indebtediess 
and thanks to Mr. H. Horie, Mr. S. Yanagawa and 
Mr. M. Sato for their valuable discussions and sug- 
gestions on this work. 


1) H. Feshbach and J. Schwinger, Phys. Rev. 84 

: (1951), 194. 

2) T. Komoda and M. Sasaki, Prog. Theor. Phys. 
8 (1952), 669. 

3) R. L. Pease and H. Feshbach, Phys. Rev. 88 
(1952), 945. 

4) I. Talmi, Helv. Phys. Acta 25 (1952), 185. 

5) FF. Ajzenberg and T. Lauritsen, Rev. Mod. Phys. 
24 (1952), 321; 
D. R. Inglis, Rev. Mod. Phys. 25 (1953), 390. 

6) P. F. A. Klinkenberg, Rev. Mod. Phys. 24 
(1952), 63. 


Non-perturbation Approach Method 
by Edwards 


S. Okubo 
Physical Department, University of Tokyo 


November 23, 1953 


In the case of the interaction between the scalar 
meson and scalar photon fields, it is shown that 


Ap’(p~) and I'(f,/) are obtained by the same 
method as the Edwards’) and the mass subtraction 
is done in the closed form. 

The interaction Hamiltonian is given by 


H= 96*¢A—0( 2) o* 6. (1) 


Here ¢ and A represent the salar meson and photon 
respectively, and 3(y?)¢*¢ is the mass subtraction 
term. We consider 


only the all graphs * x 


of the form in 
Fig. 1. This cor- 
responds to the ap- 
proximation done 
by Edwards?). P 
Then the pro- 
é 


pagation function 


Ap’ satisfies the 
next integral eqn- 


ation : 
Ap! (ey) = Ap (x—y) +80) | dra =a) 
x Ap(s—y) dz — 9) Ap (x —4/) Ap’ (a7 —9’) 


x Ar 9’ — 9) Dr (x/ —9’) ax’ dy’. (2) 


By the fourier transformation, this reduces to 


1 6 (u") 
Ap! fs ee ; 
r’(P) s gleae (f2+p2)2 
i Lie (COs 


ant (+e) it © 


or 


(Pte) *An (Pf) = 1 24 8) 82) 


aos g { Ap’ (2’) 
(2z)4 


So aa 3)7 

(p18? @ 

Following Edwards, we put 

Ap’ Sis 1, 
FEY Vo pts pia a 


(4) 


and notice that 


i in it 
dip = 
leat a itty 
Here, 4” in the denominator of (4) has the vanish- 


ingly small negative imaginary part. (5) is shown 
by the direct calculation of the usual method. Then 


tion. 
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( dod 
as Mey(at204, + oars ae ge Fs 


= —2( 7?+ yp") —20(u") 


Ca Val F(t) 
ae : E 
¢ Sa (4-2?) (27+ +4) 


(3) 4/ 


Integrating partially the left hand of (3/7) and 
equating the corresponding terms in both side, we get 


#2 dF[dP = (g'/16n°) P| saa 


©) 
CP) p=0= (BP) 1=0=0, 
2tF ie 
Preeti tna 2L0724 224 42 
TG LES a 
apt ba ete -Aa-O 


(7) is equivalent to the next 


F(00) — (4F’) a= ieee 


F’ (00) = —21, CAL 
(F 0?) w= (F7/4) w=0. 
Put 
y=—w It, 
x (8) 
A= 9" /16r°p’, 


then (6) and (7’) become to 
yy) 2F|a2+20—-N) AF [dy—-AP=0, (9) 
(F(y) |v) y=—0 = (dF / dy) y=-0 = 0; (9) 


(y? dP /dy) y=0= —2iK", 


aC Ne aia 22 at eo ce > 


The solutions of the first equation of (9) are given by 


(9)/ 


R=Fla, B %N=14 DG pier) 
..(a+n—1) B(B+) (B+1)-- 
.(B+2—1)9, 
(10) 


: pap i dy 
ae 0 =r St 
CLD MET ATED, 


Here 
a=(14+V 1440/2, B=(—-V1+442)/2 (10)’ 


and F(a, B, 2, 7) represents a hepesasomnerric func- 
Now / is positive, and so a is positive and 


f is negative. We suppose that the coupling constant 
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g is not large and so A is smaller than two. Then 
1+—8 >0 (11) 


and 


Ay) ~e-lp®, (y>—-o). 


Therefore, the second equation of (9) is satisfied 
by both / and /, but (9) can be satisfied only 
by “2. 


F(9) = 25 p214(9) 


: } dy 
=—27 2 F,( v \ ee ae 
Be Pay) 69) 2F2( yy’ 


pee gly Aho 
Lp) arr Cerca al 


Thus, the inhomogeneous equation (3) has the solu- 
tion, different from Edwards’ case. 


(4), 


(12) 


From this and 


‘ ) Fo 
Ap! (pf) = — 2048 [ia d LF) (13) 


ey Ma 

LCP) 21 
It is interesting that O(?) is determined. uniquely 
in the contrast with the perturbation method, where 


the Dyson’s?) prescription is necessitated in order to 
make 0(y") unique. 

The same method can be applied for the sum 
of such all graphs in Fig. 2 as Edwards!) considered 


originally. The integral equation is given by 
z ig” 1 al 
ee Cay: aera, (72+ p)? 
xP, pa. 


In the same way, this solution is given by 


2 
ra p= +e) oa, ee 


F(a, B; 2, —)de 


2 F(a; B, 2, —) 
ge: +3), (At+y) (149+ (77/2°).9) 


dy. (14) 
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a and B are the same as before and the condition 
(11) is postulated. The author represents his thanks 
to the Yukawa Yomiuri Fellowship for the financial 
aids. 


1) S. FE. Edwards, Phys. Rev. 99 (1953), 284. 
2) FE. J. Dyson, Phys. Rev. 75 (1949), 1736. 


Fourth Order Calculations 
of Meson-Proton Scattering in 
the Symmetrical Ps(Ps) Theory 


K. Nakabayasi, K. Hasegawa 


and I. Yamamura 


Physics Institute, Tohoku University 
November 28, 1953 


Previously* we had calculated meson-proton 
scattering cross sections up to the fourth order in 
the symmetrical ps(ps) theory by the covariant 
perturbation method, in order to partly supplement 
the work of Ashkin et al!). and particularly to test 
whether the curious energy dependence just then 
observed*), including signs of the scattering ampli- 
tudes*), could be reproducible to any extent. 

Since then, many experimental*) and theoretical» 


researches have been carried out. Although a com- 


* Read at Kyoto Meeting of Physical Society of 
Japan, May 4, 1953. 


pletely satisfactory theory is yet unavailable, it was 
proved that the perturbation method is not good 
compared with the Tamm:Dancoff’s”. One reason 
for this is that the core term remains still much 
effective in the perturbational treatment, as shown 
Drell and Henley?) and in a more consistent way 
by Sawada et al®. 
seems to be promising, because it yields, besides, the 


The symmetrical ps(ps) theory 


equivalent py-coupling term, a term which gives rise 
to a charge dependent s-wave scattering required by 
We shall briefly report the 


perturbational results for comparison and. reference. 


the experimental data. 


The Feynman-Dyson’s graphs for meson-proton 
scatterings up to the fourth order are given in Fig. 1; 
the corresponding matrix elements, 


Ue 


Feynman-Dyson’s graphs for meson-proton 


Fig. .1- 
scatterings up to the fourth order. 


except for the second order I and II, involve (after 
renormalization) many multiple integrals depending 
on two invariant parameters) «,=—A-+2e’/AIC 2, 
X= —A—2e/MC? where A= (p/ M7)? and ¢, & are 
the energies of the incident and scattered mesons in 
lab. system. Of these integrals, those occurring for 


Table 1. Total cross sections ¢(mb) 


o= Ag? + Ba +-Cai, a=f?*/4ntc 
energy o(+, +) a= F=) a(—, 0) Y 
(Mev) A B C A Bee Gore AD ey B C 
o**| 4.8 —4.3 1.0 37 3.0 06 | 0.05 —0.06 0.02 
—_ x) | 
60 4.6 AA 1.0 3.2 —2.2 0.4 0.07 —0.12 .| 0.05 
110 44 —3.9 10 |. 2.8, —19 0.4 | me a Saas 0.08 
135 | 43 =39 1.0 2a) Es 0.35 | 0.11 0.17 0.09 
180 4.2 —4.0 ante bos —1.6;, 4 0.35. |; 0.14 —0.21 0.11 


** There is a discrepancy of about 4024 between the results of Ashkin et al. and ours, 
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the crossed graph Ic and especially for the ladder 
graph IIc are much complicated; each of them is, 
however, by suitable transformations reduced to at 
most double integrals, most of them being able to 
be evaluated analytically with errors of a few? for 
€ < 200 Mev. 

Numerical results were obtained for five incident 
meson energies and five scattering angles (0, 45, 90, 
135 and 180 degrees in lab. system), with about 
10% errors. The meson-proton scattering process 
proves however to be almost isotropic for the energy 
range considered. The total cross sections are given 
in Tab. 1 and Fig. 2. For the latter, the conventional 
coupling constant a==/7/42%c was chosen to be 
3.4 so as to fit the experimental data for positive 
meson scattering at 60 Mev.) Total cross sections 


TOTAL CROSS SECTION & (am b) 


0 30 60 90 120 


150 180 
ENERGY OF THE 1NCIDENT MESON {N LAB. 
SYSTEN (Mev) 


Fig. 2. Total cross sections of meson-proton scatter- 
ings for a=f2/4n%c=3.4. Full lines and dotted 
lines are total cross sections up to the 4-th and 2-nd 
order respectively. ©, @ and © are experimental 
data for o(+,+), o(—,—) and o(—,0), cf. 


reference 4). 


thus obtained really increase as meson energy, but 
in much less extent compared with the experi- 
ments, even for the charge-exchange scattering, to 
which the core term does not contribute in the second 
order process. For this increase are the large fourth 
order matrix elements, with sign opposite to the 
second order ones, responsible, thus showing at the 


same time invalidity of the perturbational approxima- 
tion. Due to this situation, the couling constant 
had to be taken about four times smaller than that 
usually accepted, though consistent with the value 
deduced from the fourth order radiative corrections 
to the anomalous magnetic moment, of nucleon.’ 

The authors wish to thank Messrs. Ichikawa and 
Ishii for laborious numerical integrations. 


1) Ashkin, Simon and Marshak, Prog. Theor. Phys. 
5 (1850), 634. (The 4-th order numerical 
calculations are only for Thomson fimit.) 

2) Anderson, Fermi et al., Phys. Rev. 85 (1952), 
934(L), 935(L), 936(L). 

3) Bethe and Wilson, Phys. Rev. 83 (1951), 690; 
Kaplon, Phys. Rev. 85 (1952), 1059. 

4) Most recent reports are Anderson, Fermi Martin 
and Nagle, Phys. Rev. 91 (1953), 155; Fowler, 
Fowler, Shutt, Thorndike and Whittemore, ditto 
135; Roberts and Tinlot, Phys, Rev. 9) (1953), 
951(L); Angell and Perry, ditto 724(L); 
Bodansky, Sachs and Steinberger, ditto 996(L), 
997(L). 

5) Most of them are for the symmetrical ps(pv) ~ 
theory. Cf. also Proc. 3rd Annual Rochester 
Conference. 

6) Dyson et al., Phys. Rev. 99 (1953), 372 (A) ; 
Fubini, Nuovo Cimento 10 (1953), 564; 
851(L) ; Chiba and Yamazaki, private com- 
munication. 

7) Drell and Henley, Phys. Rey. 88 (1952), 1053; 
cf. also Wentzel, Phys. Rev. 86 (1952) 802: 
Brueckner, Gell-Mann. and Goldberger, Phys. 
Rev. 99 (1953), 476; Hasegawa and Azuma, 
Prog. Theor. Phys. 10 (1953), 240 (L) ; Karplus, 
Kivelson and Martin, Phys. Rev. 99 (1953), 
1072. 

8) Sawada and Tani, read at Internat. Conf. of 
Theor. Phys., Kyoto, Sept. 21, 1953. 

9) Brown and Feynman, Phys. Rev. 85 (1952), 231. 

10) The value 20 mb was adopted ; cf. reference 2) 
and Fowler, Fowler, Shutt, Thorndike and 
Whittemore, Phys. Rev. 86 (1952), 1053. 
Bodansky et al. recently reported somewhat 
smaller value, 15.3 mb. 

11) Nakabayasi and Sato, Prog. Theor. Phys. 6 
(1951), 242(L) ; Sci. Rep. Tohoku Univ. 1 ser. 
34 (1950), 169. There are some unfortunate 
mistakes concerning numerical evaluations. We 
hope to publish the corrected results in the 
near future, 
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Fourth Order Phase Shifts for 
Meson-Proton Scattering in the 


Symmetrical Ps(Ps) Theory 


K. Nakabayasi, K. Hasegawa 


and I, Yamamura 
Physics Institute, Tohoku University 


November 28, 1953 


Recently the phase shift analysis of meson-proton 
scattering has been carried out by several authors’). 
For comparison, we also do it ‘for our covariant 
fourth order perturbational calculations reported in 
the preceding letter. 

For our case of the symmetrical ps(ps) theory, 
the scattering matrix element “ defined by 


C25 M\S—1| pf, k) =604( p/ +h —p—k) 


(2, RD, DV Pho! W Poko A) 


can be written as follows (in matrix notation for 
charge state)”): 


R=RY 14 R® (t-@) = (241-0) /3- REID 
+(1—r-@)/3-AO), (2) 


where t, @ ate the isotopic spin of nucleon and 
meson respectively and 


RO =a(R7+R77) +a"[ (BR —2R7,) 
+ BRi1,—2417,) +3(41,4+-11,) 1; 
RO) =a (Ry—Ryz) +0? [| GR, —2R7,) 
. Ghyy 24 77,) haf + ha AC) 
Ry=Ry,, Rin=Ri1,,3 a= f*Ante; 
indices I, II, Ia, etc,, refering to the corresponding 
graphs in Fig. 1 in the preceding letter. Then the 


total cross sections are written, neglecting small /- 
wave contributions, as 


o(+, +) =42?/( fo+4o)?-42|RO/® |2, 

9 (se —) = 42°] (So+ 40)? -427/9-| REM) 4 2RA/2) |2, 

(—, 0) =4n°/€ fot 4p)? -427/9-| ROM — RAI2|2, 
(4) 


where 7, %) are proton and meson energies in C.M. 
system respectively. From the above, we obtain the 
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phase shifts of s-waves with total isotopic spin [=3/2 
‘and 1/2 by the well known method,” assuming 


et6==/6 consistently in our approximation. 


b(¥2) 


lo! 


a ot 
Qe 
o 
ioe) 
a ° 
pyre 
um 
oie 
wv ° 
ied a ee &2(/2 ) 
= = ~ 
2 >¥ —_— ~~ 
a 
° — 
30 wae 
~. 62/8) 
be ack J 
~40 == 
Wiese“) 
0 30 60 90 120 150 180 


KINETIC ENERGY OF MESON IN LAB SYSTEM (Mev) 


Fig. 1. S-wave phase shifts 6(3/2) and 6(1/2) for 
states with total isotopic spin 7=3/2 and 1/2. 

Full lines and dotted lines are those up to the 4-th 
and 2-nd order respectively. 


In Fig. 1, the s-wave phase shifts 6(3/Z) and 
6(1/2), thus obtained; as well as the ones in the 
second order, are plotted for a=3.4. We observe 
that the positive fourth order corrections for 7=3/2 
largely overwhelm the negative phase shift in the 
second order, while 6(1/2) is small and remains still 
negative. This is completely in contradiction with 
the experiment and again shows the crudeness of 
our approximation, mainly due to the large core term 
effect. The next higher order corrections are expected 
to bring to a correct direction. In facts, Chiba et 
al) showed that Tamm-Dancoff’s approximation 
allowing two mesons and one nucleon-pair in the 
intermediate states, taking into account mass and 
charge renormalizations,®) reproduces the phase shifts 
with right signs qualitatively. 

In Table. 1, we tabulate the matrix elements in 
C.M. system for. five incident meson energies. It is 
noted that among the fourth order matrix elements 


the ladder type is dominant, though all are of the 
same order, 
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1) Cf. reference 2) in the preceding letter. 

2) Otuka and Yamaguchi, Soryusiron-Kenkyu 
-(mimeographed circular in Japanese), 4 (1952), 
No. 7, 61. R’s in (2) are the matrices such 
that the free nucleon spinors are inserted in 
(f/2’|R| 2, 2) to get spin and momentum 
dependencies; the result of this shows indeed 
smallness of /-wave contributions. 

3) Mller, D. Kgl. Danske Vidensk. Selskab. 
Mat-fys. Medd. XXIII (1945), Nr. 1; Lippmann 
and Schwinger, Phys. Rev. 79 (1950), 469; 
Otuka and Yamaguchi, reference 2). 

4) Chiba and Yamazaki, private communication ; 

ef. also Fubini, lc. in the preceding letter. 

5) Cf. Cini, Nuovo Cimento 10 (1953), 526, 614. 


On the Relation between Non-Local 
Urmaterie Field and Irreducible 
Local Field 


Y. Ohnuki and O. Hara 


Institute of Theoretical Physics; Nagoya University 
iy > E% i 


November, 30, 1953 


It was verified by many authots!)®) that Yukawa’s 
non-local field*) was a superposition of irreducible 
local fields with various spin. In their investigations 
Yukawa’s third equation played an important role. 

Recently O. Hara et. al!)5)® proposed a non-local 
“ Urmaterie” field in order to describe elementary 
particles in unified way. . They started from the 
following two fundamental equations* 


(62/0 X,0X,,—M?/2) U(X, 4) =0; 
Cut — 7 Xp m=. (1) 


In this case, M2? is not commutable with 7,0/0%,,, 
and Yukawa’s third equation can not be adopted. 
It is shown in this note, however, that the free 
scalar “ Urmaterie” field can be regarded also as a 
superposition of local fields with various spin and 
test mass which satisfy Fierz’s’) equations. 

Neglecting normalization constants, the eigenfunc- 
tion of the internal motion which belongs to the 
eigenvalue S(.9+1) and ™°® of S? and M® is given 
by 


* As for notations see Reference (4). 
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1 
A Cur) euAws s/2 


9, Mm, 1 f 


Warne Ce shat ides Ry hk fet) 


. > . . a 
x fe dU (Aay,7 p22 74 COS + 72ay, 7), SIN u) Sebnu, 


— 9 
(2) 

where /;, is determined to be a product of Jacobi’s 
polynome and some algebraic functions as an eigen- 
function of M? in the rest system of the center of 
mass, %, the energy-momentum vector of the external 
motion, and @,,, are coefficients of Lorentz-transforma- 
tion which transform 4, into rest ; 


0 for 4=1, 2, 3; 
Ayyhy = i (3) 
Z(m/Aa) for 4. 
Of course a, satisfy 
Ay atyr~= Iu: (4) 


In (2) Lorentz-invariant parameter 7 is introduced 
other than s and m to distinguish (2s+-1) inde- 
pendent eigenfunction belonging to the spin eigen- 
value s, and the last factor is a four dimensional 
generalization of spherical harmonics which, in the 
rest system of the center of mass, is reduced to 


f const. (7 se ‘ 
P,™\(cos 0)etn? = Rae \ du 7, -t1,COSste + 27sinze)2 tne, 
—e 


Expanding Fourier coefficients of the Urmaterie 
field by these eigenfunctions, 


U(X, r) =| (yy rygeteyXu(de), 


(ky, %%) =D Athy 5 5, 2) 8 (F%, A?) [ary 


5 Cy) Thukus af? 8) m(—Furpla (4, Au) ue) 


7 
x \ Att (Ayo bay My, COS 2A y, sin “) Setnu, 
ae. 
(5) 
and picking up the coefficient of ryMyry-+ from 
ge . 
a Ay Bry IDS n) | dit (doy yt egy My, COS U 
Injxs ‘Ja 
idiyr, sinu) sen, (6) 


we see that it behaves as a symmetrical tensor con- 
tragradient to 74747)---» since #(4, 5 5; mt) is scalar. 
Denoting it as 4,yy-+- (Ay 35, 7), it is given by 


M3 
A guys Ay 5 55m) = : 2 \ ductnu A (hy, 5S); 2) 
nr S = 


698 


X (Ay: 4a44 COS -4-2@y; sin wv)” 

: é é 
X (ag 0149 COS 2g SiN 2) ' 
X (Agg-+ 243 COS t+ Zayg sin w) © 


(7) 


“ 


X (dgq-4- 2d) 4 Cos + lay sin 2) ° 


where a, 8, 7 and 6 mean numbers of 1, 2, 3, and 
4 appearing in suffixes of Aguy 43 % mt) respec- 
tively. Using (1), (4) and (7), we get after some 
calculations 


Cy hy? + (m/2) 2) Anny Seg (ey 4, m) =0, 
hy Aguy:(hy 3 5, 2) =0, (8) 


Axry--- (ey 5 $, 72) =0. 

These are nothing but the equations of motion 
and the supplementary conditions for particles with 
spin s and rest mass (7/A) as given by Fierz’). 
It is clear from above deduction that (8) is a direct 
consequence of the fact that the eigenfunction of S* 
is essentially spherical harmonics, and therefore is 
closely related to the rotation of a rigid sphere. Main 
features of Yukawa’s original non-local theory are 
thus maintained in our theory of the Urmaterie 
field. 

Equations (5) and (8) show that the Urmaterie 
field is equivalent to a superposition of various local 
fields with definite spin and rest mass, the value of 
which are determined by the internal motion described 
by eigenfunctions accompanying to each of them. 
Such astructure of the Urmaterie field suggests a way 
for its quantization, since the quantizatization is a 
procedute to repreduce particle aspect from that of the 
wave, and particles that appear in our observation 
seem to have definite spin and rest mass at least in 
the case of no interaction. Thus, it would be reason- 
able to expect that the quantization of the (free) 
Urmaterie field can be achieved by quantizing those 
part of it which corresponds to local fields. Eigen- 
functions of the internal motion will, on the other 
hand, be responsible to the law of interaction between 
them. Although the concrete from of this law is not 
known at the present stage, it is easy to foresee, 
for example by substituting (5) into the S-matrix 
given by Yukawa‘), that it leads to a non-local 
interaction with form factors which are composed 
from these eigenfunctions. Thus, in the theory of the 
Urmaterie field, the form of form factors is determined 
uniquely by the structure of participating particles. 
As emphasized by Yukawa), this is one of the 


gteat advantages of the theory of this type over the 
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conventional theory of non-local interaction, where we 
can never expect such principle to be given. 
Details will be published in a near future with 


related problems. 
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Some Remarks on the Mass Spectrum 
and Non- local Interaction 


H. Goto 


Fuculty of Engineering, Gifu University 


November, 30, 1953 


Recently, Yukawa’) proposed an interesting at- 
tempt which introduced the mass spectrum of the 
elementary particles by non-local field theory. 

This attempt seems to be an important step 
towards the construction of a consistent field theory 
free from “ divergent difficulties”. But this theory 
includes two difficulties in its formalism. 

In the first time, the mass spectrum induced by 
this has the infinite degeneracy, or the finite de- 
genetacy. 

In the next time, the non-local interaction obtained 
by integrating with respect to the internal coordinate 
As to this 
point, though Utiyama has pointed out to treat by 
unitary trick, this method could not obtain the 
sufficient results. 

The author tried to overcome these difficulties 
by modification of the fundamental equation originated 
by Yukawa. 

As an example of the fundamental equation, let 
us consider the following one for the scalar field, 


destroys the relativistic requirements. 
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0 A : ea 
[ ax,oxe tt (82) i= oe) 


Aled Jeoir- 0 


where, X,=(x,/+4,/)/2, =,’ —x,/’, and Aisa 
small constant with the dimension of length, 8 and 
y are the constants to be determined by the practical 
requirements. 

To obtain the particular solution, we put as 
follows : 


OX, 1) =e? EX (4, 7) (2) 
and, when, for the internal coordinate, the Lorentz 
transformation 

ry =1/x- (Lory! —thgry’ + thors! + kyr’) 

%2=1[x- (thgry’ + hora! —thyr9! + hor’) 

¥3=1]x- (thor! + thy rel + hore + ha’) (G3) 
ry=1|x- (Ayr + hate! + hor + h070’) 


are used under the condition. 4,4, =—x", we can 
obtain a simple equation of eq. (1). That is 


[ax2-+ 12 = (Bae) {0°/009? 79/2/28 Ix) =O. 
(4) 


This solution is, as is well known, the Hermite poly- 
nomial such as 


£70") = An (0/ |Aexp(—77/22°) (5) 


and, the mass spectrum in this case will be given 


by 


r=1/VI=P Ont) - (6) 


Also, using the inverse transformation of the above 
one (2), we can easily represent the particular solu- 


tion of Eq. (1), 


(250°)? 
2a hy AE 


Were eit. 
UX, at “ Jexp {ie i (7) 
In our case, the index 7 of Hermite polynomial will 
be allowed the odd value by Bloch®)’s discussion for 
the correspondence between the local field and non- 
local field. 

Now, starting from the above representation, let 
us discuss the interaction Lagrangian by Katayama 
and Tokuoka*)’s method. 

The type of interaction Lagrangean is as follows ; 


L=g j gk (a) (x4|T la o(raadydre (8) 
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where ¢* and @ are local charged scalar fields, V 

is non-local neutral scalar field with a certain mass 

represented by index 7, and g is a coupling constant. 
The explicit forms of these fields are 


and 
1 5 
p(x) ail p(gyet*edg (9-b) 
and 


(44|U |x) =U(X-7) 
ane uC petPXx( prydp (9c) 


m 


| Beye (e280 we 
where A= 2x -(m!) ((2/2) —m)! 


using these forms, when we make the integration of 
(8) with respect to the internal coordinate, we must 
calculate the integration 


ra| dsrts,{ 2) exp — (ae 
x eR 


(10) 
where 2=/-+-9. 


In this case, the integrations for 74, 7, 73, reduce 
to the product of delta-function 


0 (My fot-the f,—ths fo—ho fs) 
x Oy f3— Ao Po —ths P+ M0 fo) 
xO (thy fo—thg Py + M3, f0— ho La) (11) 


and for 7 reduces to a finite series. 

Making use of the relationship of both the real 
part and the imaginary part in delta-function, we 
can easily obtain the following representation as an 
interaction Lagrangian 
a7” (aay tgs 5B 22 #1 Cay 
A(m!) (2s!) ((z/2) —nze—s)! 


sé a \ o*(X) o(X) Des 


xcexp( AGH =e ox ax (12) 
8x,,3 
where x;, is the mass of local fields and x, is the 
one of non-local field. 

The above form is, as is well known, one type of 
non-local interaction. Therefore, we can induce con- 


sistently, satisfying the relativistic requirements, the 
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New Formulation of One-body Problem in Quantum Electrodynamics 


Mikio NAMIKI and Yosio SUZUKI 


Prog. Theor. Phys. 9 (1953), 223 


The requirements in § 2 are not enough to define the one-electron state. They must be supplemented 
by the new requirement that, in case of no external field, the space of one-electron state contains the eigenstates 
of the total energy operator belonging to the eigenvalues satisfying the real energy-momentum condition. Then, 
since the vectors ~y* Y's cannot fulfil the new requirement, we must replace these vectors with the one 
satisfying all requirements, for example, the vectors by the adiabatic switch on process from the free stationary 
states or their combinations. ‘The theory will be formulated along the similar line. The authors wish to express 


their sincere gratitude to Drs. Suura, Nishijima, and Killén, who have kindly pointed out above situations. 
J 


Molecular Structure and Absorption Spectra of Carotenoids 


Gentaro ARAKI and Tomokazu MURAI 
Prog. Theor. Phys. 8 (1952), 639. 


The interpretation of the sectional area, 4, of the pipe in which z-electrons are enclosed was not appro- 
priate. In the correct interpretation 4 4 should be replaced for 4 in the previous paper, namely for 4 in the 
nineth line of p. 643, eqs. (2.3), (2.4) and (3.1). Consequently we have 4=181.072 and 4!/2=13.4563 
atomic units. Further for “is expanded”, in the second line of p. 643 read “is approximately expanded ”, 
and for “the approximate value of k?” in the fifth line of the same page read “k”’, 
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